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ON AN INTEGRAL INVOLVING I-FUNCTION

ViLMA D’SouzA AND SHANTHA KUMARI KURUMUJJI

ABSTRACT. In this paper, an interesting integral involving the I-function
of one variable introduced by Rathie has been derived. Since I-function
is a very generalized function of one variable and includes as special cases
many of the known functions appearing in the literature, a number of
integrals can be obtained by reducing the I function of one variable to
simpler special functions by suitably specializing the parameters. A few
special cases of our main results are also discussed.

1. Introduction

The well known H-function of one variable is defined by Fox [3] and he proved
the H-function as a symmetric Fourier kernel to Meijer G-function [2]. The H-
function is often called Fox H-function. Later on many researchers studied and
developed H-function. In 1997, Rathie [4] introduced a new function in the
literature namely the I-function which is useful in Mathematics, Physics and
other branches of applied mathematics. The I-function introduced by Rathie [4]
is defined and represented by the following Mellin Barnes type contour integral:

m,n _ tm,n (alaelaAl)w"a(apaepaAP)
" =1
b (Z) pq |: i (blvthl)v"~7(bqafanq)
1 s
(1) =5 La(s)z ds,

where

2) o(s) = A= T 0i = L) TG T (1= + e59)
a1 DB (L= b+ fi8) [Tf— i TY (aj — ¢55)

Also

(i) i = V=T,

(i) =z # 0;

(iii) m,n,p, q are integers satisfying 0 < m < ¢, 0 < n < p;
(iv) L is a suitable contour in the complex plane;
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(v) an empty product is to be interpreted as unity;
(vi)e,j=1,....p; fj9=1,...,¢; A;, j=1,....,p;and Bj, j =1,...,q
are positive numbers;

(vii) aj, j=1,...,pand b;, j = 1,...,q are complex numbers such that no
singularity of I'%i (b; — f;s), j = 1,...,m , coincides with any singularity
of T4 (1 — a; +e€;5s), j =1,...,n. In general these singularities are not
poles.

(viii) The contour £ goes from o — ioco to o + ico (o real) so that all the
singularities of I'5i (b; — f;s), j = 1,...,m, lie to the right of £, and all
the singularities of ['47 (1 —a; +¢;s), j = 1,...,n, lie to the left of L.
In short, (1) will be denoted by

Im,n|: P 1(aj’ej7Aj):D ]
P 1(bj7fijj)q
The function defined by (1) is convergent if
1

(3) A >0, Jarg(z)| < iATF,
where

m q n p
(4) A= Zijj — Z ijj + ZAj@j — Z Ajej.

Jj=1 j=m+1 j=1 j=n+1
When A; = Ay =---=A,=1= By = By = --- = By, (1) reduces to the

H-function introduced by Fox [3] and studied by Braaksma [1].

In the present paper we establish an integral formulae of I-function of one
variable which is defined and represented by the following Mellin Barnes type
contour integral:

_ _ . A) (a, e. A)
I(z)=Tmn |y 1(aja€ja j)ny n+1\Q5,€5, Aj)p
( ) b4 |: 1(bj7fja]-)nh m+1(bjafj»Bj)q
1 S
(5) = Tm/ﬁgﬁ(s)z ds,
where
© o(s) = IT75, T (b — f39) [T DY (1 — a; + ¢55)
mmar TP (L= b5+ fi8) ITj i T (a5 — €55)

The function defined by (2) is convergent if

1
(7) A >0, Jarg(z)| < §A7T,
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Also, in the same paper, Rathie [4] showed that

(9) I(z) ~ 2, where ¢ = 1gignm (Re {;ﬂ) .

In our present investigation, we shall require the following result [2].
7 T(c) e2%07

2= N(H) N(=)

(10) / (sin gb)c_le“wd(é =
0
provided Re(c) > 0.

2. Main result

The integral involving I-function to be established in this note is the follow-

ing.
Consider the integral
(11)
s

. 1 —idd . . iy €5y Ay nr1(aj,ej, Aj)p

S = sin )¢ e “5‘1)17"»"{ ! o (iod 1@, €5, Aj)ns nr1(ag, €5, 4j);

A ( (b) P a N (51n¢) ‘ l(bj7fj71)m7 m+1(bj>fj7Bj)q

Expressing the I-function with the help of its definition, we get

(12) S = /07T (sin g)c™* e‘iéd)% /1:9(8) [z (sin ¢)7e*?]* dsd.

On changing the order of integration, we get

(13) S = L Q(S)ZSdS/ (Sin ¢)as+07167i5¢>+ia¢sd¢.
0

211 L

Using (10) we obtain,

Li(as—&)7
(14) g 1 0(s) mD(os+c)e

= 271 . 90s+c—1 F(as+c+(2)cs—6+1) F(as+c—(213+6+1) ds

which can also be written as

1 T 92—0s Liras 21—0
(15) §= o [ s —Llero 2T T s T
211 I 1'\((:+2+1 + o 2a 5) F(C_2+1 + o 204 5) e3im

w2t~
I
e2

: multiplied by an I-function with the argu-

imd

This represents the constant
ment z 277 ez,

Let P = ”27;;; and Q = 2270 ezima

Ifo,o— aoro + « is zero, the corresponding gamma function inside the
integral is free from the variable of integration s. Then the gamma function is a
constant and can be taken outside the integral sign. For example when o = 0,
the integral is P I'(c) multiplied by an I-function with argument z ezima,

If o > 0, T(c+ os) will be taken with [[_, I'(1 — a; + a;s) of 6(s) and
hence the value of n (and of p) will be increased by 1. The corresponding pair of
parameters in the I-function is obtained by comparing ¢+ os with 1 — aj +o;s.
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If o0 <0, T'(c+0s) will be taken with [T/~ I'Bi(b; — Bjs) of 6(s) and hence
the value of m (and of ) will be increased by 1. The corresponding pair of
parameters in the I-function is obtained by comparing ¢ + os with b; — 3;s.

If << or ”T‘l is positive, the gamma function in the denominator is taken

with Hj:mJrl I'Bi(1 —b; + B;s) and hence g increases by 1.
If << or "*a is negative, the gamma function in the denominator is taken

with [T}_, ., T A i(a; — ajs) and hence p increases by 1

The following cases can be considered.

1. o=0, a>0.

2. 0=0, a<0.

3. a=0,0>0.

4. a=0, 0 <O0.

5. a = —0o, 0 > 0.

6. a=—0, 0 <0.

7.0>0,0+a>0,0—a>0.

8. a<l0<o, c+a<0.

9. a<o <0

10. 0 <o < a.
11. 0 <0< a, 0 —a>0.
12. 6 <0, 0+a<0, 0 —a<0.

Special Cases:
(i) When o =0, a > 0, (15) takes the following form.

T Nem1 —ise Tmn | ice | 1(a5,€5, Aj)n, n+1(aj7€j,Aj)p]
sin e I ze
A ( d)) P4 L l(bj7fj71)m7 ’m+1(bj7fjaBj)q
ina Aj) (C*"S‘|r1 «1)
— PT(I™ 2 e 1(aj, €5, Aj)p, 2 2 Cis o )
( ) p+1 o+l |: (b]afj7 )TI’H 7n+1(b]7f]a )q (1 2+67§71)
(ii) When o =0, a < 0, (15) takes the following form.

. -
/O (Sin ¢)c71€726¢ I’Ir)rf,qn P ezmz)

1(aj, €5, Aj)n, n+1(ajaej’Aj)P}
105, £ Dy m1(bj, 5, Bj)g

Aj)p, (554 =2 )
—PT(c) I 2o | 1@ Ay, o5 —a |-
( ) p+1 att |: (ijva )ma ’rrL+1(b]7fj7 )q (1 2 6,7,1)

(iii) When a = o > 0, (15) takes the following form.

/ (sing)“ e "0 I n {z (sin ¢)7 eio?
0

1(aj,ej, Aj)n, n+1(ajvej’Aj)P}
1065, 55 Dms m+1(b5, £, Bjg

(1_C g, 1) (ajveij])P s :|
(b]afja )ma m+1(bjafJ7 ) ’ (1_§+ »0'71)

(iv) When o = 0 < 0, (15) takes the following form.

™ . . A €5 A)ny nin(ag, €5, Aj)
sin 1 ) Im n l:Z sin aezati) 1(0’]76J7 j)ns n+1\%5, 5, L5 )p
/0 (sin)* (sin¢) 1065, £5 Dimy m+1(5, f55 Bi)g

P
=Ml s 0-
F(c+g+1) p+1,g+1 [
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= P pmitn [z 277 "5

- - 1(aj)ejaAj)p7 1+§767_0—71) :|
F(c+g+1) p+1,q+1 )q

(Cv —0, 1)7 1(bj7fj: 1)m7 m+1(bj7fij
(v) When a = —0, 0 > 0, (15) takes the following form.

" : c—1_—id¢p Tm, n : zmz; (a]7ej7Aj)’ﬂ7 n+1(a’j7ej7Aj)p :|
sin e I z (sin
/o (sin¢) P [ (sin ) 1(bjafja Dms m+1(bj7fj>Bj)q
P - —ino
= mntl {z 277 ¢z

- F( c—d6+1 ) p+1,q+1
2

(170,0',1) 1(ajvejaAJ)P :|
1(bj7fj7 )mv m+1(b]7f7, )q7 (1_5_5707 1)

(vi) When oo = —0, 0 < 0, (15) takes the following form.

T —is¢ Fm,n o ioe | 1(a5, €5, Aj)n, n+1(ajv€jw4j)p]
sin I z (sin e
A ( d)) |: ( ¢) 1(bj7fja1)7n7 m+1(bjafjaBj)q

1(aj7€jaAj)Fa (1+§+5370a1) :|
(Ca _Ual)al (bjafj71)7na m+1(bj:fj7B )

(vil) When a >0, a4+ 0 >0, 0 —a > 0, (15) takes the following form.

/7r (sin @)~ 1,-i6¢ Im n |:Z (sin ¢)” REL 1(aj,ej, Aj)n, n+1(ajaej7Aj)P:|
0

P Fm —i

_ +1,n _g —imo

- F(c76+1) ITpiigr | 2277 e2
2

1(bja fj’ 1)ma m+l(bj; fijj)q

(1 —C,O’,l)., 1((1]',6]',14]')17 :|
18, £52 Dimy mea1(by, . By)gs (A58, oe 1), (L=g=8 oze )

(viiil) When o < 0 < 0, a+ 0 < 0, (15) takes the following form.

o e s . | e Ay mea(ag e A)
sin ¢)¢ e ~Wo [ n {Z sin ¢)? eto? 185, €55 Aj)ns nr1(ag, €5 4)p
/0 ( ¢) P-4 ( (b) 1(bjafja1)ma m+1(bjafj7 ')q

m,n+1 _o imo
—PIp+1q+2[22 ez

(1_Ca0 1) (ajve]’ ) (1+C 57_(0+0) 1) }
l(bj,fjv )m, m+1(bj,fjv )qv ( S ’0'2(1 1)

(ix) When a < 0 < 0, (15) takes the following form.

/ (sin ¢)°~ L,—id¢ j;?}(n {z (sin ¢)° REL 1(a]’e]7A s n+1(a3787’A )p}

m,n+1 _ ito
*P1p+2q+1 |:2’2 7 e 2

(bjafja )ma m-‘rl(b])f]? )

- Ltc=s (o
=P mJ:Ll 12[2' 2T 1(%76]7 i C30 ((72 =) 1-—c—§ o—a
prha ((’ ) (b]>f]7 )m7 m+1(bi7f7"BJ')qv ( PRI 71)

(x) When 0 < 0 < «, (15) takes the following form.

" sin ) c-le—is® T giod | 1(a5,€55 Aj)n, n+1(aja@j,Aj)p}

sin sin

( (b) |: ¢ l(bjafj71)ma TTL-‘rl(bj)fj?Bj)q
(1—c,0,1) 1(aj,¢;, Aj)p, (gt =lo=0) 1) }
l(bjafj7 )mz m+1(bj7f]7 )(D (17;+57HTQ71)
(xi) When 0 < 0 < a, o+ 0 >0, (15) takes the following form.

"o 1 —isp T . ; ey Aj) (aj,ej, Aj)
sin )¢ 16 6 Jmm |:Z Sin &)° ezo¢) 1(0’J76]7 j)ny n+1\Uj5, €5, Aj5)p
/0 (sin ¢) p.q (sin 6) 1(bj5 fi> D)y m41(bj, fj, Bj)q

1(ag,5, A7)y, (5, 252, 1) et oga |
(e;=0,1), 1(bj, 52 Vs myr (b, £, Bi)gy (2522, 252,1)

0

ito

p+2,9+1

len+1 |:22_06

m—+1,n _ ing
=PI +1q+2{z2 Te
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(xii) When 0 <0, 0 +a <0, 0 —a < 0, (15) takes the following form.

T _ Aj) (aj,ej, Aj)
Sin )¢~ 1 2 Im n Sll’l qus l(a]aej7 ny n+1{%j,E5, P
/0 ( (b) (b (bjafj7 )m, m+1(bjafjv J)q

bhe=o loal q), (Lt =logrel ) }

1(61],6], ) ( 2 2
(¢,—0,1), 1(b]7fj71)m7 m+1(bj, [, Bj)q

3. Conclusion

_ 7 m+1ln _ iro
_PIp+2,q+1|:Z2 Te

Since I-function of one variable is of very general character and includes
H-function, G-function and a large number of other elementary functions as
special cases, so by specializing the parameters therein, we can obtain a large
number of results involving elementary functions. But we shall not include due
to lack of space.
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