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The advancement in the field of composites lead to the development of a new material called Functionally
graded materials (FGMs). The concept of grading two distinct materials is introduced in FGMs to with-
stand high temperature variations across thin section. In this study analytical formulations and theoret-
ical solutions were developed for the FGM plates subjected to thermal loads using refined computational
model based on First Order Shear Deformation Theory (FSDT). Material properties are based on Power-
law function. The effects of thermal stresses are studied for constant, linear and nonlinear variation of
temperatures across the thickness of the plate, whereas in-plane is assumed to be sinusoidal. The accu-
racy of solutions are established with the literature. Parametric studies are performed and numerical
results are presented for the simply supported FGM plates. Comparative studies are performed between
various temperature profiles and bench mark results are presented for displacements, in-plane and trans-
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1. Introduction

Functionally graded materials (FGMs) are the advanced materi-
als in the field of composites, which are extensively used in aero-
space, nuclear, automotive fields etc., involving high temperature
fluctuations. In this material, the concept of layers in composite
laminated plates is replaced by adopting continuous gradation of
materials. Due to this property of FGM, the effect of debonding
or delamination failures in laminates are suppressed. This idea of
gradually changing the properties of the materials was first pro-
posed by Shen and Bever [1] for composites and polymeric materi-
als in 1972. Most of these materials were used as coating materials
to resist thermal stresses. The first application was carried out at
National Aerospace Laboratories of Japan in 1984, to create fuse-
lage and nosecone parts of a space vehicle which can withstand a
temperature gradient of 1600 K across a 10 mm thick section [2].
These FGMs inherit the physical and chemical properties of both
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the materials and found to exhibit high bond strength with excel-
lent insulation properties, thermal resistivity, high strength and
stiffness.

Most of the theories that are proposed for the analytical evalu-
ation of FGM plates are extended from laminate plate theories. The
approximations in non-symmetric plates and its effects on
bending-stretching coupling terms are discussed by Mian and
Spencer [3]. Exact solutions are the most accurate methods for pre-
dicting the plate responses, but due to mathematical complexities
involved, it has to be reduced to two dimensional forms. Reddy and
Cheng [4] and Wang et al. [5] predicted thermo-elastic responses
in FGM plates using asymptotic methods. Yihunie M B et al. [6] dis-
cussed the effect of volume fraction index on thermal properties
like conductivity and expansion coefficient in radial directions in
a thick walled FGM cylinders. It was observed that the temperature
distribution is not homogeneous. Anthony Xavior et al., [7] manu-
factured a synthesized FGM by varying its densities along width
using additive manufacturing technology. Chung and Chang [8]
investigated the elastic behaviour of rectangular FGM plates sub-
jected to constant temperature throughout the plate, using Power
law (P-FGM), Sigmoidal (S-FGM) and exponential (E-FGM) varia-
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tions. Nosier and Fallah [9] used First Order Shear Deformation
Theory (FSDT) to investigated the responses in circular FGM plates
subjected to mechanical and thermal loads using power law varia-
tion of material properties. Temperature is assumed to vary
according to 1-D steady state heat equation. It was observed that
the material properties and temperature profiles had a significant
effect on the stress. In the present study, analytical evaluation of
thermal stresses in a simply supported rectangular FGM plate sub-
jected to constant, linear and nonlinear variation of thermal loads
is carried out. Comparative studies were performed on various
material properties, temperature profiles and plate parameters.

2. Theoretical Formulations:

The First Order Shear Deformation Theory (FSDT) is based on
classical plate theory and was first proposed by Whitney and
Pagano [10] in 1970, the displacement model at any point in an
FGM plate is expressed as given in Eq. (1),

U(X,y,z) = uO(va) +ZHX(X7y)7
U(vavz) = UO(va) +20y(x)y)’ (1)
W(vaaz) = W()(X,_y).

The terms u, v and w are the displacements of a general point (X,
y,z)in x,y and z directions respectively. The parameters ug, and vq
are the in-plane displacements and wy is the transverse displace-
ment of a point in the middle plane. The functions 6, and 6, are
rotations of the normal to the middle plane about y and x axes
respectively.

In-plane/transverse thermal stresses (o, T) and strains (g, y) in
an FGM plate are related using generalized Hooke’s law, and is
given by Eq. (2),

Ox Q1 Q2 0 O 0 0 &y — 0, AT
Oy Qnu Q» 0 0 0 O &y — 0, AT
oz | _ 0 0 0 O 0 0 & — 0, AT @)
Ty 0 0 0 Qg O 0 Ty
Tys 0 0 0 0 Qs O Tye
Txz 0 0 0 O 0 Qs Yz
Where,

EZ .
Qi1 =Q» =Qs =7%5:;
E,
Qi2 =Qy = Qi3 = Q31 = Q3 = Q2 = 7%
Q4 = Q55 = Qe = (EZ ik

In the above equation, material properties are defined according
to Power-Law function as given in Eq.(3).

E; = En + (Ec — En)V?

0l = Oy + (Ofc — am)vje

ke = K + (ke — kn)V?

z 1
Vf = (E + j) (3)
The volume fraction V¢ and power-law parameter p defines the
gradation of material from metal at bottom surface to the ceramic
at the top surface of the plate. Through the thickness variation of

physical properties like young’s modulus of elasticity E,, thermal
coefficient of expansion o, thermal conductivity k, and volume
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fraction V¢ are evaluated using the relation given in Eq. (3). The
change in temperature from stress free state AT as given in Eq.
(4), is assumed to vary sinusoidally across the plane of the plane
T(x,y) and nonlinearly across the thickness direction T, and is given
by

AT = T(X,y,Z) =T, x T(X/y) (4)

The nonlinear variation of temperature across the thickness
direction T,, is obtained by solving one dimensional steady state
heat conduction equation and is given by Eq. (5),

(~1)" ((kt/’km )) "
Zx: km V(np+1)
~To) n=0 (np+1) f (5)

1)<(ka kmv>
Zn 0

(np+1)

T, =Ty =To+(Tq

Constant and linear variations of temperature across the plate
thickness are given by Eq. (6) and Eq. (7) respectively.

T,=Tc=Ty=T; (6)
T,=T,=To+ (T1 —To)Vs (7)
Where;

p = Power law parameter

V¢ = Volume fraction.

Em, Ec = Young's modulus of elasticity of metal and ceramic
respectively.

Km, ke = Thermal conductivity of metal and ceramic respectively.

Om, o = Thermal coefficient of expansion of metal and ceramic
respectively.

To, Ty = Temperature at bottom and top surface of the plate
respectively.

Tni, Tc, Tr = Nonlinear, constant and linear variation of temper-
atures across the thickness direction.

3. Equilibrium equations

The governing equations of equilibrium are obtained using Prin-
ciple of Minimum Potential Energy (PMPE). The corresponding
equations related to first order computational model are,

C(ONx  ONg\
(1)5u0.<ax + ay>‘0

ONy  ONy)
(2)dvp : <8y o ) =0

(0, 9y L
(3)owp : <0x +a—yy+pz> =0
. OMx E)MX
(4)06y : ( X Y Qx) =
oMy 6MX
00, (G + T -0,) =0 ®

Here (N, Ny, Nyy), (M, My, Myy) and (Qx, Q) respectively denotes
in-plane, bending and shear stress resultants due to thermal loads,
which are expressed in Eq. (9)

Qx _ OX 7 Qy 6 o/ OX
(1-o{3 ) {2} &) -o(3) (3}
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ug ug
NX x y
N %o dv
y _ oy / X
(= A3 b+ ATS - AT [
X X ay
M, oy o0,
ay ox
dug Jug
X ay
N. v ()
xw | ay ox
(i h=B18 o beme ©
Xy X 9y
ay 3

[Al, [A], [Cql, [B], [B], [D], [D], [E], [E] are the matrices of
plate stiffness whose elements are defined in Eq. (10),

Qi1 Qi Quz Quz
M21Q; Qn Qpz Qpz
Al = d
A /41/2 Quz Qpz QuZ2 Qp7? ‘
Qiz Qpz Q22 Q7
Qi1 + Q12
W21 Q1+ Qx
Cr] = d
(€] /41/2 Q112+ Qqpz ‘
Q122+ Qa2
27 Qu Qu Quz Quz
B] = d
B] [h/z {Q44Z Quz Quz® Qu7z g

h/2
(D] :K/Z[QGG Qes ]dz

h,

hy2
[E] = ./41/2 [Qss Qss]dz

[A] =[B] =[D] =[E] =0 (10)

4. Analytical solutions

In order to solve the boundary value problem for thermal stres-
ses in a rectangular simply supported FGM plate, Navier's solution
technique using the double Fourier series is adopted. The solution
for the Fourier amplitudes is obtained using Eq. (11),

o 0
Vo 0
[X]sx5q Wo =qF +  {Fr}tsx (11)
0x 0
Oy ) 5.1 0 )5,

For any fixed values of m and n. The elements of the coefficient
matrix [X] is given by Eq. (12),

Xi1=An02 + B
Xip =A0 + Biop
X13=0

Xia=A1302 + Byisf
Xi5 =A1408 + Bisop

Xon =Aaf® + Biyo?

X2'3 = 0
X4 =A308 + Bisaf

Xys =Agaf® + Biad?

Xs3=Digo? + Eipf’
X34= Dijjo
Xss= En1 B
Xaa= As30®+ Bysf® +

Xas5 = Asg0f + Brsafp
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Xss = Asaf’+ Brao®+ Eig (12)
where oo = 2% and = %% m,n = 1,3,5,7 odd.
The thermal force matrix {Fr} is given by Eq. (13),
Table 1
Properties of FGMs.
Material Set Properties Metal Ceramic
Monel-Zirconia (M1), [11] E, (GPa) 227.24 125.83
o, (/K) 15%x 10 10 x 1076
Kk, (W/ 25 2.09
mK)
\% 0.3 0.3
Aluminium-Alumina (M2), [12] E, (GPa) 70 380
a, (/K) 23x10°% 74 x10°°
k, (W/ 204 104
mK)
\% 0.3 0.3
Titanium Alloy - Zirconia (M3), E, (GPa) 66.2 117
[13] o, (/K) 103 x 10 7.11 x 107
Kk, (W/ 18.1 2.036
mK)
\% 0.322 0.322
Table 2
In-plane/transverse displacements in a square FGM (M1) plate.
a/h Model l]@ z=h/2 ‘7‘/@ z=h/2
4 3D-Exact® 0.004021 —0.0135
FSDT 0.004228 [5.15]* ~0.0142 [5.83]
10 3D-Exact® 0.02617 —0.1689
FSDT 0.026425 [0.97] ~0.1719 [1.79]
50 3D-Exact® 0.6603 —20.3200
FSDT 0.6606 [0.05] -20.3334 [0.07]

" Parentheses values are percentage differences to exact solutions.

$ Reddy, J. N. and Cheng, Z. Q.[4].

Table 3

In-plane/transverse Stresses in a square FGM (M1) plate.

a/h Model

Oxo z=h/2 Txz@ 2=0
4 3D-Exact® -3.1540 —0.9500
FSDT —2.8652 [-9.16]" —0.9597 [1.03]
10 3D-Exact® —18.1700 —2.3960
FSDT —17.9078 [-1.44] —2.3994 [0.14]
50 3D-Exact® —447.9000 —12.0000
FSDT —447.6940 [-0.05] —11.9967 [-0.03]

" Parentheses values are percentage differences to exact solutions.

$ Reddy, J. N. and Cheng, Z. Q.[4].
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Table 4
Non-dimensionalised In-plane/Transverse displacements and stresses for various temperature profiles in an FGM plates. (M2, a/h = 4 and p = 2).
ajb z Tae T, Tc
1.5 u h/2 —1.0382 -1.3779 -1.1706
w h/2 1.1133 0.9784 —2.8299
Ox 0 —-583.84 —-1164.88 —2078.37
&y 0 -316.04 —-722.19 —1061.66
}Xy h/2 —1430.12 —1897.85 -1612.40
2.5 u h/2 —0.4654 -0.6176 —0.5247
w h/2 0.4990 0.4386 —1.2686
Oy 0 —702.04 —1360.28 —2527.13
(}y 0 -197.83 -526.80 —612.91
{—Xy h/2 —1068.48 —1417.93 —1204.67
3.5 u h/2 —0.2547 —0.3380 —0.2871
w h/2 0.2731 0.2400 —0.6941
Oy 0 —745.53 —1432.17 —2692.23
(}y 0 —154.34 —454.91 —447.80
T h/2 —818.50 —1086.19 —922.82
Xy
{Fr}' = { —oNy, —pNy, 0 —oM, —pM,, } (13) Navier’s solution technique for the above geometry and loading are

5. Numerical results and discussion

In this section, the numerical examples solved are described
and discussed for establishing the accuracy of the solutions
obtained using FSDT model. A shear correction factor of 5/6 is used
in obtaining the results. For all problems described and discussed
below, a simply supported rectangular FGM plate with SS-1 bound-
ary conditions is considered. Closed form solutions obtained using

presented. The material sets used for the study are listed in Table 1
and are used in obtaining numerical results,

All the reported results in tables and figures are non-
dimensionalized using the relations given in Eq. (14)

0.5

0.5 -
FSDT
0.4 % FGM-M3
\ a/b=2, a/h=10
0.3 \\ p=2
0.2- b
\
0.1 :
< 0.0-
N
-0.1 -
-0.2-
-0.3- N
P — 'I‘
-0.4-
-0.5 , ‘
-1.0 -0.5 0.0
u

Fig. 1. Non-dimensionalised in-plane displacement (u) in a rectangular Titanium

Alloy- Zirconia (M3) FGM plate.

0.4

0.3

z/h

-0.3

1044

FSDT
FGM-M3
a/b=2, a/h=10
p=2

-0.5
-800

Fig. 2. Non-dimensionalised in-plane normal stress (g,) in a rectangular Titanium
Alloy- Zirconia (M3) FGM plate.
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0.5

FSDT
FGM-M3
\ a/b=2, a/h=10
0.34 N p:2

0.4- \

0.2
0.1
< 0.0
-0.14

-0.2 1

-0.3 1

-0.4-

-0.5
-400

-200 0
Txy

Fig. 3. Non-dimensionalised transverse normal stress (Ty,) in a rectangular
Titanium Alloy- Zirconia (M3) FGM plate.

10 W)E
(0, w) = 457
(0. ay,az T (14)

Where, P = p,/E*for applied transverse mechanical load p, and
P =o7/T; for applied temperature T; at the top surface of the
FGM plate. The scale factors corresponding to coefficient of thermal

expansion and young’s modulus of elasticity are o = 107°/K and E*
= 1GPa respectively.

Example 1.. A simply supported square Monel-Zirconia (M1) FGM
plate is considered. The plate is subjected to transverse sinusoidal
mechanical load of intensity po at the top surface of the plate. The
accuracy of the solutions obtained is established by comparing the
results with the 3-D exact solutions reported by Reddy and Cheng [4]
for in-plane/transverse displacements and stresses in Table 2 and
Table 3 respectively.Table 4

It is observed that the percentage difference decreases with
increase in a/h ratio and the maximum difference observed is
found to be 9% for in-plane stress with a/h ratio 10. The results pre-
dicted by FSDT model are in good agreement with the 3-D elastic-
ity, for the parameters considered.

Example 2:. A simply supported rectangular FGM plate subjected to
constant, linear and nonlinear variation of thermal loads across the
plate thickness is considered. Material set 2 and Material set 3 is used.
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0.5
FSDT
0.4 1 o FGM-M3
- a/b=2, a/h=10
0.3' \ p=2
N
o2
0.1-
< 0.0-
N
-0.1 - N
\
\
028 \
e — T |
-0.34 (P T /I
/
04 |—T /
-0.5 1 ] 1
-4 -2 0 2 4
TXZ

Fig. 4. Non-dimensionalised transverse shear stress (Ty;) in a rectangular Titanium
Alloy- Zirconia (M3) FGM plate.

The non-dimensionalized in-plane/transverse displacement and stres-
ses for varying a/b ratios are given in Table 2.

It is observed that the assumed constant variation of temper-
ature predicts higher values of displacements and stresses as
compared to linear and nonlinear variations of temperatures.
Though the linear temperature profile predicts closer results to
that of nonlinear variation, accurate evaluation is possible only
by adopting nonlinear temperature profile. This can be clearly
seen in Figs. 1-4, where the displacements and stresses are plot-
ted across the plate thickness for a Titanium Alloy- Zirconia (M3)
FGM plate. Generally in an FGM plate the top is a ceramic sur-
face and is exposed to temperatures, whereas bottom is a solid
metal which cannot withstand temperature fluctuations. In con-
stant temperature condition, both the surfaces will be exposed
to same temperatures, which is not an appropriate approxima-
tion for analysis of FGM plates. Therefore choosing for an accu-
rate variation of temperature profile plays a vital role during
analytical evaluation of FGM plates subjected to thermal loads.

6. Conclusion

Analytical formulations and theoretical solutions are pre-
sented for thermal displacements and stresses in a simply sup-
ported FGM plate subjected to constant, linear and nonlinear
variation of thermal loads using refined computational model
based on First Order Shear Deformation Theory (FSDT). From
the present investigation it is observed that the effect of
assumed temperature profile plays a crucial role in predicting
the thermal plate responses. The temperature field based on
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steady state heat conduction equation predicts accurate plate
responses as compared to constant and linear variation. For all
the parameters considered in the study, nonlinear displacements
and stresses are found deviate more than that of linear and con-
stant variations. Maximum percentage difference is observed in
rectangular plate and the least in square plates. In FGM thin
plates with a/h ratio 50 and above, effect of nonlinearity is found
to be the least. The least differences with the temperature field
is noticed in Titanium Alloy-Zirconia FGM plates. The results
presented here will serve as benchmark solutions for researchers
working in this area.
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