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ON TWO IDENTITIES FOR I-FUNCTION

VILMA D’SOUZA!, SHANTHA KUMARI K.2, §

ABSTRACT. In this research note, two interesting identities involving I-function of one
variable introduced by Rathie have been derived. These results enable us to split a
particular I-function into the sum of four I-functions. A few new as well as known
special cases of our main results have been obtained.
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1. INTRODUCTION

The I-function introduced by A.K.Rathie[3] is defined and represented by the following
Mellin Barnes type contour integral:

Imn(z)_lmn |: P ‘ <a17617A1)7---a(apvepuAp))

P P (blaflvBl)?"'a(bthfq’Bq)
1
=— [0 sd 1
57 P2 g
where o . N
o) = A= D G = )T T (1= a; +¢j9) 2)
;1'=m+1 5 (1 =205+ f;s) H§:n+1 T4 (aj —€;s)
Also

(i) i=v-1;

(i) z # 0;

(111) m,n,p,q are integers satisfying 0 < m < ¢, 0 < n < p;

(iv) L is a suitable contour in the complex plane;

(v) an empty product is to be interpreted as unity;

(vi)ej,7=1,....,p; fj,i=1,...,¢; Aj, 5 =1,...,p; and By, j = 1,...,q are positive
numbers;
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(vii) aj, j =1,...,p and bj, j = 1,...,q are complex numbers such that no singularity
of I'Bi (b; — f;s), 7 =1,...,m , coincides with any singularity of T4 (1 — a; + ¢;s),
j=1,...,n. In general these singularities are not poles.

(viii) The contour £ goes from ¢ — ico to o 4 ico (o real) so that all the singularities
of T'B (bj — fjs), j = 1,...,m, lie to the right of £, and all the singularities of
4 (1 - aj +e;s), j=1,...,n, lie to the left of L.

In short, (1) will be denoted by

™o [ P 1(aj, €5, 45)p ]

P 1(bj7fjaBj)q
The function defined by (1) is convergent if

1

A >0, |arg(z)| < §A7T, (3)

where )
A:Zijj— Z Bf]—i-ZA €j — Z Ajej. (4)
j=1 j=m+1 j=n+1

When Ay = Ay =--=A4,=1=B =By == Bq, (1) reduces to the H-function

introduced by Fox|[2] and studied by Braaksma[l].

2. MAIN RESULTS
The identities for the I-function to be established in this note are the following.

Result 1.

m-+1, n+1 (,8,5,1), (CL',G',A‘) 7(a’)‘ 1)
(i) Ly i H o sy |

5,1)

1)

— ¢im(atp) pmtl, ntl | o —im(A+9) (28,26,1), 1(aj, €5, Aj)p
p+1, g+1 (28,26,1), 1(bj, fj, Bj)q
ir(a—pB) 1 m+1, n+1 —im(A=0) (28,24, 1), 1(a],ej, )P ]
t+e Ierl’ g+l |:Z€ (25 2671)7 l(b]7fj7 )‘1 i
_ pinta=p) pmttntt [ ina-) | (26,20,1), 1(ag, €5, Aj)p ]
p+1, g+l (28,20,1), 1(bj, £, Bj)q |
_ pim(atp) 7mtl, nal im(A+6) (28,26,1), 1(aj, €5, Aj)p ]
e Ip-|-1 q+1 |:2€ (2,8 2(5 1), (bjaf]? )q ] (5)

Proof. In order to establish the identity (5), we proceed as follows.
Denoting the left-hand of (5) by S, expressing the I-function with the help of its definition

we have,
IR | s D(B—0s) (1 —pB+ds)
S =@mi) 55 /LH(S) o) T —atas) & (6)

where 6(s) is given by (2).
Using the result

T(8 — 65) T(1 — B+ b5) = 27 LL20 = 208) L(1 — 25+ 205)

(3 +5—0s) (% — f +0s)

(6) can be written as

B LT(28—-20s)T(1—28+26s) T(5+a—As) [(5 —a+ As)
S_/L9<s>z DL+ —0s) (3 —B—0s) D(2a — 2As) T (1—2a—l—2)\s)d ®)
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Using the results

T eZ’?TZ _'_ e—lﬂ'Z
cosTZ = = 9
G-9TG+) 2 ©)
and
T 6z'7rz - e—iTrz
; = = 10
ST T PRI - 2) 2i (10)

and after some algebra, we have

S = / 0(s) z2° T'(28 — 20s) T'(1 — 268 + 20s)
2mi
. <ez7'r(o¢7)\s) - efzﬂ'(af)\s)> (6 w(B—0s) + el (6755)) ds
=57 / 0(s) z° T'(28 — 20s) T'(1 — 268 + 20s)
'{ezﬂ*(aJrﬁf)\sts) + ezrr(afﬁf/\s+5s)

_ e—iw(a—ﬂ—ks—&—&s) o e—i?’f(a"‘ﬁ_/\s_(ss)} ds (11)

Now, breaking in to four parts and after some simplification, using the definition of I-
function, we easily arrive at the right-hand side of (5).

This completes the proof of the identity (5). O
Result 2.
Im+1,n+1 |:Z‘ (675714)7 1((1],6],14 ) ( 7A)
p+2, ¢+2 ,A)

A
(8,0, A), 1(bj, f;,Bj)g, (a, A
_ w2 n+2[ ‘ (28,20, A), (3 + o, M\, A) ,1(aj,e5, Aj)p, (20, 2), A), (L +ﬁ6A)
priard 7| (26,26, A), (34 A A) by, fr By, (2020, A), (4 + 5.6, A)
(12)

Proof. In order to establish the identity (12), we proceed as follows.
Denoting the left-hand of (12) by S, expressing the I-function with the help of its definition
we have,

1 . TA(B —65) TA(1 — B+ 65s)
T omi Jy (s) 2 [(a—As) TA(1 — a+ As)

(13)

Using the result (7) and after some algebra, we have

1 o TA(1 — 2B+ 20s) TA(28 — 265)
5= omi L{HS)z TAL + 3 —0s) TA(L — B+ ds)

43 —a+As) T4(5 —}—a—)\s)}ds

[4(200 = 2A5) TA(1 — 20 + 2s) (14)

After some simplification, using the definition of I-function, we easily arrive at the right-

hand side of (12).
This completes the proof of the identity (12). O
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3. SPECIAL CASES

(a) In (5), if we take 6 = 0, we get, after some simplification,

I’m n P l(a]aeij])pv (Oé,)\, 1)
p+1, g+l l(bj’fjaBj)qv(aaAv 1)
1 - i 1(aj,ej, Aj) }
- UL RS PO T VERIE p
2m{ P [ 1(bj, f5, Bj)q
» . Lei, Aj)
_ M ym,n ZeurA 1(CLJ,€], J1)p :|} 15
p,q|: l(bj,fjaBj)q ( )

Further in (15), if we take A; = 1(j =1,...,p) and B; = 1(j = 1,...,q), it reduces
to the H-function identity obtained by Rathie[5].
(b) In (5), if we take A = 0, we get, after some simplification,

ALt | (a, A1), 1(ag, €5, Aj)p
ptl g+l (Oé,)\, 1)7 1(bj7f]7B])q

_ zwa Im+1 n+1 —iTA
- p+1, g+1

(20, 2X,1), 1(aj,e5, Aj)p
(2a,2\,1), 1(bj, [, Bj)q

(20,20,1), 1(aj, ¢, A)), ] (16)

p+1, g+1

+ ef'ma Im-i-l n+1 |: eiw)\
(20, 2A, 1), 1(bj, fj, Bj)g

Further in (16), if we take A; = 1(j =1,...,p) and B; = 1(j = 1,...,q), it reduces
to the H-function identity obtained recently by Rathie et al.[6].

(c) In (5), if we take A; = 1(j = 1,...,p) and B; = 1(j = 1,...,q), it reduces to the
H-function identity obtained recently by Rathie[4].

(d) In (12), if we take 6 = 0 we get

1(aj, €5, Aj)p,
1(b5, £, Bj)gs

1 Im—i—l, n+1
- (27T)A p+2, g+2

[mn
p+1, q+1 |#

(+a
(§+a, ,A), 1(bj7fj7Bj)q7(2a7 2), A), )

n (17), if we take A; =1(j =1,...,p) , Bj=1(j =1,...,q) and A = 1, it reduces
to the H-function identity obtained by Rathie[4].
(e) In (12), if we take A = 0, we get

m,n |: (/6 6 A)? (aj7ej7 ) :|
pELa 7] (8,0, A), 1(by, fi: Bi)g
m n 2 7267A Y i 7A + 75 A
(27T)A Ip+—21q+—gl ['Z’ 22,@, 26, A;, ((Zj,;j, ; E% +§,5 Ag (18)

In (18), if we take A; =1(j =1,...,p), Bj =1(j =1,...,¢) and A = 1, it reduces
to the H-function identity obtained by Rathie[4].

(f) In (12), if we take A; =1(j =1,...,p), Bj=1(j =1,...,¢) and A = 1, it reduces to
the H-function identity obtained by Rathie[4].
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(g) In the LHS of (12), if we put A=1 and multiply by 27¢ and equate with the LHS of
(5), we get an interesting result as below.

(ami) 122 [ (28,26,1), (% +a,\ 1), 1(aj, €5, Aj)p, (20,20, 1), (% +8,6,1)
p+4, g+4 (28,26,1), (5 + a, A\, 1) ,1(bj, fj, Bj)g, (20, 2X, 1), (5 + B3,6,1)

_ gimlatB) prott ntl | —in(ate) | (20,20,1), 1(aj, ¢4, Aj)y

p+1, g+l (267267 l)a 1(bjafj7BJ)q

4 ginla—p) prALntl | im(A-5) (28,20,1), 1(aj, e, Aj)yp
Pl atl (28,26,1), 1(bj, f, Bj)q
_ e—iﬂ'(a )Im+1 n+1 Zeiﬂ()\—é) (2B7267 1)7 1(CL],€j,Aj)p
Pt g+l (257267 1)’ 1(b]’fj’Bj)q
o —in(a+B) 1m+1, n+1 im(A+0) (267257 1)7 1(aj76j7Aj)P ]
I [ | S e ) | 09

4. ANOTHER PROOF OF (19)

Denoting the left-hand of (19) by S, expressing the I-function with the help of its
definition we have,

L1 [(1-28+20s) D(2 —a+As) T(28 — 26s) T'(5 + o — As)
S:(2m),/082 T s
2mi Jp, (20— 2Xs) T(3 + B — 6s)I(1 — 2a + 2xs) ['(5 — B + 0s)
(20)
Using the results (7) (9), (10) and after some algebra, we have
§= / 0(s) = T(28 — 265) T(1 — 28 + 205)
2mi
) (ewr(oc—AS) - e—wr(oz—ks)) (ewr(,@’—és) + e—iw(ﬁ—és)) ds
/ {0(s) =° T(28 — 205) (1 — 28 + 255)
" 2mi
] {ezw(a+,8—)\s—6s) + ez7r(o¢—,8—)\s+5s)
o 6—i7r(a—ﬂ—)\s+5s) - e—irr(a—l—ﬁ—/\s—és)} ds (21)

Now, breaking in to four parts and after some simplification, using the definition of I-
function, we easily arrive at the right-hand side of (19).

Since I-function is the most generalized function among the functions of one variable
studied so far, so by specializing the paramaters therein it reduces to H-function, G-
function, Generalized Hypergeometric function ,F, and other elementary functions and
hence we can obtain corresponding results. However we do not mention here due to lack
of space.
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