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Module -1 Calculus

Syllabus : Introduction to polar coordinates and curvature relating to Computer Science and

engineering:

Polar coordinates, Polar curves, angle between the radius vector and tangent, angle between two
curves. Pedal equations. Curvature and Radius of curvature - Cartesian, Parametric, Polar and Pedal

forms. Problems.

Prerequisites

It will be helpful if you can recall the formulas of differentiation, trignometric functions and allied

angles.
Notations :

The first order derivative of y —> y’ or y; or g—g or D(y)

The Second order derivative of y =—> y” or ys or % or D*(y)
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Polar curves :
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We are familiar with Cartesian coordinate system for specifying a point in the xy - plane. Another
useful system for similar purpose is Polar coordinate system, in which each point P on a plane is
determined by a distance = from a fixed point Q that is called the pole (or origin) and an angle 6
measured from x-axis. The point P'is represented by the ordered pair (7, @) where 7 and 6 are called
polar coordinates.

If the equation of a curve is specified in terms of  and 8, then the curve is referred to as polar curve.

The transformation from Cartesian to polar is given by

r=+\/x?+ y? 0 = tan?! (g)

xr

The transformation from Cartesian to polar is given by

x = rcos0 y = rsinf

1.1 Angle between the radius vector and the tangent

Let ® be the angle between the radius vector OP and the tangent AB at the point ‘P‘ on the polar

curve r = f(60).
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Let W be the angle made by the tangent with positive direction of * — axis.
From the figure,
=0+

tanO + tan®
1 — tanBtan®

tan¥ = tan(0 + ®) =

dy tanO + tan®
‘dr 1 — tanOtan®

On the other hand, we have * = rcosf ; y'= rsin@ as the relation between polar and Cartesian
Coordinates.

differentiating these, w.r.t @ , we obtain

dx ) T
— = —7rs1nb + cosf0—
do do
Y . T
and— = rcosf 4+ sinf—
deo dé
d
Y _w
T dz
dx 0
_ rcosf + sinﬂ%
- —rsind + 0059%
dr
dividing the Numerator and Denominator by COSO@
4 + tan@
dy _ g5 Tm
dx - %tan@—}—l
tanf + &
S — R (2)
1- ﬂt7:1,n0
de
Comparing equations (1) and (2), we get
T T deo
tan® = - = — =r—
56 r dr

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for Civil Stream (Subject Code - BMATC101 ) Page 4

Note : We can also find angle ® by using

1dr
cot® = ——
r do

Problem 1.1.1. Find the angle between the radius vector and the tangent to the curve r = a(1 +

cos0). Also find slope of the tangentat § = %

Solution :
r=a(l+cosf)------ (1)
Applying log on both sides

log(r) = log(a) + log(1 + cos0)

differentiate w.r.to,

1dr _ —sin0O
rdd 1 + cosf
—2sinfcos?
cot® = %
2co0s22

. 0 T 0
t.e.cot® = —tan— = cot | — 4+ —

2 2 2
‘ T 0
'1):54'5
T T oW
At0:§,¢:§+g
Slope = tan¥ = tan (0 + ®) = tanw =0

Exercise 1.1

Find the angle between radius vector and tangent for the following curves.

l. r = a(1 4+ sinB) Ans;q):§+g
2. r2c0s20 = a? Ans: ® = 7 — 26
3.22 =1 — cosf Ans: ® = =¢

1.2 Angle of intersection of two polar curves

If @, and P, are the angles between the common radius vector and the tangents at the point of
intersection of two curves 7 = f71(0) and 7 = f2(8), then the angle of intersection of the curves is

given by |1 — Pa|.
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M ¢ — ¢,
G

G
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Note 1. Two curves intersect orthogonally if any one of the following conditions are satisfied.

a)

b)

c)

By — By| = —
1 2—2

or

tan®tan®, = —1

or

cot®,cotd, = —1

Note 2. If the angles ®; and P, can not/be obtained explicitly, then angle of intersection can be

found by using the formula

tan®; — tan®,

tan(®; — Py)| =
| (@1 2)| 1+ tan®tand,

Problem 1.2.1. Show that the following curves intersect each other orthogonally. r = a(1 + cos€)

and 7 = b(1 — cos0) (VTU 2015, July 2003)

Solution : Given

r = a(l + cos0)
Applying log on both sides
log(r) = log(a) + log(1 + cos0)

differentiate w.r.to@,

1dr —sinf
rdd 1 + cos@
—2singcosg
cot®; = ———=—=
2c032§

; t® tan’ tﬁ+0
1.e.CO = —tan— = Co — —
! 2 2 ' 2
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.(I)_Tr+0
Tt 9 T g

Now consider the curve, r = b(1 — cos0)
Applying log on both sides
log(r) = log(b) + log(1 — cos0)

differentiate w.r.to@,

1dr _ stnO
rdd 1 — cosO
2sinfcos?
COt‘Pl = 492
2szn2§
. 0
t.e.cotd, = COtE
0
. q)z _

T2
. ™ 2] 0 ™
Consider [®; — ®3| = |2+ 2 - %=1

This shows that the given curves intersect each other orthogonally.

Problem 1.2.2. Show that the following curves intersect each other orthogonally. » = a@ and r =

SIS

Solution :

Considerr = a8
Applying log on both sides
logr = log(a) + logf

differentiate w.r.to0

1dr _ 1

rdd 6

] 1
t.e.cotd, = —

0

— tan®, =0
a

Now considerr = 5

Applying log on both sides
logr = log(a) — logf

differentiate w.r.to0
1dr —1
rdo o
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cotd, = —

i.e. tan®, = —0

a
Usingr = afandr = 9’ we can write

a
ab = —
(7]

i.e0® =1
— 0 ==1

Casel1:1f0 = 1, thentan®,; = 1 and tan®, = —1
Stan®tan®, = —1

Case2:1f0 = —1, thentan®; = —1 and tan®, =1
Cotan®tan®, = —1

This shows that the given curves intersect orthogonally.

Problem 1.2.3. Show that the following curves intersect each other orthogonally. r» = a(l —

sin@) ,r = b(1+ sin0)

r =a(l —sin0)

Solution :  Diff. w.r.to @ we get, r; = a(—= cos9)

r (1 — sin 6)
Stangpy = — = ——— =
r1 cos @

For the curve, r = b(1 + sin 0)

Diff. w.r.to 6 we get, r; = b(cos 0)

. _r _ (1+sin 0)
c tan ¢y = 1~ cos@
1—sin? @
tan¢1 . tan¢2 = —% = -1

This shows that the given curves intersect orthogonally.

Problem 1.2.4. Show that the following curves intersect each other orthogonally. Show that the

curves "™ = a™ cos mO and r™ = a™ sin m0O

Solution: Equations of curves are 7™ = a™ cosm@ (1) r™ = a™ sinm@ (2) Take natural

logarithm of both sides of (1)

mlogr = mloga + log(cos m#)
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Differentiate both sides w. r. t

m m sin m0O
_Irl e —
r cos mb
r
‘. — = — cotm0
1
r
tan p; = — = — cot m0
™

Take natural logarithm of both sides of (2) m logr = mlog a + log(sin m@) Differentiate both

sidesw. r. t 0

m m cos mb@

r sin m0O
r

. — = tanm0
™

r
tan ¢ = — = tanm@
1

S .tan ¢, - tan g3 = — cot mO X tanml =—1
..curves (1) and (2) cut orthogonally.

Problem 1.2.5. Find the angle between the following curves r = sin@ + cos@ ,r = 2sin6

Sol :
r =sin@ 4+ cos 0
Diff. w.r.to 8 we get,
ry = cosf —sin 0
r sin @ + cos @

.. tan = — =
¢1 1 cos @ — sin 0

1+ tan6

=1 _tanod (By dividing each term in Numerator and Denominator by cos 0)
— tan

= (0+3)
= tan 1

= =0+
T 4
r = 2sin@
Diff. W.r.to 6 we get,

ry = 2cos @
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r sin @
Stangy = — = = tand
r cos 6

= ¢2=20
Angle of intersection is
|1 — ¢2| = |9‘|'z—9|:z
4 4
Problem 1.2.6. Find the angle between the following curves : » = alogf and r = ﬁ (VTU Jan
2015, July 2005, Aug 2001)

Consider the curve » = alog8 Applying log on both sides

logr = log(a) + log(log®)

1dr _ 1

differentiate w.r.to 0, 25 = Tlogd

1
cotd, = Glogd

.. tan®,; = Ologb

a

Consider the curve r = oo
ogfl

Applying log on both sides
logr = log(a) — log(log®)

1dr _ -1

differentiate w.r.to 9, 7 d6 = Ologh

-1
cot®, = Glogh

.. tan®, = —0logl

Using the given curves r = alog@ and r = @, we can write
alogf = ﬁ
(logh)* =1
i.e. 8 = e (assuming positive value)
Consider
tan®, — tan®, 2e

tan(®; — P,)| = =
| (@1 2)| 1+ tan® tand, 1—e2

o | @y — B = tan™?t (%) = 2tan~"'e

Exercise 1.2

1. Show that the following curves intersect each other orthogonally.

(@) » = a(1l + cosB), r = a(1 — cosO) (VTU Jan 2016, July 2015, 2011)
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(b) » = a(1 + sinf), r = a(1 — sinb)

(¢) ™ = a™cosnB, r™ = b"sinnb

2. Find the angle of intersection of the following curves :

(a) 725in20 = 4 and r? = 16stn20 (VTU Model 2015) Ans:3
(b) r = stnB + cosB and r = 2sinb (VTU July 2004, 2002) Ans :%
(©) 7 = ;7% and r = ;—L - (VTU Jan 2017, Jun 2012, June 2009, Jul 2008)  Ans: T
(d) r™ = a™(cosnb + sinn@) and ™ = a™ sinnd, Ans: %
(e) ™ = a™cosnb and r"sinnf = b", Ans: 7
(f) r™ = a™cosm@ and r™ = b™ sinm0, Ans: 7
(g) r = 2sinf and r = 2(sinb + cos0) (VTU July 2017).
(h) » = a(1 + sin@) and r = b(1 — sindh) (VTU July 2017)

The length p of perpendicular from pole to the tangent in a polar curve

The length p of perpendicular from pole to the tangent at a point (7, €) in a polar curve is given by

& 1 1 N 1 (dr>2
= rsin or —=—+—|—
p p? 72 r4 \ dO

Proof :

P r =1(0)

(r, o)
D
9 v

/ > X

o"!

From the right angled triangle OPN,
ON
OoP
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1.e..81no = — | p =rsing

1 1

Consider — = — = —coseco
p rsing r

1

2

1 1
= ﬁcosecz¢ = ﬁ(l + cot?¢)
1y (1dr)2
Cop2 r do
11 N 1 /dr\?
p? 2 e\ de

1.3 Pedal equations (p — r equations)

For a plane curve 7 = f(6) and a given point P(7, @) on this curve, the pedal equation of the
curve is a relation between 7 and p where r is the distance from O(origin) to a point P(r, 8), and p

is the perpendicular distance from O to the tangent to the curye at the point P.

Working rules to find pedal equations :

Let the polar equation of any curve be,

I (’l“, 9) =0 (1)
Let ® be the angle between the radius vector and the tangent, then we know that,
do
tan(®) = r.— (2)
dr

and perpendicular distance from O to the tangent is given by using the formula

p = rsin® (3)
or
1 1 1 /dr\?
SR (4)
p? r2  r4 \ dO

Now , if we eliminate @ between the equations (1) and (3) or (1) and (4) , then we shall get an equation

in terms of p and 7 and thus will be required an equation of the curve .

Problem 1.3.1. Find the pedal equation for the curve zr—“ =1 — cosf
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Solution : Given equation can be written as

2a 2a 29
r= = ———5 = acosec”— (1)
1 — cos0 2szn2§ 2
dr 50 0 01
— = a2cosec”— | —cosec— | cot—.—
do 2 2 2 2
50 7]
= —acosec”— cot—
2 2
do 50 1
tan® = r— = acosec”— X 5 5
dr 2 —acosec2§cot§

3 =tan (7= 3)
=tan— =tan (m™ — —
2 2

—e-(9

(7] 0
Now p = rsin® = rsin <7r — 5) = rsina

0 0 2
Squarring p? = r2sin2§ - sin25 _ P,

Now (1) can be written as

p— 2 _ a _ ar?
2sin22 p2 p2
2 2

— p? = ar This is the required pedal equation.

Problem 1.3.2. Find the pedal equation of the curve ™ = a™ sin n@

Solution : Equation of the curve is 7™ = a™ sin nO

Take the natural logarithm of both sides
nlogr = nloga + log(sin no)

Differentiate both sides w.r.t. @

1 n cos nb
n-r—=———
r sin n@
r sin nO
tangp = — = = tan nf

1 cos no

¢ =nb
p=rsing = rsinnf = TZ_: from (1)
pan — ,r.n~|—1

which is the pedal equation of the curve.

Problem 1.3.3. Find the pedal equation for the polar curve »™ = a™(cos(m@) + sin(m@0)).

For this curve in the usual way, taking log on both sides,

Dr. Shantha Kumari K
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mlogr = log(a™) + log(cos(m@) + sin(m8))

Diff. w.r.to 9,
0+ ! ( inm6 + 0)
m —r; = - (—msinm@ + m cosm
r cos(m@) + sin(m0)

(cos mO — sinm@)

cot ¢ = -
(cos mO + sin m#@)

tan & — (cos m@ + sinm@)

(cos mO — sinm@)
_ 1+ tanmo0

1 —tanm@

tan (5 +m0)
=tan (| —+m
1ﬂ4

Iy

(By dividing each term in Numerator and Denominator by cos m@)

Pedal equation is

p = rsing¢ = rsin (g—l—mé’)

3 ™
=r (sin (—) cos 0 + cos <—) sin 0)
4 4

= %(cos(m@) + sin(m@))
" (") (from the gi tion)
= — [//— rom the given equation
V2 \a™
,r.m-i-l

a,m\/i.

Exercise 1.3

Find the pedal equations of the following curves.

1. ™ = sechn® (VTU Jan 2015) Ans: 5 = 5 (r’" —2)
2. r™ = a™sinm@ + b™cosm® (VTU July 2015, Jan-2005) Ans:p? = 200
3.%214—66039 Ans:#:l—e%—l—%
4. r = aefot> Ans : 7?2 = p2cosec’a

5.r™ = a™cosn@ (VTU July 2017, Jan 2016, Model 2014, Jan 2014, June 2014, Jan 2010,
May 2001, Allg 2000) Ans : pan — ’I"n+1

6. 7 = ab Ans: p =
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7. 7 = a(1 + cos0) Ans : r® = 2ap?
8. r™ = a™(sinm@ + cosmB)(VTU 2010) Ans : vt = \/2a™p
9. r™cosmO = a™ (VTU July 2016) Ans: prm—! = g™
10. r™® = a™sinné Ans : pa™ = r"t!
11. 2¢ =1 — cos6® (VTU Jun 2011) Ans: p? = ar
12. » = a + bcos0 (VTU July 2017)
13. 22 =1 + cosf (VTU Jan 2017)
Curvature.

The curvature is the concept in geometry that indicates the change in direction of the curve at a
certain point. While the radius of curvature gives the radius of the approximate circle that matches
the curve at a particular point.

Consider a smooth curve C in XY-plane and let P, Q be any two neighbouring points on it. Let

arc AP = s and arc PQ = As. Let the tangents drawn to the curve at P, Q respectively make

angles ¥ and ¥ + AW with X-axis i.e., the angle between the tangents at P and Q is AW. While

moving from P to Q through a distance As, the tangent has turned through the angle AW. This is

called the bending of the arc PQ. Geometrically, a change in W represents the bending of the curve C
APsi

and the ratio =1_> represents the ratio of 'bending of C between the point P & Q and the arc length

between them.
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Rate of bending of Curve at P is
avw . AW
—_— = l’I,mQ_)p—

ds As

Curvature is a numerical measure of bending of the curve. Or, more simply, it measures the rate of

change of direction of the curve, and it is denoted by  (kappa). Thus

dw

K= —
ds

Note : Intuitively the curvature of a plane curve at a point P can be thought of as the curvature
of that circle which approximates the curve most closely near that point. The curvature of a circle is
directly defined by the reciprocal of the length of its radius. The shorter the radius, the greater the
curvature of the arc in the vicinity of any point P on it. The longer the radius, the bigger the circle,
and the less the curvature of the arc in the vicinity of‘any point P on it. For a very large circle the
curvature of an arc at some point P approaches that of a straight line and the curvature of a straight

line is zero since there exist no bending.

1.4 Radius of Curvature

If kK # 0, then % is called the radius of curvature and is denoted by p.

ie.

ds

—.1_
P= ™ au

The sign of % indicates the convexity and concavity of the curve in the neighbourhood of the point.
Radius of curvature in Cartesian form

Suppose y = f () is the Cartesian equation of a curve, then we know that
tanvy = dy/dx = y,
or

P = tan™* (yl)

Dr. Shantha Kumari K AJIET, Mangaluru
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Differentiating both sides w.r.t. x,

dy 1 d(y)
de 1 +y? dx
_ Y
1492
d
Curvature K = —d)
ds
di dx
= — X —
dx ds

From the derivative of arc length, we have

dS dy\ 2
- (2)

% dx
) dx 1
.. — — —
ds (1+93)
d d
dx ds
1
_ Y2 . <
LR ()
_ Y2
(1+y2)*2
1
.. Radius of curvature p = —
K
(142
Y2

the expression for radius of curvature is,

p = a2y
dx?

1 2 %

1.e| p = ( +y1)
Y2

Alternate formula for radius of curvature :

An alternate formula for radius of curvature is

This formula can be used at a point where Z—Z doesn’t exist such as a point on a curve where the

tangent line is parallel to the y-axis. (i.e. when % = 00)
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Radius of curvature in Parametric form:

For the curve « = x(t) and y = y(t), where ¢ is the parameter,

@+ )
3y — UE
Where i de . dy ., d*x . d
erc r = — = — X = — = —.
at’? T a a2’ ? T ae

Note : When parametric form = x(t) and y = y(t) is given, we can also find the radius of

curvature using

_ (e
Y2
where
dy/dt
V1 = et
and
d dt

v = 2 ) S () X o

% dx

Radius of curvature in polar form

For the curve 7 = f(0) i.e., the curve in polar coordinates

With the usual notations, we have

p=0+¢
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Differentiating w.r.t. s,

dv
K= —
ds
_ do do
"~ ds ds
_ do N d¢ db
~ds  df’ds
do do
= — (14— 1
ds ( + d0> (1)
Also we know that
tan ¢ do r
ang =r— = —
dr 1
()
or ¢ = tan —
T
Differentiating w.r.t. 6,
dp 1 XT1'7°1—7‘7‘2
do 1+ (r/r1)2 73 @)
B r2 —rry
o2 r2
Also,
ds
e+ 3)

Substituting the value from (2) and (3)4n (1),

1 ’I"%— 2
k= ——0 +(1+
VrE+r? r2 +r?
_r2+7'f—rr2
AT

3
2

(r* +r)

r2 412 —rry

p:

2
where 7, = % and ro = %

Radius of Curvature in Pedal form

For the curve in terms of p and 7 ( i.e., the curve in pedal form):
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Problem 1.4.1. Find the radius of curvature for v/ 4+ /y = +/a at the point where it meets the

line y = x.

Solution : On the line y = x, we have /= + v/x = V/a,ie. 2/ = aorx =
Let

Vz + 4y =+va
differentiating w.r.tox,
1 n 1 P
oz | 2vGo
VY
7. — Tt st e e e ]_
Y1 VT (1)
" 'y1|%’% = -1
differentiating (1) w.r.tox;,
1 1
_ VEIEY T VUss
Y2 =
x
4
valgg =
3 3
S LR e
. Y2 % V2

Problem 1.4.2. Find p at the point (22, 22) of the Folium ©® + ¢ = 3axy (VTU July 2017, July
2016, Model 2014, 2015, 2008)

Solution : Given
z® + y® = 3azy (1)

Differentiating (1) w.r.to , we get

x® + yy1 = a(zy: + y) = (¥° — ax)y; = ay — x®

1.e.Yy; = e (2)
y1|(37a’37a) = —1

Differentiating (2) w.r.to x, we get

_ (4 — az)(ays — 22) — (ay — 2*)(2yy: — a)
(y? — ax)?

Y2

3a

’y2|( 50 30) = on simplification
272
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1 2 14+1)2 3a
.. Radius of Curvature, p = ( + yl) = ( :.2) =
Y2 Sa 82

Problem 1.4.3. Find the radius of curvature for the curve * = alog(sect + tant),y = asect
(VTU July 2015)

Solution:

Given x = alog(sect + tant) — — — — — — — — (1)
and y = asect — — — — — — — — (2)

differentiating (1)w.r.to ¢, we get

dx secttant + sec?t
— =a = asect
dt sect + tant

differentiating (2) w.r.to ¢, we get

_y = asecttant

d dy
'.y1=—y=j—;=tant ———————— (3)
dx dat
differentiating (3) w.r.to x, we get
5, dt 1
Y2 = sec’t— = —sect
dx a

(1 + yf)% -~ (1+ tanzt)%

1 = asec’t
Y2 Zsect

.. Radius of Curvature, p =

Problem 1.4.4. Show that the R.0.C at any point of the cardioid » = a(1 — cos@) varies as /7.
(VTU 2003)

Solution : Given that
r = a(l — cos0) (1)

differentiating (1) w.r.to 8, we get
r1 = asitnO and ro = acosf
.". Radius of Curvature ,
3

(4 79)°

2+ 272 — rry
(a®(1 — cos0)? + azsinze)%

" a?(1 — cosh)? + 2a2sin20 — a2(1 — cosf)cosh

24 2a

=— v/ on simplification

p:
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P X AT

Problem 1.4.5. Find the radius of the curvature of 7™ = a™ cos n@

Solution : Given curve is r™ = a™ cos n@ Diff. w.r.to 6 we get,

nr* lr; = —na™sinnd
,rn
n— r; = —na" sinno
r
—na™sinnl r ) ]
ry = (from the given equation)
a™ cos nf
ry = —rtannf
ro = —ry tan n@ — nr sec® nd

= rtan? nO — nr sec?no
2 2\ 3
(r + rl) *
2 + 212 —rry

r3 (1 + tan? ne)%

r2 + 2r2tan®nf —r (rtan? nO — nr sec? nh)

B rsec3 n
" 1+ tan?n6 + nsec2 nd
B r sec nf
- n+1
ra”™ a™

(n 4+ 1)rm - (n + 1)rn—1"

Problem 1.4.6. Find the radius of the curvature of 3 = 2ap?

Solution : Here r3 = 2ap?

Differentiating w.r.t. p, we get

, dr
3r° . — = 4ap
dp
dr 4a
= T2
dp 3r2
Hence,
dr 4ap  4ap
p = e — =P — = —
dp 3r2 3r

Dr. Shantha Kumari K
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P8\ 2
where p = [ —

2
4a - (%)
P= 3r

B 4ar% B 2V 2ar
B 3rv/2a - 3

Problem 1.4.7. Find the radius of the curvature of p? = ar

Solution : Here p? = ar

Differentiating w.r.t. p, we get

9 — dr
P = dp
dr 2
- 2P
dp a
dr __ 2-var _ 2r3

wherep:\/ar.p:rd—p_r~ - N/

Problem 1.4.8. Find the radius of curvature of the curve y? = a’(a=2) o the point (a, 0).

y T

Solution :
5 na*(a’'—x)
Yy =
T
y’r = a® — a’x
Differentiating w.r.t
a2 + y2
2zxyy, +y P =—a? =y, = —
2xy
at (a,0),y; = oo
3
therefore p = % = miz
dx 2xy
rH=————=-—-——:
dy y? +a?

then ; = 0 at (a, 0)
(y2 + a2) T, = —2xy.
differentiating w.r.t y
2 2 —
(v* + a®) z2 + 2yz: = —2z — 2yxy

= (y2 + a2) To = —2x — 2yx, — 2y,
AJIET, Mangaluru
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Then
xy = —— at (a, 0)
a
o 1 . a
.p_mg_ 2

.. The radius of curvature of the given curve is 3.

Problem 1.4.9. Find p atany pointon « = a(6 + sin @) and y = a(1 — cos )

SOl : Here x = a(0 + sin0),y = a(1 — cos )

Differentiating w.r.t. 6

dx dy .
@:a(l—kcose),ﬁzasme
_dy_Z—z_ asin @

B = T ‘;—z ~ a(d + cos )
_ 2singcosg
2coszg
7]
y; = tan —

Again differentiating w.r.t. @

d 0 do
= — |tan—- | X —
de 2 dx

2(0) 1 1
=sec” (- | X=X ————
2 2  a(l+4 cos®)

20
2

2a' X 2 cos? g
1

4a cos? g

Y2 =

,— 1t yi}?
Y2
_ {1 —|—tanzg

1
{4acos4g}
0 2 0
= {sec2 (—)} X 4a cos* (—)
2 2
1 4 0
= ——=7a X 4a cos™ | —
cos (5) 2

()
= 4acos|— ).
2

Problem 1.4.10. Find the radius of curvature at any point on the curve y = a log sec(x/a).

3
2

(MY
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1 2 %
Sol : Radius of curvature p = %
Here, y = alogsec (E)
Y1 = a X Sectg) - sec (2) tan (2) - %
i = tan (2)
o = sec? (2) - 1
{14 tan? (2)}*
+ tan® (£
Hence p = T =
«sec? (3)
{sec? (2)}**
o gsec (D)
3
_ asec’(3)
sec? (3)
(a)
= asec | —
a
.. Radius of curvature = a sec(x/a)
Exercise 1.4
1. Find the radius of curvature of the curve g2 = @ where the curve meets the x-axis. (VTU
Jan 2014, 2000) Ans : %
2. Find the radius of curvature at.(a, 0) of the curve y = x3(x — a) (VTU 2010)
3. Find p at (—2a, 2a) for the curve @?y = a(x? + y?) Ans : 2a

4. Find the radius of curvature of a?y = x3 — a? at the point where the curve cuts x-axis. (VTU

July 2014)

. 5v10a
Ans : =5

5. Find the radius of curvature of the curve * + y* = 2 at the point (1,1) (VTU Jan 2017, July

2016)

2
3

6. For the curve y = 2%, show that. (%) = (2)2 + (2)2

(atz)’ ] x

Ans : _T‘/E
(VTU July 2017, 2008)

7. Prove that the radius of curvature p at any point (x,y) on the curve \/§ + \/% = 1is given by

2(azx+by) 3
ab

(VTU Jan 2014)

8. Show that the radius of curvature at * = 7 of the curve y = 4sinx — sin2x is 5v5 (VTU

2009)

4

Dr. Shantha Kumari K

AJIET, Mangaluru



Mathematics-I for Civil Stream (Subject Code - BMATC101 ) Page 25

9

10.

I11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24

. Show that the radius of curvature of the curve z® + y® = 3wy at (2, 3) is 8_—\/35 (VTU Jan
2015)
(wz +y2)%
Show that for the rectangular hyperbola zy = ¢?, p = 2@y

(50
S
)1

Show that the radius of curvature of the curve y = 4sinx — sin2x atx = 7 is

Find the radius of curvature of zy? = a® — «® at (a, 0).

. 2 —
Hint : Here y; = oo Hence find x; = 3—5 = 0and x5, = 275;3 = 3—5 and use the formula

3
— (a2 . 3a
p =" Ans: <

If p is the R.O.C at the point P on the parabola y?> = 4ax & S be its focus, then show that p?
varies with (SP)3

Find the radius of curvature for the curve r? = a?cos26. (VTU July 2017)

2
3

wiN

Find the radius of curvature at any point of the astroid zs + Ys =a Ans : 3asinfcosO

P.T the R.O.C at any point of the astroid xs —I—y% = @ i3 times the length of the perpendicular

from the origin to the tangent at that point.

Show that the R.O.C at the end of the major axis (a, 0) of the ellipse ﬁ—; + z—: = 1 is equal to

the semi - latus rectum.

Find the radius of curvature for the curve .= a(cost + tsint),y = a(sint — tcost) Ans

s at

Find the radius of curvature for the curve x = a(6 — sin8),y = a(1 — cosf) (VTU 2003)
Ans : dasin (2)
Show that the radius of curvature at any point of the cycloid, x = a(0 + sinf),y = a(l —
cos0) is 4acosg (VTU Jan 2016)
Find the radius of curvature for the curve = a(cost + logtan%), y = astnt (VTU July

2014) Ans : acott

Show that the radius of curvature at any point of the cycloid x = a(0 + sinf),y = a(l —
cos0) is 4acos (2) (VTU 2011)

2 .
For the curve 7 = a(1 + cos@) , show that "7 is a constant.

. For the curve (1 — cos0) = 2a , show that p? varies as r3.

Dr. Shantha Kumari K AJIET, Mangaluru
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25

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

m

m . m . am™
For the curve 7™ = a™cosm@ , show that p = (mg1)rm—T

If p; & po are radii of curvature at the extremities of any chord of the cardioid 7 = a(1+cos0)

16a2

which passes through the pole, then show that p3 + p2 = %

Find the radius of curvature for the curve 7™ = a"™cosn@. (VTU Jan 2017)

Show that the R.O.C at any point of the lemniscate 72 = a?co0s28 is inversely proportional to

T

Find p for the curve 22 = (1 — cos#)

Ocota

Show that for the equiangular spiral » = ae , 2 is a constant.

VI~ cos (2)

Find the radius of curvature of the polar curve 8 = -
Find the radius of curvature for the curve ™ =/‘a"™sinn@

Show that the R.O.C at any point of the cardioid r2sec26 = a?is p = g—:

Find the radius of curvature of y = ccosh (%) at the point where it crosses the y-axis. Ans : c

Find the radius of curvature of the curve 2y = c? at'(c, c) Ans : v2¢
Find the radius of curvature of the curve y2 = mzﬁ at the point (—a, 0) Ans:
Find the radius of curvature at ‘t’ on * = é*eost,y = elsint Ans : V2t
Find the radius of curvature of » =/ae%°?* Ans: p = rcoseco
Find the radius of the curvature of each of the following curves:

(i) 7® = 2ap?( Cardiod )

(i) p? = ar

(iii) pr = a?

@iv) r® = a’p

(v) p*(a® + b* — r?) = a?b?
(viy1/p®> =1/a® +1/b®> — r?/a?b?

,,,'n—l—l
aTL

For the curve p = , Show that p varies inversely as (nn — 1)th power of the radius vector.
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Module 2 - Series Expansion and

Multivariable Calculus

Syllabus

Taylor’s and Maclaurin’s series expansion for one variable (Statement only) — problems. Indeter-
minate forms - L’Hospital’s rule. Problems. Partial differentiation, total derivative - differentiation of
composite functions. Jacobian and problems./Maxima and minima for a function of two variables.

Problems.

2.1 Taylor’s series expansion of a function of single variable:

If y = f(x) be a function,then the Taylor’s series expansion for y = f(x) about x = a is

given by

(z —a)®

(CU - a')fl(a’) + (SU _ a’) f”(a) + —3' f"'(a) +-—————

1! 2!

f(x) = f(a) +

where f’(a), f"”(a), f"”(a) — stands for successive derivatives of f(x) at x = a.
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2.2 Maclaurin’s series :

If y = f(«) be a function,then the Maclaurin’s series expansion for y = f () about is given by

’ 2 3
TLO T p0) + Tp0)

f(x) = f(0) +

Problem 2.2.1. Expand y = cosx by Maclaurin’s series.

Solution: By Maclaurin’s series expansion

f(x) = £(0) +

(0 2 3
CEf'( )+%f//(0)+%fl"(0)+ (1)

f(x) = cosx, f(0) =cosO=1

f'(z) = —sinx, f'(0)y=0
F'(x) = —cosw, F7(0) = 1
(@) = sing, F7(0) =0
F(z) = eosz, F(0) = 1

Substituting in (1), we get

2 ozt
cosmzl———l—z———l—

Problem 2.2.2. Expand /(1 + stn2) by Maclaurin’s series.  (VTU July 2021, June 2019, June

2018,Model 2018, Jan 2016, July 2014)

Solution: By Maclaurin’s series expansion

f()

f(x) = f(0) + + f”(O) + f”’(O) + - (1)

f(x) = /(1 + sin2x) = \/(sinx + cosz)? = sinx + cosx

f(0) = sin0 + cos0 = 1

f'(x) = cosx — sinx £(0) =1
f"(x) = —sinx — cosz F7(0) = —
f"(z) = —cosz + sinx £7(0) = —

Dr. Shantha Kumari K AJIET, Mangaluru
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f""(x) = sinx + cosx f"0) =1

2o/ (1 + sin2x) :1+m—§—§—?—|—ﬁ—?—|—---
Problem 2.2.3. Obtain the Maclaurin series of f(x) = log sec x upto 6th degree term. (VTU Jan
2018, July 2017, 2009)

Solution : y = f(z) = logsecx

2. f(0)=logl=0

secx tanx

Y1 = f'(x) = ————— =tanz - f(0) =0
sec x

yzzf”(x):sec2:c:1—|-tan2x:1—}—yf S f70)=1

y3 — 2y1y2 f’"(O) = 2(0)(1) = O

Ys = 2y; + 20193 S F7(0) = 2(1)% +2(0)(0) = 2

Ys = 4Y2ys3 + 2Y2Ys + 2y1Ys = 6Y2ys + 2Y1Y4 2. fP(0) =6(1)(0) +2(0)(2) =0

Ys = 6y§ + 8y2y4 + 2Y1ys5 2. FY(0) = 6(0) + 8(1)(2) + 2(0) = 16

.". By Maclaurin series expansion

x? a3
Insecx = f(0) + zf'(0) + Ef"(o) + yf"'(o) + .-
B x?> 2z* 16x8
“atw Te T

Problem 2.2.4. Obtain the Maclaurin series of log(1 + cosx) upto 6th degree term.  (VTU June

2019, July 2017)

Solution:
y(x) = log(1 4 cosx)
y(0) =log(1+ 1) = log2
Diff y with respect to x.

(0 — sinx)

yi(@) = (1 + cosx)

(1 + cosx)y:(x) = —sinx.
Putz =0

y1(0) =0

Dr. Shantha Kumari K AJIET, Mangaluru
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Diff again w.r.to x,

(1 4+ cosx)(y2) + y1(—sinx) = —cosx

Put z = 0, we get y2(0) = =}

Diff again w.r.to x,

(1 + cosx)ys — sinx(yz) — sinx(y2) — cosxz(yy) = sinx
Put x = 0, we get y3(0) = 0

Diff again w.r.to x,

(1 4+ cosx)yys — sinxz(ys) — 2 [sin x(y3) + cos x(y-]
— [cosx (y2) — sinx (y1)] = cosx

Put z = 0, we get y4(0) = 5+

.". By Maclaurin series expansion

x? 3 x?
Inseca = f(0) +af'(0) + S f7(0) + S f7(0) + 7P (0) + -

2 CL‘4

—log2 — — — — 4 -
B2 =y o6 T

Problem 2.2.5. Using Maclaurin’s series/Prove that /1 + cos 2z = V2|1 — %2 —+ ;’—z + ...

(VTU Jan 2021)

y = /1 + cos 2z = V2 cos?x
=y =+v2cosz, = y(0)=V2cos(0) =2
y'(x) = V2 x (—sinz) = y'(0) = —v2sin(0) = —v/2(0) =0
y'(r) = —V2 X cosx = —V2cosxz, = y"(0) = —v2cos0 =—V2
y" () = —V2(—sinz) = V2sinx
= 3"’ (0) = v2sin(0) =0

Maclaurin’s series expansion is given by

333

Z / w2 124 1274
y(z) = y(0) + oY (0) + oY (0) + 1Y (0) +...
T x? a3
= 1+ cos2z = V2 + F(O) + ;(—\/5) + 5(0) +......
2
:\/1—|—cos2w:\/§—i—%(—\/§)—0+....

22
:m:ﬁ_‘/;m

+...
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2.3 Indeterminate Forms:

If f(x) and g(x) be two functions such that lim,_,, f(x) and lim,_,, g(x) both exists,

then

f@) _ limeaf(z)
g(x) limg_ag(x)”

Iflimg_,, f(x)=0andlim, ,, g(x) = 0 then,

Which do not have any definite value. Such an expression is called indeterminate form.

The other indeterminate forms are 2, 0 X oo, co — oo ,1%°, 0%, o,
L’-Hospital’s Rule:

If two functions f(x) and g(«) are such that

() limy_q f(x) =0andlim,,, g(x) =0
(ii) f’(a) and ¢g’(a) exist and g’(a) # 0

Then,

1@ _
g(z)

limg_,, limg_,,

f'(x)
g'(x)

Note : If lam,_,, is in g form, we have to apply L’Hospital’s rule again.i.e.

7@ i, L)
g'(x) g (x)

and so on.

Note:

oo

(1) L’Hospital’s rule is applicable only when the expression has the form g, or == inthe limit.

(i1) Note that we do not take the derivative of the ratio using the quotient rule, but rather separately
find the derivatives of the numerator and denominator functions, then find the limit of their

ratio.(Do not confuse L’Hopital’s Rule with the quotient rule for derivatives.)

Dr. Shantha Kumari K AJIET, Mangaluru
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(i11) Sometimes we need to repeat L’Hospital’s Rule more than once till we get definite value of the

limit.

(iv) Important Limits :

(@) limg_,o 2% =1

(©) lamg_g ta% =1
@ limgo 25 =1

(e) limg_o (1 + 'n,:c)i = e". In Particular, lim 20 (1 + w)% =e
®) limy_ oo (1 + %)w = €. In Particular, lim, 5o (1 + i)w —=e
(g) limy_yooe®” = ccandlim, e * =0

(h) limy_oln(x) = —o0

(1) lamy_1logxe = 0

(G) lim,_ slogx = oo

(k) log(e) =1
The indeterminate form 0.0c0 :

If limg o f (x)g(x) assumes the indeterminate form 0.c0 then the product may be converted

. . 0 o, .
to one of the indeterminate forms § or by writing f(x)g(x) as

F@g) = L&) o 1)
g(z) f(=x)

and then we can apply L'Hospitals rule to get the limit.

Problem 2.3.1. Evaluate the following limits. 21, _,ol0gsinStN2T

Solution:

k = lim,_,ologsin.Stn2x

. logsin2x oo
=limy_yo—F— (— form)
logsinx o)

Dr. Shantha Kumari K AJIET, Mangaluru
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By applying L"Hospital’s rule,

. 2cot2x (o)

k= lim,_ (— form)
cotx oo

o Ii tanx (O f )

= m — form
m_mtan2zc 0

Again by applying L’Hospital’s rule,

0 L sec’x
= Mg 0 ———
2sec?2x

Problem 2.3.2. Evaluate lim,_,¢ log,,,, . tan 2z

Solution :
. . logtan2x oo
lim log;,, , tan 2 = lim — : —
z—0 z—0 log tan x 0o

Applying L’Hospital’s rule

. 9 tanax 0
= lim .2 .sec”2x - : — form
z—0 tan 2 sec? x
. sinx-cosx+2
= lim

z—0 sin 2x + cos 2z
2. % sin 2a
z—0 5 sin 4x

sin 2x 4x

= lim - -
z—0 2 sin 4x

=1-1
=1

Problem 2.3.3. Evaluate lim,_,o -2~

Solution: Let
. a® — b* 0
k=lim, ,c—— (—=form)
T 0
By applying L’Hospital’s rule ,
a®loga — b®logb
1

= lim,_,g

= loga — logb
(a)

= log—-

(b)

Dr. Shantha Kumari K AJIET, Mangaluru
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The indeterminate form co — oc:

If limg_,qf () — g(x) assumes the indeterminate form oo — oo , can be transformed into a

type g or % by rewriting the expression as one function.

Problem 2.3.4. Evaluate lim,,_,, (L — 1 )

z—1 In(x)

Solution:

T 1
K = lim —
r—1 (:12 -1 ln(a:))
z-In(x) —x+1
m
=1 (x — 1) - In(x)
In(x)

o1 ==L | In(z)

x - In(x)

= lim
e—>1gx — 1+ - In(x)

1+ In(x)
im
=11+ 14 In(x)
1+ In(x)
im ———
=1 2 + In(x)

Problem 2.3.5. Evaluate lam,_, o [(miz) — log(;_l)}

Solution :

1 B 1

(. —2) log(z —1)

[log(x — 1) — (x — 2)

(x — 2)log(x — 1)
2—x

kE=1lim,_,2

kE=1lim,_,2

. [ 0
k=limg, } (6form)

(@ —2) + (@ — Dlog(x — 1)

Again applying L' Hospital’s rule,

—1
k =lim,
Mem2 1y + log(x — 1)]
—1

2

| (00— ootorm)

| Grorm)

By applying L"Hospital’s rule,

Dr. Shantha Kumari K
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The indeterminate forms 1°°, 0°, cco®:

Iflimg_.q f(2)9®) assumes the indeterminate form 1°°,0° or oo?, thenlety = lim,_,, f(z)9®

and taking logarithm on both sides, we get logy = lim,_,, g(x) (log(f(x)). This limit will be in

any one of the forms 2 , 22 or 0.00 and can be evaluated easily. If this limit is K then the required

limit is obtained as y = lim,_,, f(x)9®) = K

Problem 2.3.6. Evaluate lim,_,o (“T5+<)=  (VTU Model 2022, Jan 2021, Jan 2020,June

2019, Jan 2018, July 2015, Model 2014)

Solution: Let

k=1limg,z_ (%) (100 for'm)
Apply log on both sides
a® + b e\ =
logk =log lim,_.g (%)
. a® + b* + e\ =
=lim,_,o log g
. 1 a®+ b* + c*
=limy_o — log —_—
x 3
) log (a®+ b6+ c*)—log3 0O
= lim,_,o (afo’r’m)
T

By applying L’Hospital’s rule,
a”loga + b*logb + c*logc

logk = lim,_,q

a®* + b® + c*
_ (loga + logb + loge)
B 3
_log(abc)
3

i.e.logk = log(abc)%
- k= (abc)3

Problem 2.3.7. Evaluate lim,_,= (tanx®*®)

Solution : Let

k=lim, = (tanz“®) (00  form)

Apply log on both sides
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logk =log lim, = (tanx)®*®
logk = lim,_,= log (tanx)®*”
= lim, = cosx log (tanz) (0xoco form)

By applying L’Hospital’s rule,
log tanx

00
logk = lim, .~ ——— (—form)
secx 00

By simplifying we get,
logk = limm_% cotxr cosecx

i.elogk =0 — k=¢€e"=1

tan 72 2
R

Problem 2.3.8. Prove that lim,_,, (2 — 2

a

Solution : Let .
T tan 2a
L = lim (2 — —)

T—a a

T T
log L = lim tan (—) log (2 - —)
r—a 2a a

1 —z
i 8 (20 m
z—a cot (%)

1

o5 (~2) Comr B @

I
5

[Applying L’Hospital’s rule]

Il
3w

h
|
o
A

o=

Problem 2.3.9. Prove that lim,_,o (222)=* = e

Dr. Shantha Kumari K
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Solution: Let

. tan x\ =% . tanx
L =1lim ( ) [1°° form] [ lim =1
z—0 x x—0 €T

| tanx
log L = llm—log( )
z—0 2 €

log (t222) [0]

= lim
—0 x2

0

. T rsec’lx —tanx 1 _ .
= lim - — [Applying L’Hospital’s rule]
z—0 tan x x? 2x

. xsec’z —tancx {0] { T
= lim "

x—0 243

. sec’xz +x-2sec’ztanx — sec’x _ _
= llIr(l) : [Applying L’Hospital’s rule]
x—

sec?x tanwx

I
5

w?
1
z—0 3 @x o 5

log L =

Problem 2.3.10. Evaluate lim,_, /2 (sin x)®"®

Solution :

K = lim (sinz)®™® (= 1%)
T—7/2

= logk = lim_log [(sinz)""*]

r—m/2

= lim tanx . log(tanx)
r—m/2

log(sin ®)

= lim ———=
z—n/2(1/ tan x)

z—m/2 cotx

log(si 0
= log k _ lim 08(n2) ( )

Applying L-Hospital’s rule,

) 1. (cosx)
logk = lim =2Z%
z—m/2 (— cosec? x)
. cotx
= lim — —
z—w/2  cosec?x
cot(m/2)
coscc(m/2)
0
= — =0
2
=k=e"=1
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2.4 Partial Differentiation :

Let z = f(x,y) be a function of two variables « and y. The first order partial derivative of z

w.r.to , denoted by % or z, is defined as

0z f(z+ Az,y) — f(=,y)

=limaz—o

ox Ax

From the above definition, we understand that % is obtained by differentiating z only w.r.to x, treating
y as a constant.

Similarly, the first order partial derivative of z w.r.to y, denoted by g—z or 2, is defined as

%:lim f(w,y—l—Ay)—f(w,y)
8y Ay—0 Ay

From the above definition, we understand that g—; is obtained by differentiating z only w.r.to y, treating

X as a constant.

The second order partial derivatives are

0%z o <8z>
—— OF 2y = — | —
ox? Ox \ Oz
0? o [0
9z a, =2 (_Z)
oy? oy \ 9y
0? o [0
Z or 2y = = (_z)
Oxdy Ox \ Oy
0? o [0
z OF Zgy = — (_z)
Oyox Oy \ Ox

Problem 2.4.1. If u = stnxy then find Uy, Uy, Uzzy Uyy, Uzy, Uy, - Also verify that Uzy = Uy,.

Solution :
u = sinry (1)
differentiate (1) partially w.r.to «,
o .
U, = —[sin(zy)] = ycos(xy)
ox
differentiate (1) partially w.r.to y,

Uy = a—y[szn(wy)] = xcos(xy)
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differentiate w,, partially w.r.to @,
o 9 .
tn = 5 —[ycos(ay)] = —y*sin(ay)
T
differentiate u,, partially w.r.to y,
Uy = a—[wcos(azy)] = —z?sin(xy)
differentiate u,, partially w.r.to x,
Ugy = B—[wcos(my)] = —xysin(xy) + cos(xy)
T
differentiate w,, partially w.r.to y,
0 :
Uya = 8—y[ycos(wy)] = —zysin(zy) + cos(zy)

From last 2 results ,it is clear that U,y = Uyz.

Problem 2.4.2. If u = e(@®+%) f(ax — by) ,then prove that bu, + au, = 2abu. (VTU Model
2022)

Solution :
u = T f(ax — by) (1)
differentiate (1) partially w.r.to ,

o
ta's 2 [0 f(az — by)]
€T

uy, = a[e®®T f'(ax — by)] + au
differentiate (1) partially w.r.to vy,

o
Uy = a—y[e(a“by)f (ax — by)]

u, = —b[e®™ % f ax — by] + bu
Consider,
LHS =bu, +au, =b [ae“w"'byfl(aw —by) + au} +a [—be'“""byf'(aa: — by) + bu

= 2abu

=RHS
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Problem 2.4.3. If u = f(x + ct) 4+ g(x — ct) ,then prove that 22 = 222 (VTU Jan 2018)

ot2 ox?

Solution :
u = f(x+ct) +g(x — ct) (1)
differentiate (1) partially w.r.to ,
uy, = f (x + ct) + g’ (x — ct)
differentiate again partially w.r.to @,
Uaw = f' (@ + ct) + g (@ — ct) (2)
differentiate (1) partially w.r.to ¢,
u = elf (@ + ct) < gllw— ct)]
differentiate again partially w.r.to ¢,
wy = E[f (x4 ct) 4 g (x = ct)] (3)
Using (2) in (3), we get Uy = CUgy
Problem 2.4.4. If f = tan™"(¥) thenfind fu, fys foc> fyys foy> fyz - Also verify that fp, =

fya-

Solution: We have

f =tan?! <g) (1)
T
Differentiating (1) partially with respect to x, we get
or _ 1 (—y) _ <_—’~" ) (2)
or 14+ (3)2 x2 x? + y?
Differentiating (1) partially with respect to y, we get
of 1 1 T
= = — = (3)

oy 1+ (y)’z 2 +y?
Differentiating (2) partially with respect to y, we get
of _ 9 ( ~y ) _ @497 (1) - (—y)(2y)
Oyox Oy \z2+y? (z2 + y2)?

y? — 2
(224 y?)?

Dr. Shantha Kumari K AJIET, Mangaluru
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Differentiating (3) partially with respect to x, we get

8*f a( z )_(m2+y2><1>—a:(2w)

Ox0y T oz x? 4 y? (x3 + y2)?
T )
T (@ + )

.. From eqns. (4) and (5), we get 812536 = aizafy'
Problem 2.4.5. If u = log(x® + y® + 2® — 3zyz), then prove that u, + u, + u, = m+z+z and
hence show that
(2+2+ %)2 - (VTU Jan 2014)

Solution : Given u = log (z3 + y3 + 23 — 3zyz)

n = e ... (i)
Similarly, 5% = Sy —der .. (i)
and 9% = - Sa—te .. (i%4)

Adding eqns. (), (¢2) and (2¢2), we get

3u+8u+8u 3(x®+y?+ 22—y —yz — z2x)

dr OJdy 0z x3 4+ y3 4+ 23 — 3xyz
3(x?2+y?’~+ 22—~y — yz — 21)

(x+y+2)(22+y*+ 22 =2y —yz — zx)
du JOu OJOu 3

or =

oc "oy T Taryts
Asa3—|—b3—l—c3—3abc:(a+b+c)(a2—|—b2—i—c2—ab—bc—ca)

ou ou ou __ 3 :
O e T oy T 22 = zvutz W)
N (8+8+8)2 8+8+8)<8+8+8)
ow, | —+—+— | v={—"F—4+—]||—F+—+—|u
Oxr Oy Oz Oox Oy Oz Oox Oy Oz

B a+a+a)< 3 )f (i0)
_8 8y Y rom (v

_(8 + o + 8)<8u+8u+8u)

-~ \dx 08y 0Oz oxr Oy 0z
( T+y+z
3

x
0 1 15) 1 0 1
or \x+y+ =z oy \z+y—+ =z oz \x+y+=z

|
o= : =y

—3|— _ _
(x+y+2)? (x+y+2)? (x+y+2)?
—9

C (w+y+2)?

B a1 du du _ 2.k
Problem 2.4.6. If u = (1 — 2zy + y*)72 and x5 — Yp, = Yu, then find the value of K.
(VTU Jan 2016)
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1
Solution: v = (1 — 2zy + y2)—§

Differentiate partially w. r. t.  and y

ou 1 _3

- =—"(1-=2 2\ "2 —92

5 2( xy +y?) * (—2y)
:u3y

ou 1 _3

— =——(1-2 )72 (2 2

oy 2( zy + y°) ? (—2z + 2y)
= (z — y)u®

o o

.'.wa—:—ya—z=u3wy+(—wy+y2)u3=u3y2

2
Problem 2.4.7. If z(xz + y) = x? + y?, show that (% - g_z) —4 ( _ % _ g_zzJ).

Solution:
zx+y) =2*+y°
22 gy (1)
T —+vy

Sy =

Differentiate (1) partially w.r.t. «
9z (z+y)(2x) — (2242 (1)  a® —y? + 2zy

o CEE @+ ) @
By Symmetry
0z  y*—x*+ 2zy
dy  (z+y)?
0z 0z\? 2 (x2 — y?)]?
(oo~ 3) ~wror]
4@+ y) @ — y)? .
(x4 y)*
4z —y)?
- (z+vy)?
0z 0z 2 —y? 4+ 2zy y?—x?+2zy
S99y (@+y)? (@t @)
B ey  (z+y)’—4dzy (z—y)’
T (@ty)? (@ty)? (z+y)?

From (3) and (4)

(az 8z>2_4(1 0z Bz)
dx 9dy/) ox Oy
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2.5 Total Derivative

If u = f(x,y) is a function of two variables, Then its total differential is denoted by du and is

defined as
du = %dw + @dy .
ox Oy
Similarly if u = f(«, vy, 2) is a function of three variables then
du = @dw + %dy + 8—dz
ox oy 0z

Problem 2.5.1. Find the total derivative for the following function : u = 3 + y3 + z2y + zy?

Solution :

0@ +y 2y + wyz)dm N o(x? + y* + 2’y + xy?)
B Ox 0y

= (S:B2 + 2xy + y2)d:v + (3y2 + x? + 2zy)dy

du dy.

Problem 2.5.2. Find the total derivative of u = zy?23

Solution :

_ 8(wy2z3)dw n 8(wy2z3)dy N O(xy®=3)
ox Oy 0z

= (y?2%)dz + (2zy2*)dy + (3zy°2?)dz

du dz

Problem 2.5.3. Find % as a total derivative and verify the result by direct substitution if u =

2 + y? + 22 and x = e?, y = e?* cos3t, z = e?* sin 3t.

Solution : Here w is a function of x, y, z and «, y.z are in turn functions of ¢£. Thus u is a

function ‘ ¢’ via the intermediate variables «, y, z. Then

du Oudx Oudy Oudz

dt “owdt " oydt  ozdt

=2 - 23t + 2y - (262t cos 3t — 3e* sin 3t)
+ 2z (2e2t sin 3t + 3e?t cos 3t)

Rewriting in terms of x,y =

=2r-2-x+2-y(2y —3:2) +22(2z 4+ 3y)

= 4 (22 + y? + 22)
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or in terms of ¢

C;—Q: =4 (e4t + e (cos2 3t + sin? 3t)) = 8e*t

verification by direct substitution:
u = x? + y2 + 2?2 = e* + et cos? 3t + et sin? 3t = 2e*

du __ Q. 4t
dt—Se

Problem 2.5.4. Find the total differential coefficient of x?y w.r.t. = when x.y are connected by

2 +zy+y =1

Solution : Let u = x2y. then the total differential is

Thus the total differential coefficient of w w.r.t. x is
du _ Ou , Oudy
dr =~ Oz oy dx

2dy
dx

du

da = 2zy +a

From the implicit relation f = x2 + xy 4 y = 1, we calculate

dy . fo 24y
de fy_ T + 2y

SO
du __ A x2(2z+y)
dx zmy (z+2y)

2.6 Differentiation of Composite functions :

Note 1:

If u = f(x,y) and « and y are functions of single variable ¢, then

du Oudx n OJu dy
dt Oxdt Oydt

Note 2 : (Chain Rule)

If u = f(x,y) and « and y are functions of r, s, then u is a function of 7, s. In this case,

Ju Ouox n Ou Jy
dr Bz dr Oy or

Dr. Shantha Kumari K AJIET, Mangaluru
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Ou  Oudzx n Oou Oy
ot oz ot Oy Ot

Note : The above formulae can be extended to functions of three or more variables.

Problem 2.6.1. If u = sin <§>, x = et,y = t2 find :11_1; as a function of t.

N du _ dudz | dudy
Solution : We have 9 — B di dy dt

ieds =lcos (Z)et — Zcos (2Z) 2t
dt y 7] Y Yy
et et
= t—zcos o 2t3003 =

=éwdéﬁé—£

Problem 2.6.2. If z is a function of  and y and * = €“ + e ",y = e * — e’ Prove that

Oz 8z __ ., 0z Oz
9u v Loz — yay

Solution : Here z is a function of « and y, where « and y are functions of v and v.

0z _ 0202 | 020y ) dnd 92 0z, 9z | 0z Oy .
*Ou Oz du Oy ou * " (i) and v/  8x | Ov oy ov """ (ii)

Also given that

u

r=e"+e "andy=e " —e
" % = e, % = —e Y, % = —e Y, % ="<é¥
.. From (i) we get
=g+ g (—e™) (iii)
and from (ii) we get
=)+ FE(—e™)... (iv)
Subtracting (iv) from (iii) we get
0z 0z 0z 0z
(e (e ) o
ou Ov ox oy
_ 8z 0z
N 8:1: yay

Problem 2.6.3. If u = f(2x — 3y, 3y — 42,4z — 2x) then Prove that %’u,m + %uy + }luz =0
(VTU June 2019, July 2017)

Solution : Let »r = 2o — 3y, s = 3y — 4z,t = 4z — 2z, then

u — (T? S7t) — (CB,y,Z)

u— (x,y, 2)
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or or or
A T 4y o — ’ =0,
ox oy 0z
ds Os Os
—=0,—=4,— = —4,
ox oy 0z
ot ot ot
— =-2,—=0,— =4
ox o 0z
ou _ ou Or + ou Os n ou Ot
dx Ordx 0Bsdxr Ot ox
(Bu 8u>
=2 = - ==
or ot
ou . ou Or N du Os N ou Ot
8y Ordy 0Osdy Otody
_ 5 < ou + 8u>
N or Ot
ou _ ou Or N Ou Os N ou ot
8z Ordz 0Osdz Otz

1

1

Jo—Up + —u —Uu,
+ 3 y+4

2

Problem 2.64. If u = f (2

_4( ou n 8u>
- 0s ot

_ (Bu 8'u,) / ( ou "
-~ \dr ot or . Ot

Y20 x

June 2019, June 2018, July 2017, July2016)

Solution : Let » = %,s =¥%t=2 thenu — (r,s,t) — (z,y, 2)

Sou— (e, y, 2)
_ ou Or Ou Os Ou Ot

or
ox

ou

ou
0z

oros T 9sox T ot ox

= ()40~ (o) ()

ou Or ou Os ou Ot

= (5:) (32)

oroy | @soy | ot oy

+8u (1>+0
0s \ z

Ou Or n Ju Os n du Ot
Or 0z 0s 0z ot 0z

-0-(5) (3)+ (&) ()

XU, + Yuy + zu,

n 8u>
ot

¥, 5) then Prove that xu, + yu, + zu, = 0 (VTU Model 2022,
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R GREIGREIORGIRE

=0

Problem 2.6.5. If u = f <yw_—“” z“”) then prove that ?u,, + y?*u, + z?u, =0 (VTU July

y ' xz

2014)

Solution : Let

9
Ty r vy Tz r =z

Differentiate V' and W partially w.r.to @, y, and z
ov 1 OJv 1. 0Ov

— =——y — ==, — =20,
ox 2 OJy y? 0z
ow _ 1 OJOw y ow . 1
dx  xz2 Qy. 0z 22
Now
u'= u(v,w)
8u_8u8v+8u8w_ 1 Ou 1 du
dr Ovdr Owdxr & x20v 2 Ow (1)

. 1 (8u+8u)
 x2 \ go ow

ou \ ou Ov Ou dw 1 du

=4 - = 2
Jdy 0Ovoy T ow 0y y? Ov (2)
ou ou Ov ou dw 1 du
Ju _Juby  oudw _10u (3)
o0z Ov Oz ow Oz z2 w

from (1), (2), and (3),

8'u,+ 28u+ ,0u ou Ou +8u+ ou 0
x— — =t — 4+ — =
ox Y oy 0z ov OJw JOv Ow

2.7 Jacobians (J) :

If u and v are any 2 functions of 2 independent variables x and y ,then the Jacobian of (u,v) w.r. to
du Ou

3 _ 9(u,v) : _ oz E)_y
(x,y) is denoted by J = B(ay) and is defined as J = A

8x By
3 independent variables (x,y,z)then the Jacobian of (u,v,w) w.r. to (x,y,z) is denoted by J = %

Similarly , If (u,v,w) are functions of

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for Civil Stream (Subject Code - BMATC101- Module 2 Notes ) Page 22

Ou  du  Ou
ox oy o0z

and is defined as J = |9v 9dv  Ov
ox oy o0z

dw  dw dw
ox oy Oz

Problem2.71. fu=x+y+2z v=y+2z w==z ,thenﬁndJ:%

Solution :
Ou ou ou
ox oy oz

J= |0 o oo
ox oy oz

Ow dw Ow
ox oy o0z

111
=011

001
=1

Problem 2.7.2. Ifu = 22 4+ y? + 2%, 'v=zy+yz+2x, w=x+y+ z ,thenFind

(u,v,w)
(z,y,2)

Solution :

Ou Odu Jdu

ox oy oz
J=1|8v 08v 08v

ox oy oz
dw dw Ow

ox oy o0z

2x 2y 2z
=ly+z z+2z y+x
1 1 1

=2z[(z+2) - (y+2)] —29[(y+2) — (y+ )] +22[(y + 2) — (z + 2)]
== 2(xz —xy —yz + zy + yz — xz)

=0

Problem 2.7.3. If u = 5, v = 2%, w = %Y then prove that J = % =4 (VTU July

2015, July 2014).
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Solution : We have

du  du Bu
ox oy o0z

J=|0 8 v
ox Oy 0Oz

dw  dw dw
ox Oy 0Oz

Yz z Yy
x2 x x
J — z —xz z
Y y? y
y z —TyY
z z 22
1 _gz : Y
— =z —axTz
TYyz 4
y =z
1
TY=z
=4
Problem 2.74. If u + v = e®cosy u — v = e*siny ,then find 382’2;-

du  Ou

Solution : We have J = 2(wv) 10z 9y
B(m,y) v v

oz Oy

By adding given equations, we get u = %(cosy + siny)

By subtracting equations ,v = <-(cosy — siny)

%(cosy + siny) %(cosy — siny)

. J —
%(cosy — siny) _Tez(cosy + siny)
7 e?® |(cosy + siny) (cosy — siny)
4 (cosy — siny) (cosy + siny)
_e2m _6293
= 1 (2) =

A(x,y,2)

Problem 2.7.5. If x = rsin 0 cos ¢, y = rsin 0 sin ¢, z = r cos 6 Find B(r.0.9)

Solution :

Givenx = rsinf cos ¢,y = rsinfsin ¢, z = r cos 0
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sinf@cos¢ rcos@cos¢p —rsinfsingp
o(z,y, z) _
o(r,0, )

sinf@sin¢g rcosfsing 7rsin6cos o

cos 0 —7rsin @ 0

= r2sin 0 cos? O + r?sin O sin? 0

= r2sin@

Problem 2.7.6. If u = = + 3y% — 23, v = 42?yz, w =222—x —7y ,then find J&2®)

(®,y,2)
at (1, —1,0) (VTU June 2019, June 2018)
Solution :
u=x + 3y* — 2* -+« (1)
v = 4z’yz - (2)
w=22>—x+y .-+ (3)

1 6y —3z2

—1 —1 4z

At the point (1, —1, 0),

J=1]0 0 —4
-1 -1 O

=1(0—4)+6(0—4) = —4 —24 = —28

2.8 Maxima and Minima for a function of two variables

A function f(x,y) is said to be a maximum at (a, b) when f(a, b) is greater than f(x,y) for
all values of « and y in the neighborhood of (a, b).

Similarly, f(a, b) is said to be a minimum at (a, b) when f(a, b) is less than f(x, y) for all values
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of x and y in the neighborhood of (a, b).
These definitions may be stated in analytical form as follows:

If, for all values of h and k numerically less than some small positive quantity,

«If f(a+ h,b+ k) — f(a,b) = a negative number, then f(a,b) is a maximum value of
f(z,y).

*If f(a+ h,b+ k) — f(a,b) = a positive number, then f(a,b) is a minimum value of
f(@,y)f(x,y).

Necessary and sufficient Conditions for extreme values

We know that a necessary condition that a function of one variable to have a maximum or a
minimum for a given value of the variable is that its first derivative should be zero for the given value
of the variable. Similarly, for a function f(x,y) of two independent variables, a necessary condition

that f(a, b) should be a maximum or a minimum (i.6. a turning value) is that for ¢ = a,y = b,
of 0 of
ox dy

Hence the following steps are used for finding maximum and minimum values of a function f(x, y)

0.

af af

Step 1. Solve the simultaneous equations 9 0, B0 0. and find the values of (x, y) in
z Yy
the form (a, b), (¢, d), (e, f)...These points are called as stationary points.
. : 2 % f 82f
Step 2. For each stationary point, calculate the value of A = rt — s where r = -5, s = - oy
_ 9%f
andt = 6_y2

Step 3. The function will have a
maximumif A > Oandr < 0
minimum if A > Oandr > 0
neither a maximum nor a minimum if A < 0

The question is undecided if A = 0

Problem 2.8.1. Examine f(x,y) = x® + y® — 12 — 3y + 20 for its extreme values

Solution :

fo=3z*—12, f, = 3y® — 12
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T:fwm:6w3S:f:cy:()?t:fyyzﬁy

Solving f, = 0 and f, = 0, we get
=3z —-12=0, and 3y —3=0
=x*—4=0 and Yy*—1=0
=2z*>=4 and y?* =1
= =22 and y= %1
Hence stationary points are (2,1), (2, —1), (—2,1), (=2, —1)
A =rt — s? = (6x)(6y) — 0 = 36xy
At(21) A =72>0andr =12 > 0.
Therefore function takes minimum value at (2,1)
and the Minimum Value = f(2,1) = 2
At (2,-1) and (-2,1), A = —72 < 0 Hence (-2;1) and (2,-1) are saddle points.
At (-2,-1) A =72 > 0and r = —12 < 0: Therefore function takes maximum value at (2,1)
Maximum Value= f(—2, —1) = 38

Problem 2.8.2. Find the extreme points of the function f(x,y) = 2 (* — y?) — z* + y*.

Solution : f(z,y) = 2 (z® — y?) —x* + y* oo (1)

diff (1) w,r.t © & y partially

9 = 4z — 42° . (2)
f=—ay+4y® (3

Solving f, = 0 and f, = 0, we get
=4r — 42> =0 and —4y+4y* =0
=x—2>=0 and —y+y*=0
= z(1—2?)=0 and y(—-1+9*) =0
=2x=0, 2°=1 and y=0, y¥>*—1=0

=0, =1, =—-1 and y=0, y=1, y=—1

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for Civil Stream (Subject Code - BMATC101- Module 2 Notes ) Page 27

Hence stationary points are
(0’ 0)9 (0’ 1)9 (0’_1)’ (170)’ (171)? (17_1)9(_190)7 (_131)9 (_19_1)

= fro=4—122% s=f,, =0, t=f,, = —4+12y?

rt — s2 | conclusion

Y2
(5

Points r

(0,0) 4>0 —4 | —16 < 0 | Saddle point

(0,1) 4>0 8 | 32>0 minimum

(1,0) —-8<0 —4 | 32> 0 | maximum
(1,1) —8<0 8 | —64 < 0 | saddle point
(0,—1) 4 32>0 minimum
(1,—-1) —8 8 | —64 < 0 | saddle point

(-1,0) | —8<O0 —4132>0 maximum

(—-1,1) —8 8 | —64 < 0| saddle point

| oo |lOo|Oo|C |Qo | o<
Qo

(—-1,-1) —8 8 | =64 < 0 | saddle point

max f = £(1,0) = f(—1,0) =2(1=0) —1+0=2—-1=1
minf=20—1)—04+1=—-241=—2

Problem 2.8.3. Find the extreme values of the function f(z,y) = =* + y* — 3azxy

Solution : We have, f(z,y) = x3+ y3— 3axy

p =2 =322 — 3ay, q:%ZSyZ—Saw
2 2 2
7“:%:633, s:a’igy——Sa, t:g—yf:(}y
For maxima and minima
of of
— =0and — =0
ox Oy
322 — 3ay = 03y?> —3ax =0
2 _ 2
= PP=ay=>y=% ... (D
=y’ =azx ... ()
Putting the value of y from (1) in (2), we get
334:a3:1::>:c(a:3—a3) =0

= xz(x—a)(@z®+ax+a®) =0

= x=0,a
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Putting x = 0in (1), we gety = O,

Puttingx = ain (1), we gety = a,

Stationary pairs (0,0) (a,a)
T 0 6a
s —3a —3a
t 0 6a
rt — 82 —9a? < 0| 27a2 >0

At (0, 0) there is no extremum value, since rt — s? < 0.

At (a,a),rt — s> > 0,7 > 0

Therefore (a, a) is a point of minimum value.

The minimum value of f(a,a) = a® + a® — 3a® = —a

Problem 2.8.4. Find the extreme values of the function f(z,y) = x* + y*—2x? + 4xy—2y?

Solution:

For stationary point of f(x,y), we solve f, = 4x® ~ 4x +4y =0orx®* —xz +y =0

fy=4y +4x —4y=0o0ry>*+x—gy =20

f(z,y) = z* + y* — 22 + dwy — 2y

Adding (1) and (2), we get x> + y> = 0

LY =—x

Substituting this value in (1), we get 23 —x — x = 0

2 —2x=0—>x(x®>-2) =0=x=0,z =2 —2
forx =0,y = 0;forz = v/2,y = <+/2and forz = —/2,
. Stationary points of f are (0, 0), (v/25=+/2) and (—v/2, v/2)

P=fex =120 —4, s = fo, =4, t = f,, = 12y* — 4

y=—v2

Point r s|t rt — s?
(0,0) —4 4| —410

(vV2,—2)[20>0|4|20 |384>0
(—v2,v/2) [20>0|4|20 |384>0

.. Minima at both the points (\/5 , —\/5) and

(—\/5, \/5) and minimum value at both these points =4 +4 —4 — 8 — 4 = —8.

Problem 2.8.5. Examine the function f(x,y) = 3 + 3zy? — 1522 — 15y? + 72z

Model ME 2022)

ey
2

(VTU
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Solution :
f(z,y) = 2 + 3zy® — 152% — 159> ... (1)
0
—f=3w2—|—3y2—30m—|—72 - (2)
ox
0
—f:Eia:y—S()y G
dy

For stationary point of f(x,y), we solve
o 0
;. 9

i , — =20
ox oy

32 +3y*—30x+72=0 ---(4)
and 6xy — 30y =0 ---(5)

= xy—5y =20
= y(x—5)=0
=y=0, z—5=0
>y=0 =5
When y = 0, from (4) we get
x> — 102 +24 =0
=z’ —4x —6x+24=0
= xz(x —4)—-6(x—4)=0
= (x —4)(x—6)=0
=x=4,6
.. When y = O stationary points are (4,0); (6, 0),
when £ = 5 from (4) we get

=25+9y>—50+24=0

y —1=0
y'=1
y==£1

.. when x = 5 the stationary point are (5, 1), (5, —1)
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9?2
r f = 6x — 30
ox?2
o2
F e
Ox 0y
82
t = ! = 6x — 30
0x 0y
Points r s t rt — s? conclusion
(4,0) | -6<0|0|—6| 36>0 max
(6,0) 6>0 |0 6 36 >0 min
(5,1) 0 6 | 0 | —36 < 0 | saddle point
(5,—1) 0 -6| 0 | —36 < 0 | saddle point

Maximum value is f(4,0) = 43 + 0 — 15(4%) — 0 + 72(4) = 112

Minimum value is f(6,0) = 6% + 0 — 15(62) — 0 4 72(6) = 108

Question Bank- Module 2

Maclaurin’s series :

1. Determine the Maclaurin series expansion of the function, y = /1 + sin2x

. Expand log(secz) upto 6 degree term by Maclaurin’s series

. Expand tanx by Maclaurin’s series

7. Expand y = log(1 + €*)

by Maclaurin’s

series. (VTU July 2021, June 2019, June 2018,Model 2018, Jan 2016, July 2014) Ans :

w2 :133 a:4
l+o—2 -2 42 ...

. Determine the Maclaurin series expansion of the function, f(x) = log(1 + cosx) upto the

term containing x*. (VTU Model CV 2022, June 2019, July 2017) Ans :

log2 — = = 4 ...

(VTU Jan 2018, July 2017,

2009) 4.

. ox2 2z 16x%
Ans : o T T 6!

(VTU July 2015)

. Expand sin(e® — 1) by Maclaurin’s series (VTU June 2014) Ans: x + ‘;—? — 5% + ...

. Expand f(x) = e*™® by Maclaurin’s series (VTU Model EE 2022, June 2018,2011) Ans :

l+az+2 —2 4.

by Maclaurin’s series (VTU Model CV 2022, July 2016) Ans:
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

log2 + £+ % + -+

Expand y = (ef—_l) by Maclaurin’s series (VTU Jan 2015) Ans :

2z et
e(x x? + % = T+

. Expand (1_7_;) using Maclaurin’s series upto 3rd degree terms. (VTU Jan 2017)
Expand y = secz using Maclaurin’s series up to # term. (VTU Jan 2016)
Using Maclaurin’s series Prove that 4/1 + cos 2z = V2 [1 — %2 —+ ‘2”—1 —+ .. (VTU Jan
2021)

Expand log(1 + sinz) up to the term containing x# using Maclaurin’s series  (VTU Model

2022) Ans:z — 2 + % 4 ...
Expand log cos = by Maclaurin’s series up to the term containing ¢ (VTU Model ME 2022)

Expand f(x) = €°*® by Maclaurin’s series up to the term containing z*  (VTU Model ME
2022)

Determine the Maclaurin series expansion of the function, tanx (VTU July 2015) Ans:

3 5 2 4
x4+ 25 + 165 + ... Ans:log2 — 3 — % — 1+ % +...
Determine the Maclaurin series expansion of the function, f(x) = e®sinx Ans:

1—|—a:—|—”32—?—%a:4—%:c5—|—...

Determine the Maclaurin series expansion of the function, log(1 + x) Ans :
xr — %2 + %3 — ‘%4 + ...

Determine the Maclaurin series expansion of the function, etan™'z Ans :
1+az+ 2 -2 —72 ...

Determine the Maclaurin series expansion of the function, e*“?** Ans :

1+a+ % —2% —11% +...

. . . . 2 3
Determine the Maclaurin series expansion of y = etanz Ans: 1+ x + % + % + ...

Indeterminate Forms:

1.

Evaluate x — 0 (<2 +<")=  (VTU Model 2022, Jan 2021, Jan 2020,June 2019, Jan 2018,

July 2015, Model 2014) Ans : (abc)s
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10.

1.

12.

13.

14.

15.

16.

17.

. Evaluate ltm,,_,, [2 a]tan( 2) (VTU May 2010) Ans: ex
. Evaluate limn,_,¢ (cosw)c"tz‘"’: (VTU July 2017)
. Evaluate lim_,¢ [t“%] 22 (VTU Model EE 2022, Jan 2017, July 2016) Ans : €5
. Evaluate limn,_,¢ [%] 22 (VTU Model ME 2022, July 2017)
. Evaluate limg_,o [22%]= (VTU Jan 2015)
. Bvaluate lim,_,o (2FE+4%)z (VTU Jan 2018, Jan 2014)

. Bvaluate lim,_,o (2074 +d); (VTU Model ME 2022, July 2021, June 2019, June

2018, Model 2018, July 2017, Jan 2016, July 2014, Dec 2011)

. Evaluate lim,, o | — 120055 (VTU Jan 2018)
Evaluate lim, o [1]**"" (VTU Model 2018)
Evaluate limn, o (1)**"° (VTU Jan 2021)
Evaluate lim,_,o(cos x) 2 (VTU Model EE 2022, July 2021) lim,_,o [a® + z]= (VTU
Model 2022) Ans: ae
limg,_o [1"2]s (VTU Model 2022)
Evaluate lim, .=  (tanz'*"2) (VTU Model EE 2022)
Evaluate lim, .= (tanz®°T) Ans: 1
Evaluate lim,,_, /2 (sin z)®"® (VTU Model CV 2022, June 2018) Ans: 1
Evaluate lim,,_,¢(cotx)*"* (VTU Model CV 2022)

Partial Differentiation :

1.

2.

3.

If u = e(@®+%) f(ax — by) ,then prove that bu,, + au, = 2abu. (VTU Model 2022)

If z = sin(ax 4+ y) + cos(ax — y), prove that % = a??iy; (VTU July 2017)
2

If u(x + y) = =2 + y?, then prove that ( e — g-;‘) =4 ( - % = g—’;) (VTU Model

ME 2022, July 2017)
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2
4. If x = rcosO, y = rsinf then show that g—:; + giy;" =1 {(ﬁ)z + (8—;) } (VTU July

r ox o
2017)
5. Ifu = log(x® + y* + 2% — 3zyz), then prove that u, + u, +u, = w+z+z and hence show
that
2
8 8 , @ _ -9
<% +2+ a) U=t (VTU Jan 2014)

6. ItV = (1 — 2@y + y*) 72 and 5% — y&¥ = y?V'*, then find the value of K. (VTU Jan

2016) Ans: 3
7. If u = f(x + ct) + g(x — ct) ,then prove that 22 at2 =c? gij (VTU Jan 2018)
8. If u = log(tanx + tany + tan z) show that sin 2zc + sin 2y3" + sin 2z = 2.
(VTU Model 2022)
9. fu = \/(:c2+y72+z2‘)’ then prove that vy, + vyy + v., = 0

10. If u = log[* %~ +y ] then show that zu, +yu, =1
11. If u = log(x® + y® + 22), then show that (z* + y? + 22) (Uge + Uyy + Uzz) = 2

12. f u = tan™*! (2) then find the value of uzq + gy, (VTU Model EE 2022) Ans: 0

Differentiation of Composite functions::

1. Find total derivative of u with respect to t where u = tan™" (¥) ,z = e'—e™ ',y = e'+e™*

(VTU Model EE 2022, July 2017)
2. If u = 23y? + 2%y3, x = at?, y = 2at, then find ‘;—1‘
3. If u = wy® 4+ x?y, ® = at?,y = 2at, then find L (VTU Model ME 2022)

4. Ifu = f(2x — 3y, 3y — 42,4z — 2x) then find the value of %um + %uy + i’u,z (VTU
June 2019, July 2017)

y’z'x

5.1fu=f (E y —) then Prove that 2u, + yu, + zu, = 0 (VTU Model 2022, June 2019,
June 2018, July 2017, July 2016)

6. Ifu= f(x—y,y — 2,z — x) then Prove that u,, + u, + u, = 0 (VTU Model ME 2022,
July 2021, Jan 2020, Model 2018, Model 2014, July 2003)
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7. lfu = f(y — 2,2 — x,x — y) then Prove that u, + u, + u, =0 (VTU July 2019)

8. If u = f (xz, ¥) then Prove that zu, — yu, — zu, =0 (VTU July 2004)

xy ' xz2

9 Ifu=7f (u ﬂ) then prove that z?u, + y?u, + 2%u, =0  (VTU Model EE 2022,
July 2014)

2
10. If z = f(x,y), ¢ = rcosf,y = rsinb, then prove that (%)2 + (g—z> = (%)2 +

L (Z)* (VTU Jan 2018, July 2018, Jan 2015)

ml"‘

11.Ifz = f(xz,y), zc =e“ + e %,y = e ™ — e, then prove that £z, — Yz, = 2, — 2.

(VTU Jan 2016)

12. If u = log(tan « + tan y + tan z) show that sin 2:1: “ +sin 2y Bu , +sin 2z = 2.(VTU
Model 2022) If u = e(®®+%) f(ax — by) ,then/prove that bu, + au, = 2abu by using the
concept of composite functions. (VTU Model 2022)

13. Ifu = sin~'(x — y),x = 3t,y = 4t%/then show that & = —2

\i—t
14. If z = f(x,y) where £ = u — v, y = uv then show that
(Duzy —vzy = (U + v)2,

(1) 20 + 2o = (U 4+ V)2,

Jacobians (J) :

LIfu=% v=2 w=2% thenprovethatJ = % =4 (VTU Model EE

2022, Model 2018, June 2018, July 2015, July 2014).

2. lfu=z224+y*>+2°% v=zytyztzr, w=x+y-+=z thenFde(””w)

x,Y,2)

(VTU Model ME 2022, Jan 2020, Jan 2018, July 2017, Jan 2015) Ans: 0

3. fu=xz+y+2z vu=y+2z wow=2z ,thenfindJ = 3((“”3%1 (VTU Model 2022,

Jan 2016) Ans : u?v

4. If © = rsinfcos¢p, y = rsinfsing, =z = rcosB then find the Jacobian of x, y, =z

w.r.to r, 8, ¢. (VTU Model 2022, July 2016, July 2014) Ans : r?sin
S5. fu = V= o w = = % Determine whether u, v, w are
functionally dependent. (VTU July 2017)
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6. ffu==2%, v==2% == thenfind the value of J = % (VTU Jan
2017)
7. Ifu =z 4+ 3y?, v =4x?yz, w = 222 — zy, then Find J% at (1,—1,0) (VTU
Jan 2018)
8. Ifu = x+3y?—23, v =4x%yz, w=222—x—vy ,thenfind J% at (1, —1,0)
(VTU June 2019, June 2018) Ans : -28
9 Ifu==x+3y? — 23, v =4x?yz, w = 222 — zy, then Find J% at (1, —1,0)
(VTU Model CV 2022)
10. fu =3z +2y — z,v = ¢ — 2yz, w = 2 4+ 22y — =z, then Show that J (%) =0
(VTU 2021)
Il.fu=z4+y+2z v=y+2z w=z ,thenﬁndJ:% Ans: 1
12. Ifu 4+ v = e®*cosy u — v = e”siny/then find %. Ans : _Zzw
Maxima and minima for a function of two variables
Find the extreme values of the following functions
1. f(z,y) = =® + 3zy? —3y> — 3z + 4 (VTU Model 2022)
2. f(z,y) = x®> + y> + 62 — 12 (VTU Model 2022)
3. f(z,y) = 2 + 322 + 4zy + y? (VTU Model ME 2022 )
4. f(z,y) = ® 4+ 3zy? — 1522 — 15y* + 72x (VTU Model ME 2022) Ans : Maximum
value is f(4,0) = 112 and Minimum value is f(6,0) = 108
5. f(xz,y) = 2® + y3 — 3axy (VTU Model EE 2022) Ans : Extreme value=—a?
6. f(x,y) = x* + y*—2x? + 4xy—2y? Ans : Minimum value attwo points = —8.
7. f(z,y) = 2°y*(1-z—y)
8. flwyy) =zy+ 4+
9. f(x,y) = x® + y3-3x—12y + 20 (VTU Jan 2020, June 2019)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

f(z,y) = x®* 4+ y3 — 122 — 3y + 20  Ans: Minimum Value = f(2,1) = 2, Maximum
Value= f(—2,—1) = 38

f(xz,y) =2+ 2z + 2y — 2 — y? (VTU Jan 2021)

S.T. f(x,y) = zy(a — x — y) is max. at (g, %) Find the maximum value. (VTU Model
CV 2022, July 2021)

Find the extreme points of the function f(x,y) = 2 (z? — y?) — z* + y* (VTU Model CV
2022) Ans: max f = 1& min f = —2

Find the extreme values of the function f(x,y) = SinxSinySin(z + y) Where 0 < = <
7.0<y <3

In a plane triangle find the maximum value of CosACosBCosC (VTU June 2019) Ans:
maximum value is %)

In a plane triangle find the maximum value of sin 'sin‘y sin 2 (VTU 2021)

Examine the function f(x,y) = Sine + Stny + Sin(x + y) for extremum. Ans : Max

33

value is =

Examine the function f(z,y) = 1 + Sin(x? + y?) for extremum

( Ans : minimum value is f(0,0) = 1)

Find the stationary points of z. = % — @y + y?> — 2z + y and hence find its maximum and

minimum values. (Ans:Minimum value is f(1,0) = —1)

Show that the function f(x,y) = 3 + y*> — 3xy + 1 is minimum at the point (1, 1) (VTU
Model EE 2022 )
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Module 3-Ordinary Differential Equations

(ODE’s) of first order

Syllabus

Linear and Bernoulli’s differential equations. Exact and reducible to exact differ-
ential equations, Orthogonal trajectories, L-R & C-R circuits, Problems
Non-linear differential equations: Introduction to general and singular solutions,
solvable for p only, Clairaut’s equations, reducible to Clairaut’s equations. Prob-
lems.
Self-Study: Applications of ODE, Solutions of nonlinear ODEs-Solvable for x and
y
Definition of ODE: A differential equation is any equation which contains deriva-
tives, either ordinary derivatives or partial derivatives. A differential equation is
called an ordinary differential equation(ODE), if it has ordinary derivatives in it.
An ODE involves derivatives of an unknown function with respect to a single inde-
pendent variable, which we usually call y(x) (or sometimes y(t) if the independent
variable is time t).
e.g. : g—z + 5y = stna is an ordinary differential equation.

Partial Differential Equations:
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A differential equation is called a partial differential equation(PDE), if it has par-
tial derivatives of an unknown function of two or more variables.

Order of a Differential Equation: The order of a differential equation is the order
of the highest order derivative occurring in it.

Degree of a Differential Equation: The degree of a differential equation is the de-
gree of the highest order derivative occurring in it, when the derivatives are free from
radicals and fractions.

Solution of a Differential Equation: A solution or Integral of a differential equation
1s a relation between the independent and the dependent variables which satisfies the
given differential equation.

General Solution or Complete Integral: A solution containing the number of ar-
bitrary constants equal to the order of the equation is called the general solution or
complete integral.

Particular Solution : Any solution obtained from the general solution by giving
specific values to one or more of the arbitrary constants is called a particular solu-
tion.

Initial Value Problem: In most cases the unique solution of a given problem, hence
a particular solution, is obtained from a general solution by an initial condition
y(xo) = yo with given values and , that is used to determine a value of the arbitrary
constant c. Geometrically this condition means that the solution curve should pass
through the point (x¢, yo) in the xy-plane. An ODE, together with an initial condi-
tion, is called an initial value problem. Thus, if the ODE is explicit, y’ = f(x,y)

the initial value problem is of the form ¥y’ = f(x,vy), y(xo) = yo
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3.1 Exact Differential equation:

A differential Equation of the form Mdx + Ndy = 0 or M (x,y)dx +

N (x,y)dy = 0 is said to be exact if

oM  ON
dy Oz

and its solution is obtained by using the formula,

M  dx+ / (Terms of N not containing «)dy = ¢

(y—constant)

Problem 3.1.1. Solve (z? — 4zy — 2y?)dz + (y? — 4xy — 2x?)dy = 0

Solution: Given equation is of the form Mdx + Ndy = 0
where M = 22 — 4zy — 2y? and N = y? — 4zxy — 2x2

‘ 6M:—4w—4y,%—]:=—4y—4zc

uay
. OM __ 8N
0y~ Oz

.. Given equation is exact.

c.solutionis [ M dx + [(Terms of N not containing )dy = ¢
(y—constant)

ie. [(x? —dzy — 2y*)dz + [y*dy = ¢

oAy -2t =c

ie. 3 — 62%y — 6y’ +y3> =3c=C

Problem 3.1.2. Solve (y2e®¥" + 4x®)dx + (2zye®™’ — 3y?)dy = 0.(VTU Jan

2014, Model 2014)

Solution : Here

M = y2emy2 + 4z, N = 2:13ye””y2 — 3y?
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oM
. 8—y = y?. e 2zy + ¥ . 2y = (2y + 2zy®) ™
ON
Eren 2™y + 2xy {emyzyz} = (2y + 2zy°) e™
and since %]‘; = %—N, the given equation is exact.
[ M  dx+ [(Terms of N not containing )dy = ¢ (1)

(y—constant)

Integrating M w.r.t.  keeping y as constant, we get

2, 2 e™v” ? zy? 4
( y—l—4a:)da:=y——|—4—=ey—|—a:
y? 4
Integrating the terms of N which are free from &, w.r.t. y, we have
3
/ (—3y2) dy == —3% = —q3

Substituting in (1) we get the solution in the form :

2
w4_|_ewy _,y3_

Problem 3.1.3. Solve (1 1 e§> dx + (1 _ g) evdy = 0.  (VTU June 2014)

Solution : Here

ON _ z/y 1 _1( % 1\ — _ =z %
and 5y — € ” ev + xev y) = —,2¢
since %—]\; = aN , the equation is exact.

Solution is given by [ ( M )da: + J(Terms of N not containing x)dy =
y—constant
(1)

Integrating M w.r.t. « keeping y as constant, we have
ev

(1/y)

<1—|—e§)dm:m—|— =x + ye®¥

(y—constant)
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since in IV there is no term free from a, hence the solution (1) becomes
z + ye®¥ =¢

Problem 3.1.4. Solve (ycosx + siny + y)dx + (sinx + xcosy + x)dy = 0
(VTU Jan 2016)

(or)
Solve 2 (ycosztsiny+y) _ g (yTU Jan 2020, Jan 2019, June 2018, Jan 2018)

(stnx+xcosy+xz) ~

Solution :Given equation is of the form Mdx + Ndy = 0

Here M =ycosx +siny+vy, N =sinx+xcosy+ x

oM ON
—— =cosx+cosy+1, — =cosx+cosy+1
Oy ox

Since %—J\; = %—JZ, the equation is exact.

Solution is given by

M  dx + [(Terms of N not containing x)dy = ¢

(y—constant)

(ycosx +siny + y)dxr = ¢

(y—constant)

t.e.ysinx + (siny + y)xr = c. (. /kdw = ka, where k is a constant)

Problem 3.1.5. Solve [y (1 + %) + cos y} dr + [x +logx — zsiny]dy =0

(VTU Jan 2021)

Solution :Given equation is of the form Mdx + Ndy = 0

Here

1
M=y (14 ) +cosy
T

N =x+logx — xsiny

oM 1+ 1 . dN

— = — —siny = —

oy T Y dx
Equation is exact.
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Solution is given by [ M  dx 4+ [(Terms of N not containing x)dy = ¢

(y—constant)

1
/[y(l—l——)—l—cosy]dm—l—O:C
x

(y—constant)

ie. y(x+logx)+ xcosy=C

Problem 3.1.6. Solve ye™¥dx + (xe®™ + 2y)dy = 0 (VTU Jan 2018)

Solution :Given equation is of the form Mdx + Ndy = 0

Here M = ye*™, N = ze™ 4 2y

oM
— =y (e -x)+ e =e"Y(xy+1)
oy
ON
— =z (e .y)+ e =e"Y(zry +1)
ox

oM  ON ..
= , the equation is exact.
oy ox

Solution is given by [ M  dxz + [(Terms of N not containing x)dy = ¢

(y—constant)

/ ye™  dx + /Zydy =c
(y—constant)
e*y 2
y-——|—2-y—:c or e+y’=c

Y 2
Problem 3.1.7. Solve (e¥ + 1) cos xdx + e¥ sinxdy = 0.

Solution : Here M = (e¥ 4+ 1) cosx, N = eYsinx

= —%M = eY cos x, IN — ¥ cos .
Yy ox
Since M — 9N ‘tpe equation is exact.
oy ox

Solution is given by

M  dx + [(Terms of N not containing )dy = ¢

(y—constant)
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Integrating M w.r.t.  keeping y as constant, we have
/ (e +1)cosxzdxr = (e + 1) sinx

Now since in IN there is no term free from «x, the solution is

(e +1)sinz =c
Problem 3.1.8. Solve:

(5:1:4 + 3z%y? — 2a3y3) dx + (2:c3y — 3x%y? — 5y4) dy =0

Solution : Here, M = 5x* 4 3x2y? — 2zy3, N = 2z3y — 3z22%y? — 5y

oM 9 , ON ; 0
— = 6x“y — 6y, — = 6"y — 62Y
oy ox

oM __ ON

Since, the given equation is exact.

dy ~— oz’
Now Solution is given by [ Mdx + [ ( terms of IV is not containing )dy = C

( y constant)
/ (5:134 + 3z%y?® — 2azy3) dxr + / —5yidy = C

—zd w3y2 . w2y3 . y5 —C
3.2 Equations Reducible to exact form

Sometimes a differential equation which is not exact may become exact on mul-
tiplication by a suitable function known as an Integrating Factor.(L.F.)

Consider the general differential equation Mdx + Ndy = 0

If %—M # 9N then compute OM __ 9N and check whether it is near to M or N.
] ox oy dx
aN _ oM
Case 1 : If it is near to M then compute ~?*--?*~ and if this gives a function of y

only, say f(y) , then
I.F. = el f(wdy
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BM 8N

Case 2 : If it is near to N then compute ="+ and if this gives a function of
only, say g(x) , then

I.F. = el 9@)de

Finally multiply the given differential equation by the integrating factor which re-
duces to the exact form. and the Solution is given by

[ M  dxz+ [(Terms of N not containing z)dy = ¢

(y—constant)

Problem 3.2.1. Solve (z? + y? + z)dz + zydy = 0. (VTU July 2017, Aug

2001, Mar 2000)

SOlution : Here M = 2 + y?> + xand N = zy

ON

oy =2 % =Y
. OM _, ON
* Oy ox
Consider (%—A; — %—"Z) = 2y —y = y which is near to N.
Mf %) _ 1
", compute = = Y/ g(x)

I.F. = el 9@de — gf s — glogr — 4

Multiplying the given differential equation by the integrating factor (i.e. &), we get
(z® + zy? + 2?)dz + z?ydy = 0.

This is in exact form.

.-, 1ts solution is

M  dx + / (Terms of N not containing x)dy = ¢

(y—constant)
ie. [(@®+zy? +2*)de+0=c
T+ g =c
Problem 3.2.2. Solve (zy® + y) dz + 2 (z®y* + = + y*) dy = 0. (VTU Jan
2015)
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Solution : Here M = zy® +y, N =2 (2?y*> +x+ y*).

OM su? 4 1 ON s 1 2
— =3 , — = 4x
dy Y By Y
N 1 (8N 8M> (4zy® + 2) — (3zy® + 1)
ow — =
M\ 8z 9y y (1 + zy?)
 xyt 41
C y(1+zy?)
1
Yy
Hence IE = e/ v
— elosy
=y

Multiplying the equation by vy , we have
(zy* + y?) dx + 2 (2®y* + vy + y°) dy = 0

Above equation is exact.

Solution is given by

M  dx+ / (Terms of N not containing x)dy = ¢

(y—constant)

i.e. / (zy* + y*)dx + 2/y5dy = cc

(y—constant)

or

2,4 6

xr
+y2w+2%=c

2

or
3z2y? + 6y°x + 2¢° =

Problem 3.2.3. Solve (y4 + Zy) dr + (my3 + 2yt — 4:1;) dy =0
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Solution :

Here M = y* + 2y, N = zy® 4+ 2y* — 4z

oM — 4 42
By = 4aYy 3
ox
ON M
0c — oy _ (¥ —4) — (49° +2)
M y* + 2y
_ =3 +2)
y (y3 + 2)
3
=——=f(y)
Yy
LE. = el fady
N T
— e—3logy
. elogy‘3
1
a3

Multiplying the given equation by %, it becomes
2 4x
Y+ = dx + w+2y——3 dy =0
(7 Y
Which is exact.

Hence the solution is

M  dx+ / (Terms of N not containing «)dy = ¢

(y—constant)

2
i.e. /(y—l——2>dm—|—/2ydy:c
Yy

y—constant
2 2
or Yy + E r+ vy =c

Problem 3.2.4. Solve (a:2 4+ y? + 2w) dxr 4+ 2ydy = 0
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Solution : Here M = (x> +y*+2z), N =2y

oM __ ON __
By_zy’ Bw_o

1 (oM _ oNY _ 2y _
Now N(ay 3m)_y_1

=

This can be treated as a function of x only.
Hence, the L.LE. = eldz — e
Multiplying the equation by e®, we have
e” (a:z + y2 + 2a3) dx + 2ye*dy = 0

Above equation is exact.
Solution is given by
(y_c% tant)daz + [(Terms of N not containing x)dy = ¢

Hence the solution is [ e® (w2 + y? 4+ 2w) der +0=c

(.- 2ye” is not free from x)

or [ (:132 + 2:13) e’dr + y? [ e*dx = ¢

Integrating by parts
(:132 + 2:13) et — / (2x + 2)e”dx + yz/ efdxr = c
(:1;2 + 2:1:) e’ — [(2x + 2)e” — / 2e”dx] + y?e® = ¢
(5132 4 2:13) e’ — (2e 4 2)e” + 2e” =c
[2 + 22 — 22 — 2 + 2]e® = ¢

or (z? + y?) e® = c

Problem 3.2.5. Solve z?ydx — (x> + y®)dy = 0  (VTU Jan 2010, Dec 2009)

Solution : The given equation is z?ydz — (z® + y*) dy = 0
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Comparing it with Mdx + Ndy = 0

M = z?y; N=—a°—¢*

oM , ON 5
— =X — = —oX
oy ox
ON OM
bz oy __ —3x’—x® __ —4
M - x2y Ty
Hence LF. 1s
[ =2dy —4logy logy—* —4 1
I.F.=¢€' v™7W =e =e =y = —
yt

Multiplying the given equation by % it becomes

x? 3 1
Yy Yy Y

Solution is given by

M  dx+ / (Terms of N not containing )dy = ¢

(y—constant)

a2 1
/ — daz—/—dyzc
Y (]

(y—constant)

Hence the solution is

or
x3 |
—— —logy = c.
gy 108Y

Problem 3.2.6. Solve (zy? — ew%)da: — z?ydy = 0. (VTU Jan 2015)
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Solution : Here

M = zy? —e=?, N = —z’y

oM 5 ON 5
— =2z — = 2z
By Y, O Yy
oM ON
oy — ox _ 27y — (—2zy)
N —x3y
_ 4xy
— 2%y
4
— 2= f(@)
LF. = e/ f@)dx
— ef—%dac
— e—4loga:
— elogcc“‘
— m_4
1
Tt

Multiplying the given equation by %, it becomes

2
Y 1 L Y
<§_Eew)dw_§dy 0

which is exact.

Hence the solution is

M  dx+ / (Terms of N not containing )dy = ¢

(y—constant)

y? 1 Y _
/E—Eew de +0=c

5 1 1
or y —3da3 — —4ew3daz =c
T x
—2
T 1
y? - — — | —ex¥dx +c (%)
—2 T
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1
To evaluatef Lewdr,put o5 =1t, t.e. xS =1t

1 1
) ——da; =dt or —dx = —-—dt
4 3

T
. 1
—e:c3d33: e ——)dt
3
1
3
1 1
= ——e=x3

Hence, from (*), the solution is

Problem 3.2.7. Solve (z? + y® + 6x)dx + y*xzdy = 0 (VTU Model 2021, July

2016)

Solution : Here M = x2 + y3 + 6x and N = zy?

oM 0 ON 0
a7 =3y, =Y
oy ox
1 <6M 8N) 1 (34 2y _ 2
oy ox ) — xy? Y Y

which is a function of x alone.

Hence
I.F. = el 24z — g2logz _ logz® _ .2
Multiplying the given equation by =2 we get
(:1:4 + x2y® + 6:133)da: + 23y*dy = 0
This is exact. Hence the solution is
(:134 + x?y® + 6:133)d:13 +0=c¢c

y—constant

—|—y3“” —I-Gw =
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3.3 Linear Differential Equation

A differential equation is said to be linear if the dependant variable and its differ-
ential co-efficients occur only in the first degree, and are not multiplied together

The first order linear differential equation is of the form

dy
—+Py=aQ
dx

where P and Q are functions of x only or constants. Its solution is given by

y(I.F.) = /Q(I.F.)da:—l—c where I.F. = el Pdz

Note : A first-order ODE is said to be linear if it can be brought into the form
Z—Z + Py = @ where P and Q are functions of x only or constants (linear in y)

The equation linear in & can be written as

dx
— + Pz =Q
dy

where P and Q are functions of y only or constants.

In this case solution is given by

x(I.F.) = /Q(I-F-)dy—l—c where I.F. = el Pdv

3.4 Equations reducible to linear

d
General equation reducible to linear form is | f’ (y)ﬁ + P f(y) =Q (1)

where P and Q) are functions of & only or constants.
Putting f(y) = zsothat f'(y)32 dy — %
Equation (1) becomes —|— Pz = (@, which is linear in z.

Its solution is given by
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2(I.F.) = [ Q(I.F.)dx + c where I.F. = el Pd®

3.5 Bernoulli’s Linear differential Equation :

General Form :

dy n
— +Py=Qy

dx
(1)
where P and Q) are functions of « only.
To solve this, we use the following method.
Divide by y™
then Z%g—g + yinPy —Q )

iey " 4yl P =Q
Put y'=™ = t then (1 — n)y_"g—g = g—i

—ndy _ 1 dt
= Y = 1o

1-ndz
.. (2) becomes ﬁj—; + Pt =Q
or j—i + (1 — n)Pt = Q(1 — n) which is linear in ¢.
Its integrating factor is given by
LF. = e/ 1-n)Pdt,
And its solution is given by

t(I.F.) = [(1 — n)Q(I.F.)dt + c

Note : Another form of Bernoulli’s equation is

where P and @ are functions of y.
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Problem 3.5.1. Solve Z—Z + x sin 2y = x3 cos? y.

1 - Dividi 2 1 sin 2y 3
Solution : Dividing by cos® y, we get gy dw Y+ oty L =
2sinycosy,, __ .3
) cos2ydw s+ cos? y r=x
dy —
or sec? Y, T 2xtany = x>
Putting tan y = z, we get sec ydy — 4z
dx

Therefore equation reduces to —|— 2z = x3

This is in the form >+ Pz = Q,wherep = 2z and Q = x3

ILF. = e(f 2wdw) _ eg — %’

Hence the solution is

z(I.F.) = /Q(I.F.)dw +c

= /as?’e‘”zd:c +c

/w'wzemzdm—kc oo (%)

Put t = x?

dt
dt = 2xdxr = xdx = E

So (*) becomes

2 ]- t
ze® =35 te'dt + ¢
1 ¢ . . :
= 2 te' — | e'dt| + ¢ (by using integration by parts)
1
= [te! —€'] + ¢
, oot — ¢
1{ 2 _x2 mq 4+
= — |x°e” —e c
2
or
x? 1 2
= ———+ce”
2 2
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or

2

1
tany = 2 (:1:2 — 1) + ce™”®

Problem 3.5.2. Solve Z—Z + ytanx = y3secx  ( VTU June 2019, Jan 2018, Jan

2015)

Solution : Dividing by y* we get
——I—%tanwzsecw ... (1)

Let # =z

Then (;—32) (dy/dx) = (dz/dx) = %% = _713_;

So given equation can be written as

—1dz _
3 do + tanx z = secax
dz _
= o 2tanx z = —2secx

This is linear equation in variable z.

Here P = —2tanx and Q = —2secx

ILF. = 6dea: — ef —2tanzdr _ ,—2logsecx _ 12
sec2 x

Hence solution is

2(I.F) = /Q (I.F.)dz +

1
= (1/y?) - :/(—ZSecm) dr + c [z =1/y?]
sec? x sec? x
1
= (1/9?) - = /—20033) +c
sec2 x
1
i.e. (1/y?) - = —2sinx + x + ¢
sec? x
Problem 3.5.3. Solve a:Z—z + y = x3y5. (VTU Model 2014)
Solution : Let z2 4 y = 3¢5, (1)
Divide both sides by xy°

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics -I for Civil Stream (Subject Code - BMATC101- Module 3) Page 19

-5
y Ot 4 = @)
Puty=> =t
—6dy __ dt
Then —5y~°3% = =
_6dy __ 1 dt
Y e T T5dw 3)

Using (3) in (2), we get

1dt t 2
5dx x T
1 e.g—t — 5t = 552
X X

This is in the form g—; + Pt = Q,

which is linear in t, where P = _75, = —5x?

Solution is given by

t(I.F.) = /Q(I.F.)da: +c

1 -3
t— = -5 | x %dx + c
%o
§T
= —-5—+c¢c¢
—2
] 1 5
1.€. = 2—|—c

xoy>s 2x

Problem 3.5.4. Solve: (1 + y?) dz = (tan™'y — z) dy.
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Solution : The given equation is (1 4+ y?) de = (tan™'y — =) dy
d
(1+y?) ﬁ —tan 'y —x
d
(1+v?) d—i +x=tanly

dz 1 tan~ly

€XT _
dy+1+y2 1+y?
Itis oftheformg—‘;—i—Pm =Q

1 p—
ILFE = ef Pdy p— ef @dy — etan ly

The solution is

z(I.F.) = /Q (I.F.)dx + c

1

r et 'y m etan_lydy 4+ c
1+ y2
1

_ t 4 -1 _

= /te dt + ¢, wheret = tan™ "y, dt = . +y2dy

= te' — / e'dt + ¢ (Integrating by parts)

— tet — et +c

=el(t—1)+c

ie. T Y= gtan 'y (tan_1 Yy — 1) c

orz = tan~! y—1+ ce~tam Y,
Problem 3.5.5. Solve: zy (1 + zy?) & = 1. VTU July 2017
Solution: The given equation can be written as Z—Z =y (1 + a:yz)

do __ 2,3
d—”; = xy — Yy
o —yz =y’
Dividing by x2, we have w‘zg—z —yxr~! =93 (1)
Putting £—! = z so that —:B_zfil—z = Z—;
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—2dx __ _ d=z

orxr dy — dy

Equation (1) becomes —Z—z —yz =1y°
or @ + Yyz = -y,
This is in the form Z—Z + Pz =Q

which is linear in z, with P = y and Q = —y3

ILE = el Pl — ol vdy — e%y2

The solution is
z(I.F.) = /Q (I.F.)dy + c
z-ex¥ = / [—y?’eéf] dy + c
:_/yzeéyz ydy +c = --- (%)
1, 1 2
Put t = Ey then dt = 5(2ydy) = ydy and y* = 2t

Now (*) becomes
2-e3¥ = — / 2tetdt + c,
= —2 [tet — / 1- etdt] +c (integrating by parts)
= —2 (tet — et) + c
= —2et(t —-1)+c¢c

1
ie.z- ey = —2e3¥ <§y2 — 1> +c

1, s
=z = —2 Ey — 1)+ ce 2Y
1 R s
= —=2—y“ 4+ ce 2¥
€r
Problem 3.5.6. Solve (z + 2y%) % = y (VTU July 2015)

Sol: The given equation is (:L‘ + 2y3) 3—2 =Yy
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yg—:;:a}+2y3

Divide by y, we get

dx x 2
dr _ =z 2

dy y+ Y
dx 1 2
= —=.xr =2
dy Y Y

It is of the form ‘;—Z +Px=Q
Here P = —i,Q = 292

1
—=d — -1 _
LF. = ef v — e logy elogy =y 1

< =

.. The solution is

z (I.F.) = /Q (I.F)dy + c

1 5 1
m-—:/2y-—dy—|—c
(] Yy
:/2ydy—|—c
:y2—|—c

or m=y3—|—cy

Problem 3.5.7. Solve rsin@ — coseg—g = r2 (VTU Jan 2020, June 2018, Model

2018)

Solution : The given equation can be written as

_dr

5 cosf + rsin@ = r?

Dividing by 72 cos 0, we get

_r—zg_g +r~1tan@ = sec8
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Putting 7~ = z so that —r =22 = 92 in the above equation, we get
dz
— 4+ ztan 0 = sec B
do
LF. = eftanOdO — elogsec@ — sec O

solution is given by

zsecOz/secO,secH+C:>vse(:9: /se020d0—|—C

sec 6

z.€. =tan0 + C

r

= r~! = (sin@ + C cos 9)
1

- sin@ + C cos 0

3.6 Nonlinear differential equations:Differential Equations of First

order and higher Degree

We are already familiar with differential equations of the first order and first de-
gree , Now we shall study differential equations of first order and degree higher than
the first. We are familiar with the solution of differential equations (d.e.) of first or-
der and first degree Now, we shall study the methods of solving differential equations
of first order and higher degree. In addition to the general solution and particular so-
lution associated with the D.E., we also introduce singular solution. The differential
equations of first order but not of first degree are also branded as p — y — « equa-

tions.

If y = f(x), we use the notation| — = p | throughout this section. A differential

equation of first order and nth degree is the form

App" + Aip"  + Ap" i -+ A, =0 (1)
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Where Ay, Ay, Az, .-+ , A,, are functions of @ and y. This being a differential
equation of first order, the associated general solution will contain only one arbitrary

constant.

3.7 Differential Equations solvable for p

Supposing that the LHS of (1) is expressed as a product of n linear factors, then

the equivalent form of (1) is

(p — fi(z,y))(p — fo(z,9)) - -+ (P — fulx,y)) =0
Equating each of the factors to Zero, we have

p = fi(z,y),p = fa(x,y),p = f3(x,y), - P = fn(x,v)
All these are differential equations of first order and first degree. They can be solved

by the known methods.

Solving each of these equations of the first order of first degree, we get the solutions
Fl(sc’yac) — O’F2(w,yac) =0,: --Fn(:c,y,c) =0

respectively.

General solution of (1) may be written as the product of all these solutions. i.e.

Fl(wa Y, C)'F2($’ Y, C)-F3(wa Yy, c) ce Fn(wa Y, c) =0

Note : We need to present the general solution with the same arbitrary constant in

each factor.

Problem 3.7.1. Solve the equation p?> + p(x +y) + zy = 0  (VTU Jan 2013,

Dec 2014)
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Solution: The equation can be written as p?> + px + py + xy = 0

ie.p(p+z)+ylp+x)=0

ie.(p+y)(p+x)=0

ile.p=—yandp = —=x

Solvingp = —y — Z—Z = -y

i.e.‘;—y = —dx

Integrating on both sides

logy = —x + c

ie.logy+x—c=0 (1)

Similarly Consider p = —x —> Z—z = -

ie. dy = —xdx

Integrating,

y=—%+c

i.e.y—|—%2—c:0 (2)

General Solution is obtaied by multiplying the solutions (1) and (2).

x
Hence the General Solution is , | (logy 4+ = — ¢)(y + 5 = c)=0

2

Problem 3.7.2. Solve Z_Z — dz _ % — % (VTU Model ME 2022, June 2018, July

dy

2017, Jan 2016, June 2015, Jan 2016)

dy dx __

. . ar 2
Solution : T dy — b
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xcyp’ — (2 —y’)p—2y =0

(22 — y?) £ \/(2? — y?)* + da?y?

p
2zy
B (:132 _ yz) £+ (w2 + yz)
B 2zy
or
T (]
bp=— 5 P=——
T
dy =« dy y
der y de =z
1 1
ydy = xdx ; —-dy = ——dx
Y T
y? a2
=& o logy = —logx + ¢
Integrating both sides 2 2

or y2—:132—2c:0 or logxy=c or xy=e¢e"
. The general solution of given equation is (y* — @ — 2¢) (zy — e°) = 0.
2
Problem 3.7.3. xy (j—g> — (@ +y) %4 2y =0  (VTU Model 2022, Jan
2019, Jan 2018)

or

Ty {(d—y)2 + 1} = (22 + y?) % (VTU June 2018)
dx dx

Solution :
xy(dy/dz)* — (332 + yz) dy/dx + xy =0
Putdy/dx = p

zy-p*— (2 +y*)p+xy =0

This is a quadratic equation in powers of p.

(22 +32) £ /(22 + 9)* — 4(wy) (zy)
2zy
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(z* + y?) + VTt + yt + 22292 — 42y

2zy
(m2 + yz) + \/w4 + yt — 27242
B 2zy
B (mz + yz) 4 (wz _ yz)
B 2xy
24y 4+ 2 —y? 222 =z
2xy 2zy Yy
w2+y2_w2+y2 2,y2 Y
&p = — —_—
2zy 2zy T
1.e. values of p are
dy _ z
o (1)
dy __
and ¢ = ¢ (2)
Solution of (1) :
dy =
de Y
ydy = xdx
/ydy = /a:dzc
2 2
Y x
_ = C
> > + ¢
y? =z’ + 2¢
y? —x2®> ~2¢c, =0 -++(3)
Solution of (2) :

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics -I for Civil Stream (Subject Code - BMATC101- Module 3) Page 28

/ dy dw

logy = logx + log c

= log(cx)
y=cx
y—cxr =20 ...(4)

.. The general solution of given equation is
(y> —x? — 2¢1)(y —cx) =0

Problem 3.7.4. Solve p? 4 2pycotz = y*. (VTU Model 2022, Jan 2020, July

2016, June 2012)

Solution : Given p? + 2pycotx = y?
Adding y%cot?x on both sides, The above equation can be written as
(p+ ycotz)? = y? (1 + cot® x)

or p-+ ycotx = tycosecx

.. The component equations are p = y(— cot & + cosec x) (1)
and p = y(— cot x — cosec x) (2)
From (1),

dy = y(— cot x + cosec x)

or ‘;y = (— cot x 4 cosec x)dx
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Integrating

T
logy = —logsinzc—i—logtan§+logc

xr
ctan 5

sin

X
ctang

. xTr €T
2 sin 5 COS 3

C

= log

2 cos? %

o T c
oT Y COoS 5 = c¢1, Wherec; = >

From (2), Z—Z = y (— cot x — cosecx)

or % = (— cot x — cosecx)dx

Integrating
. T
logy = — logsinx — logtanE + logc
l c
= log ———
& sin x tan
or
c . oI C
= ———orysin® — =
2sin® 2 4 2

2

.". The general solution of the given equation is (y cos? 5 — C) (y sin® 5 — C) =

0

Problem 3.7.5. Solve p(p + y) = x(x +y)  (VTU Dec 2014, July 2011, Dec
2011)

Solution: Given equation is
2 2
p°+py=x" +xy
or

p’ + py — (w2 + @y) = 0, which is quadratic in p
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_ —yE VY’ +4(@’ +ay)

2
_ —yx/(y+2x)?
N 2

p

Thusp = @
orp=—y—x
From (1), j—gj =x or dy = xdx

Integrating both sides,

a
=—+c
Y 2
2
T
or ———c=0 -+ (3
Y= (3)
and From (2)
dy
== — @
dx Y
dy
or — +y=—x
dx Y
which is linear equation in y with P =1 and Q = —x

LF =ede””:/e”’dcc=e””

ey
2)
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.-, Its solution is

y(I.F.) = /Q (I.F.)dz + c
= ye’ = /(—m)e“’ +c
= (—x)e® — / (—1)e®dx + c [Integrating by parts]
= —ze’ 4+ e 4 ¢
=(—z+1e”"+c
y=—x+1+ce ™

ory+x—1—ce =0 -+ (4)
Combining (3) and (4), general solution is
22
<y—3—6> (y—l-a:—l—ce_”’) = 0.

3.8 Clairaut’s equation

The equation of the form

y = px + f(p) (1)

is known as Clairaut’s equation.

Using p = cin (1) we obtain the general solution of clairaut’s equation in the form

y = cx + f(c)
Differentiating the general solution partially w.r.to ¢ and eliminating the constant c,

we get the singular solution.

Problem 3.8.1. Solve p = log(pxz — y)
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Solution :
or e’ =px —y ory = px — e, which is Clairaut’s equation where f(p) = —e?
Its solution is obtained by putting p = ¢
solution is y = cx — €°.
Problem 3.8.2. Solve sin px cosy = cos pxsiny + p. Also find the singular

solution. (Jan 2014)

Solution :

Given sinpxrcosy — cosprsiny = p
or sin(pr —y)=p
or pr—y=sin"'p

or y = px —sin"!p,

this is in the formy = px + f(p) which is Clairaut’s form

Solution is obtained by replacing p by c.

Hence the General solution is
y =cx + sin"'c (*)

Differentiating equation (*) partially w.r.to ¢

_ 1
O=a + =
1 [ p—
1—cz z

2 1
1—C——2
2 1 _ %1
C_]'_F 22
c = r2—1
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Substitute for ¢ in (¥) we get, y = Yo 1g 4 sin~' V-1

Problem 3.8.3. Obtain the general solution and singular solution of the Clairaut’s

equation xp® — yp? +1 = 0. (VTU July 2017, Jan 2015,June 2014, Dec 2011)

Solution: The given equation can be written as

a:p3—|—1
Yy=—"5
b

1
= y = px + —; which s in the Clairaut’s form y = px + f(p)
p

Thus general solution is given by y = cx + clz (*)

Differentiating partially w.r.to ¢ we get

Thus general solution (*) becomes

2 1/3 T 2/3
v=(5) =+ (3)
22/3

22/3

1
_ .2/3 [ o1/3
= <2 + —22/3)
241
_.2/3
- ( 22/3 )

22/3y — 3:82/3

— 9l/351-1/3 4

41/3y — 3(332)1/3

Cubing both sides, we get

4y® = 27x?

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics -I for Civil Stream (Subject Code - BMATC101- Module 3) Page 34

This is the singular solution of the given Clairaut’s equation.

Problem 3.8.4. Find the general and singular solution for xp? +xp—yp+1—y =

0 (VTU June 2018)

Solution :
xp?+pr—py+1—y=0

zp’+pr+1=y(p+1)
xp® + pr + 1

T (1)
_zp(p+1)+1

(p+1)

_ 1
Yy=px+ 5

G.S. is given by putting p = ¢

Hence G.S.isy = cx + c41r1 (1)

Diff. partially w.r.t. ¢,
_ 1
0=2~ e
1 —
Ml = 7®
or(c+1)*=1
(c+1) = %

or c= —1

Sl

Hence (1) becomes

y=<%—1)w+\/5
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=>y=<%)w+\/5

y=(01-vVz)vVz+ vz
>y=vr—z+Vz

y=2Vr —=x
=z +y=2Vx
squaring
(z+y)* =

Reducible to Clairaut’s equations

Problem 3.8.5. Solve: (px — y)(py + x)

form,taking the substitution X = z2,Y = y2.

Solution : Put X = 2?2 and Y = 92

so that dX = 2xdx and dY = 2ydy

; — dX — dYy
te.dr =5, dy= oy

_dy_de_\/_X
P=G = ydx = b
dy

Where P = ax

The given equation becomes
(P VX - VY) (P VY + VX) =2
or (PX-Y)(P+1)=2P

orPX —Y = P+1

2p by reducing into Clairaut’s

ﬂ\ﬂ

or ' Y =PX — which is of Clairaut’s form.

P+1’

2c

Its solutionis Y = e¢X — ==
c+1
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2c
c+1°

and hence y? = cx? —

Problem 3.8.6. Solve (px — y)(py + ) = a’p, use the substitution X =

2 Y = y>. (VTU Jan 2018, July 2017, June 2014, June 2015, Dec 2011)
Solution:
Solution: Given (px — y)(py + ) = a’p (1)

_ 2 a4X _
X_a::>d = 2x = dX = 2xdx
€T

, dY
Y
dY ydy ydy

dX ~ wzdr axdz

vY
P=""p
v X
XP
orp=——
P vY
dyY dy

where P = o5, p= 2

Substitute for P, x and y in the given equation, i.e. (px — y)(py + ) = a’p we

get
VX VX VX
(ﬁp”"‘”’) (WPVY*VX): Wil
XP-Y VX
() (VRP+ V) =
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Multiplying both sides by V'Y we get
(XP—Y) (\/XP n \/X) — a2PVX
(XP-Y)(P+1)VX =a*PVX

(XP-Y)(P+1)=ad’P

a’P
(XP-Y) =
P+1
a’P
orY = XP —
P+1

This is in the Clairaut’s form and hence the associated genertal solution is Y =

2

a“c
Xc—c+1

Resubstituting for X and Y we get

2 _ 2 _ d’c
Yy = Ccx P

Problem 3.8.7. Find the general and singular solution of the equation x?(y —px) =

p?y by reducing into Clairaut’s equation using the substitution X = x2,Y = y?

(VTU July 2016)
SOlution :
9 dX
X == — =2 = dX = 2xdx
dx
9 dY
Yy
dY ydy ydy
dX zdzx xdx
VY
P=—p
v X
v X
orp = ——
P VY
where P = ¥ =B

ax®’ P = g
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Substitute for P, x and y in the given equation, i.e. 2(y — px) = p*y

NS4
X[ﬁ‘ﬁ

<]

=Y — PX = P?

-P-VX

Y — PX’
VY

= Y = PX + P? Which is Clairaut’s form.

Its solution is

Y =cX + 2

y2 — cx? + 2

X
= _—_P%2/Y
Y

:i.p2

3

“ (%)

Diff. partially w.r.to c

0 = x? + 2c

12

c—=——

2

Hence (*) becomes
Y= —
y? ==
4y2 = —
x? + 4y2 =0

3.9 Orthogonal trajectories

8

SR8 v g

=~

8
%)

_|_

~ BT

Definition: If two family of curves are such that every member of one family

intersect every member of the other family at right angles then they are said to be

orthogonal trajectories of each other.
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Example : the orthogonal trajectory of the family of straight lines defined by the
equation y = kx, where k is a parameter(the slope of the straight line), is the fam-

ily of circle having centre at the origin (Figure 1)

Note :

* If y = f(x) be a curve then % = m = slope of the tangent.

» Two curves intersect each other orthogonally, if the tangents at point of inter-
section are at right angles.

* Condition for orthogonality of two curves is given bymms = —1 where m;
and m are slopes of tangents.

* If each member of a family cuts every other member of the same family orthog-

onally, then we say that family of curves is self-orthogonal.

Rules to find the equation of orthogonal trajectories of a family of cartesian

curves: Given a relation in the form f(x,y,c) =0 (1)

Step 1. Diff (1) and eliminate ¢, which gives the differential equation of the given

family (1).

Step 2. Replace Z_Z by —fl—i which gives the differential equation of orthogonal tra-
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jectory(OT).

Step 3. Solve this new equation to get the required orthogonal trajectory.

Rules to find the equation of orthogonal trajectories of a family of Polar curves

(1)

Given a polar family of curves in the form f(r,0,c) = 0

(1) Differentiate (1) and eliminate ¢ which gives the differential equation of the
given family (1).
(i1) Replace % by —7“2% which gives the differential equation of orthogonal tra-

jectory(OT).

(i11) Solve this new equation to get the required orthogonal trajectory.

Problem 3.9.1. Find the Orthogonal trajectories of the family of parabola y? = 4ax

(VTU Jan 2020)
Solution :
y2 = 4ax
2
y_ = 4a
x
Differentiate w.r.to x
x 2yg—y — y2 -1
x =0
72
dy
2ry— —y? =0
Yy dx Yy
dy _ Yy
dx 2x
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Replace Z—Z by —Z—‘; to get the D.E. of Orthogonal trajectory in the form

—dx Yy
dy 2z
dy 2x .
— = —— (by rearranging the terms)
dx
—ydy = 2zdx

2xdx + ydy = 0
integrating both sides
/2mdm—|—/ydy:/0
y?
x? + 5 = C
22% + y? = 2C
2x? + y2 = c¢1, Wherec; = 2c¢

Problem 3.9.2. Find the Orthogonal trajectories of the family of confocal ellipses

2—2 + (bﬁ’j N = 1, where A is a parameter . (VTU July 2021, Model 2018, July

2015, Dec 2011, Jule 2011, June 2009, Aug 2000, Mar 2000, Aug 1999)

Solution : Let 2—; + ﬁ =1 (D
Differentiate (1) w.r.to X, we get

2 2 d
Y 2 dy_,
a? (b2 +AN)dx

x y dy
> — =0
a2_|_(b2 + A) dx
dy
:> - = ___var PRI 2
a? (b2 + A) (2)
2 _qy?
From (1) we have pri 1= CESN
22 — a2 _qy?
:> = M 3
a? (b2 + ) (3)
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Dividing (2) from (3) we obtain,

T _ldy

2 —a? ydzr

Reol dy b dx

eplace—by — —

R
T —1 dx

x2 — a? y dy

22 — g2
t.e ydy = — (—) dx

xr

. a2
t.e ydy = (— —
x

Integrating on both sides

)do

/ww:/l__/mm

,y2

2
y2+a:2
2 2

a2
= a‘lo w———|—c
J 2

e azlogw + c

Problem 3.9.3. Show that the family of confocal parabolas having x-axis as their

axis, is of the form y? = 4a(x + a) is self orthogonal (VTU Jan 2021, June 2019,

June 2018, Jun 2013)

Solution : The given equation is y? = 4a(x + a)

Differentiating w.r. to x,

Substituting the value of a from (2) in (1), we get
y? =2y (= + Jyat)

2
y(;’—i) + 2z — gy =0

This is the differential equation of the given family.

Replacing dy by — 1n (3), we obtain

(D

2)

3)
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Multiplying by -1 and rearranging the terms we get

2
y <3_Zal:> + 222 — y = 0 which is the same as (3).

Thus we see that a system of confocal and coaxial parabolas is self-orthogonal,

1.e., each member of the family cuts every other member of the same family orthog-

onally.
Problem 3.9.4. Find the orthogonal trajectories of the confocal conics a;’f_ <+ b,}’j 5 =
1, A being the parameter. (VTU July 2017, Jan 2016, Jan 2015, Jan 2013)
Solution: Solution: The given family is 3% + b2y+ 5 = 1. (1)
Differentiating (1) with respect to x,
2x 2yyn __
T bﬁ-l)\ =0
m(b2+)\) + yuy1 (a2+}\) =0
b2x+a?
Az +yy1) = — (bPx + dPyyr) = X = _ﬁ (2)
9 2 (bzzc—i-azyyl) . (az—bz)aj
Now, (CL + >\) —a (z+yy1)  (ztyy) 3)
. 2 _ g2 (PataPyy)  (aP-0)ym
Similarly (b* + A) = b BTy vy 4)

On using results (3) and (4) in (1), we get
r(x+yy)  y(z+yyr)

@0 " —(@ -y
(z + yy1) S
(a? — b%) [ y1] ! 5)

Equation (5) is the differential equation of the given family.

In order to find the differential equation of the desired orthogonal trajectory, replace
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y1 by —i in (5) i.e.
_ Y
(2 %)
(a2 — b?)

Clearly equations (5) and (6) are the same.

[z +yy:] =1 (6)

Hence the given system is self orthogonal.
Problem 3.9.5. Find the O.T of the family of astroids x2/% + y?/3 = a?/3

Solution : Consider %/3 4 y?/3 = a?/3

Differentiating w.r.to &, we have

2 2 dy

_.a‘;_l/'?' — . _1/3_:0
3 T3V T
1€.,
33_1/3 _|_ y—1/3d_y -0
dx

. This is the D.E of the given family.

Replacing g—g by —3—‘; we have

by separating the variables.

= /y3/3dy — /a:l/3da: =c

4/3 4/3

Yy T — ¢
T 43 (4/3)
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or

4c
atf? — y/t = —Z5 =k (say)

Thus %% — y*/3 = k is the required O.T.

Problem 3.9.6. Find the Orthogonal trajectories of the cardioid » = a(1 — cos@)

(VTU Model 2022, Jan 2015, Jan 2014, Mar 2001, Jul 2007, Jan 2011)

Solution : Let r = a(1 — cos0) (1)
Apply log on both sides
logr = loga + log(1 — cos0) (2) differentiate (1) w.r.to 6, we get
v 6 = T=ooss (5110)

Replacing 2 by —r?2% we get,
do

—Ta T 1o cosB(Szne)
1—cosf —dr

i.e. (sinB) “(sing) 90 = r

tangde = _f"( This is the differential equation of the orthogonal trajectory)

Integrating on both sides

— O COSQ
“toglcoss) g(l 2) = —logr — logc

1.e.2log (cos ) log r 4+ logc = log(rc)

i.e. coszg =rcorr = 100329 : 52(1 + cos0)

i.e.r = b(1 + cosf) where b = 5= and

Problem 3.9.7. Find the Orthogonal trajectories of 72 = a%cos260 (VTU Jun

2014, Jan 2009, Aug 2003)

Solution: Given 72 = a? cos 20 (1)
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On differentiating (1), we have

d
ro — _a?sin26 (2)
do
Eliminate ’a’ from (2), using (1)
dr 9
r— = —r“tan 20
do
ie. 9= _rtan20 3)

do

which is the differential equation of the given family.

To obtain the differential of the trajectories, replace 5 by —rzﬁ in equation (3).
ie. rzge = —rtan 260
r
or cot20df = % (4) Integration of (4), gives the equation of the desired
system.
log sin 260

+ logc = logr
log(sin 20) + 2log(c) = 2logr
i.e. log(sin 20) + log(c?) = log r?
i.e. log(c?sin 20) = log(r?)

2

ie. c2sin?20 = r2

Problem 3.9.8. Find the Orthogonal trajectories of »™ = a™cosn@ (VTU July

2016, Feb 2003)
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Solution :
r"™ =a" cos n6
Diff. w.r. to 0
dr
nr"'— = —a" sinnf(n)
do
r™ dr B a"™ sin n0
rdf i
1dr _ —a" sin n@
rdd  a”cosn@
1dr
—— = —tannf
rdo
Replace % = —'r2%
1 [ 2d0}
— | —r“—| = — tannb
r dr
1 1
—dr = do
r tan n@

Integrating on both sides

1 1
/—dr :/ do
T tan n0O

logr = /cot n06do

1 in n6d
logr = 0g(sin nf) + log c
n

nlogr = logsinnf + nlogc
log r"™ = log(sinn@) + log c"
log r"™ = log [sinnO c"]

r" = c" sin n@

Problem 3.9.9. Find the Orthogonal trajectories of 7" = a™stnn0

2017)

(VTU July
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SOlution :
dr 1
—nr" " = a"(cosnf)n
do
r*dr
—— =a" cosnb
r db
1dr B a™ cos nf
rdo rn
1dr . a™ cos nf
rd0  a"sinn®
1dr
—— = cotn 0
rdo
(dr> r2d6O
Replace | — | = —
do dr

1 ( 2d9>
— | —r“— ) = cot nO
r dr

-1 _ 1

rdr ~ cot n0d9

Integrating on both sides

| _71d'r = [ tann6dO

- _ logr — log(secnf) log c

= —nlogr = logsecnf — nlogc
= —logr™ = logsecnf — log c"
= log c™ — log r™ = log secn@

= log (ﬁ—i) = log(sec n0)

cn

sec nf

= r" =

= r" = c" cos nO

L-R and C-R circuits

Generally, an electrical circuit is made up of a combination of resistors, inductors

and capacitors. If a circuit is made up of resistors and capacitors, then it is known

as an RC circuit. Similarly, when the circuit is containing capacitors and inductors,
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then it is known as an LC circuit. An LR circuit is a circuit which is made up of
resistors and inductors.

Let¢ = I(t) denote the current in the circuit and ¢ = g(t) denote the charge on the
capacitor. Furthermore, let L denote inductance in henrys (H), R denote resistance
in ohms (€2) , and C denote capacitance in farads (F). Last, let E(t) denote electric
potential in volts (V).

The formation of differential equation for an electric circuit depends upon the fol-

lowing laws.

()i = .
(i1) Voltage drop across resistance, R is Vg = Rz (Ohm’s law)
(111) Voltage drop across inductance L is Vi, = L - % (Faraday’s law and Lenza’s

law)

(iv) Voltage drop across capacitance Cis, Vo = %

Kirchhoff’s Voltage law :

The algebraic sum of the voltage drop around any closed circuit is equal to the

resultant electromotive force in the circuit.
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L - R series circuit :

Let 2 be the current flowing in the circuit containing resistance R and inductance L
in series, with voltage source E, at any time £.

By voltage law

Rt + Ldi E
7 —
dt
di R, FE
= Tt == —4..

dt L L

This is the linear differential equation of the form % +Pi1=Q
LF, — el Pdt _ of Tdt _ Tt
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Its solution is

it X (IF) :/Qx (IF)dt+ c

E
:>i><eIL%t:/f>< e%tdt-l—c

E L B
= — X —er &
L R

c g Ry
Dividing by ez
E Rt

= 1= —-+4ce L
R

This represents the current in the circuit, at any time &

) E
Att=0, 1=0=>c=——
R

Thus, above current 1 becomes

. FE _ Rt
1= — [1 —e L }
R
Growth of Current

An LR Circuit is analysed in three ways. The first one is the initial state, which
1s present at the instant of closing the switch or opening the switch in the circuit.
The second one is the transient state, which appears at any instant after closing or
opening the switch. The third one is steady-state, which appears after a long time
after closing and opening the switch.

Let’s start with the initial and steady states of an LR circuit.

Initial State : Let us assume a circuit of EMF FE has the inductance L and the
resistance R, as shown in the figure.

The voltage drop across the inductor is V7, and the voltage drop across the resistor is
Vr.

At t = 0, the inductor offers an infinite opposition to the current flow and hence
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there is no current flow in the circuit at the time of closing the switch. Due to high
opposition to the current flow, the voltage is dropped entirely at the inductor and
there is no voltage drop across the resistor.

ire,att =0, Vg =0and Vi, = E.

Steady State: At a certain point of time, say ¢ = oo, the current in the inductor
does not vary with time after closing or opening the switch for a long period of
time. We can see that the current has reached its maximum value and therefore the
inductor does not offer any position to the current flow. So, the voltage drop across
the inductor becomes zero and the entire voltage drops across a resistor.

Att = oo, Vg = Fand V; =0

Transient State : In this state, the voltage is dropped both across the resistor and the
inductor. At any instant t = 0 and t = oo is taken for this state. We know that the
voltage drop across the inductor is equal to the inductance multiplied by the rate of
change in current across the inductor.

ie,Vy =LY

And the voltage across the resistor is given by Vg = I R.

In the transient state, when the switch is closed gradually, the current starts increasing
across the inductor. Due to the increase in the current, there will be a self-induced

EMF in the inductor which opposes the change of the current in the circuit.
C — R series circuit :

Let ¢ be current in the circuit containing resistance R, L, and capacitance C' in

series with voltage source F, at any time ¢.
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-
"
By voltage law
) q
R —=F
z—|—C
dg gq dq
= R—+—=-—=E | 1=—
it T C [z dt]

Problem 3.9.10. Solve the equation Lg—i + Ri: = Eysinwt where L, R and E
are constants and discuss the case when ¢ increases indefinitely.  (VTU July 2021,

Jan 2021)

Solution :

E; sin wt

L% + R: = FEysinwt
di R Ey, .
— 4+ —12 = —sinwt
dt L L

R R
ILE = ef td — ett

E
1. e%t = TO / e%t sin wtdt + ¢
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e* b
e®sinbrder = ——— sin [ bz — tan™! —)]
[/ va? + b2 ( a

Ry Eo eLt . _1Lw
= el = sin [ wt — tan f + c

L /r?
L2 2
Lw

sin (wt — tan~! —) + ce_%t
R

T VRZ f L2w?

As t increases indefinitely, then ce™ T tends to zero. SO

EO . ( _1 L'U))
= sin | wt — tan™ " ——
vV R?2 4+ L2w? R

Problem 3.9.11. Show that the differential equation for the current i in an electrical
circuit containing an inductance L. and a resistance R in series and acted on by an
electromotive force E sinwt satisfies the equation

iR+ L% = Esinwt

Find the value of the current at any time ¢, if initially there is no current in the circuit.

(VTU Model EE 2022)

Solution : By Kirchhoff’s first law, we have sum of voltage drops across R and

L = Esinwtie., Ri+ L% — E sin wt This is the required differential equation
dt q q

which can be written as Zz + %i — % sin wt

This is a linear equation.

ItsF. = e/ 2% = %

. the solution is s( LF. ) = [ £sinwt - ( LE) )dt + c

oriefttl — E f eBt/L gin widt+c = £ [(Rj;/)z+w2] sin (wt — tan™! %") +c
or i=-——2—sin(wt — ¢) + ce /L where tan p = Lw/R

Initially whent = 0;2 = 0 .
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E sin(—¢)

= Ve T ©
ie,c= LEsné
v/ (R*+w?L?)
Thus (i) takes the form ¢ = % + \/% . e Bt/L
ori = ——2— [sin(wt — ¢) + sin ¢ - e FHL]

which gives the current at any time ¢.

Problem 3.9.12. A resistance of 100 €2 s, an inductance of 0.5 henry are connected
in series with a battery of 20 volts. Find the current in the circuit at ¢ = 0.5sec, if

2 =0att=0

Solution :

L—z—i—Ri:E
di Ri E
dt L L

Solution is given by,

1.eL = c
R +
) FE
Att =0,i=0..¢c= —
R
e Ee’?er—E
L l.er =
R R
. FE _ Rt
,',1=—<1—€ L)
R

For given condition R = 100, L = 0.5, E = 20
o= 0.2 (1 — e 20%)
Problem 3.9.13. When a resistance R Ohms is connected in series with an induc-

tance L henries with an emf of E volts, the current 1 amperes at time t is given by

L% + Rt = E. If E = 10s2nt volts, and 1 = 0 when t = 0, find 2 as a function
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of t.

Solution : We have,
Lﬂ + Ri=F
dt
di R E
= a -+ fz = Z e
S ILF, = el Tt

R
= eft

Multiplying both sides of (1) by I.F. = e%t, we get

R, di R Ry E
e’ | — 4+ —1 | = e’ X —
dt L L
Etdz EtR. Ry E
> el — 4+ el —pr—eL” X —
dt L L

Integrating both sides with respect to £, we get

FE
e%ti = Z / e%tdt +C

FE L
:>ethi:—><—e%t—|—C
L R
FE
Ry, Ry
= eLl't= —et"+C......
R
Now,
t=0att=0

E
e x0=—e"+C
R +

E
= C =——
R

Putting the value of C in (2), we get
r,, E r, E
L

eL’'p = —e —_ —
R R
. E E_Et
=>i=—— —e I
R R
. E _ By
:>z=—(1—e L)
R

(VTU Model EE 2022)
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Question Bank

Exact, Reducible to Exact Differential Equations

1. Solve (y2e*¥" + 4x3)dx + (2zye™” — 3y?)dy = 0.(VTU July 2017, Jan

2014, Model 2014) Ans: i+ e —yd =¢

. Solve (1 + ei) de + (1 _ g) evdy = 0. (VTU June 2019, June 2014)

Ans: x —I—yew/y =c

. Solve (ycosx + siny + y)dx + (sinx + xcosy + x)dy = 0 (VTU Jan
2016)

(or)

Solve % 1 weosedsinyty) _ g (yTU Model ME 2022, Jan 2020, Jan 2019,

(stnz+xcosy+x)

June 2018, Jan 2018, 2016) Ans: ysinz + (siny + y)xz = ¢

. Solve (x? — 4xy — 2y?)dz + (y? — 4zy — 2x)dy = 0 (VTU June

2013) Ans: x2 — 62%y —6xy®’ +y3  =3c=C

. Solve (2 4+ y? + x)dx + xydy = 0. (VTU Model 2022, July 2021, June

2018, July 2017, Aug 2001, Mar 2000) Ans: 2 4 &) L @ _ o

. Solve z?ydx — (x* + y3)dy =0  (VTU Jan 2010, Dec 2009) Ans :

. Solve (2 + y> + 6x)dx + y?>xdy = 0 (VTU Model ME 2022, July 2016)
Ans:“’?—I—y?’%g—l—ﬁ%4 =c
. Solve (zy? — ew%)da: — z?ydy = 0. (VTU Jan 2015) Ans :

2 1
1 -3
_2y_w2 _|_ 5em3 —= C.
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9. Solve (zy® + y)dx + 2(x?y* + = + y*)dy = 0. (VTU Jan 2015) Ans:
3x2y* + 6y2x + 2y® = ¢;
10. Solve (4zy + 3y? — x)dx + x(x + 2y)dy = 0 (VTU Jan 2020)

11. Solve [y (1+ %) + cosy} dxr + [x 4+ logx — xsiny] dy = 0 (VTU Jan

2021) Ans: y(x+logx)+ xcosy =C

12. Solve ye®™dx + (xe®¥ + 2y)dy = 0 (VTU Jan 2018) Ans: e*¥ +y? =c

13. ylogydx + (x — logy)dy = 0 (VTU Model ME 2022) Ans :
xlogy — 3(logy)® = c

14. Solve (e¥ + 1) cos xdx + €Y sinxdy = 0. Ans: (e +1)sinx = c

15. (1 + 2zycosx® — 2zy)dx + (sinz® — x?)dy = 0 (July 2015) Ans
iz + ysinx? — 2%y = c

16. Solve z—‘fdw + @Z?_J#dy = 0. Ans: z? — y? = cy?

17. Solve (5x* + 3z2y2 — 2zy3)dx + (2z3y — 3x2y? — 5yt)dy = 0.
o° 4+ 3y? — x2y® — yf = ¢

18. Solve ysin2xdx — (1 + y2 + cos’z)dy = 0. Ans :
3ycos2x + 6y + 2y3 = ¢

19. Solve (y4 + 2y) dx + (a:y3 + 2y — 4a3) dy=20 Ans :
(y + %) z+y’=c

20. Solve (mz + y? + 2:13) dxr + 2ydy = 0 Ans : (wz + yz) e’ =c

21. (x — ylogy + ylogzx)dx + x(logy — logx)dy = 0 Ans :

logx + Ylogy — Z(logx + 1) = ¢
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22.

23.

24.

25.

26.

27.

28.

y(x+y+1l)de+ xz(x+3y+ 2)dy =0 Ans: #+my3+wy2 =c
(zy + y?)dz + (x + 2y — 1)dy =0 (VTU Feb 2004) Ans:
rye® — ye® + y?e® = c

(3z2y* + 2zy)dx + (2x3y® — ®)dy =0  (VTUFeb2002)  Ans:
x3y? + %2 =c

y(r +y)dr + (x +2y —1)dy =0 Ans: y(ze® — e®) + e*y? = c

(4zy + 3y? — x)dx + («® + 2xy)dy = 0 (VTU Model CV 2022) Ans :

zly+2Py? —axt =c

y2x —y +1)de + (3 — 4y + 3)dy =0 Ans:

22y — zyt + 2y® = ¢

y(2zy + 1)dx — zdy =0 Ans:a;z—l—%:c

Linear and Bernoulli Differential Equations:

1. Solve wj—g + y = x3y5. (VTU Model 2022, Model 2014) Ans :
= e+

2. Solve zy(1 + wy2)g—g = VTU June 2018, July 2017 Ans :
=2y ce s

3. Solve Z—g + ytanz = y3secx (VTU June 2019, Jan 2018, Jan 2015) Ans:
(1/y*) - —5= = —2sinz + ¢+ ¢

4. Solve (x + 2y3)% =y (VTU July 2015) Ans:z =y + cy
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5.

10.

1.

12.

13.

14.

15

Solve (1 + y?)dx + (z — e ¥)dy =0  (VTU Jan 2014, June 2013)

Ans:z =tan ty — 14 ce tan 'y

. Solve z—g + xsin2y = x3cos?y (VTU July 2017, Jan 2015, June 2013, July

2014, July 2011) Ans: tany = jx? — 1 4 cel — 2?)
_z2 2

. Solve j—g = zy® — zy (VTU Jan 2017) Ans : eyz =e T +c

. Solve & _ 24 — v (VTU Jan 2018)

. Solve rsin0 — COSO% = 72 (VTU Jan 2020, June 2018, Model 2018)

Solve y(2zy 4+ 1)dx — xdy = 0 (VTU Model 2022, Model 2018)

Solve % + ytanz = y?secx ~ (VTU Model ME 2022, Jan 2019)  Ans:

secx = (tanx + c)y

Solve (1 + y?)dx + (z = et ¥)dy =0 (VTU Jan 2014, June 2013)
Ans : zetoan Y = tan"ly +ec

2

Solve eV 4 1 = e®.  (VIUJan2016)  Ans: i — 22— 2+ cez

Solve (2xlogx — xy)dy + 2ydx = 0 (VTU Jan 2017) Ans :

2ylogx — %yz =c

Solve 2L + ¥ = 42, (VTU Model 2022)

Differential Equations solvable for p and Clairaut’s equations

2
1) zy (j—g) — (2 + y*) X 4+ zy = 0 (VTU Model 2022, Jan 2019, Jan 2018)

or
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2
zy {(j—g) + 1} = (a2 + y?) L (VTU June 2018) Ans :

(y> — x? — 2¢1)(y —cx) =0
2) £2p? + 3zyp +2y®> =0 (VTUJan 2017) Ans:(z?y —c)(xy —c) =0
3) z?p? + zyp — 6y®> =0 (VTU July 2017)

4) Solve the equation p? + p(x + y) + zy = 0 (VTU Jan 2013, Dec 2014) Ans

: (logy + @ — c)(y + % — ) = 0

5) Solve zyp? + p(3x? — 2y?) — 6zy = 0 (VTU July 2017, July 2013) Ans

(y—cx®)(y> + 322 —¢c) =0

6) Solve Z—y — 2—‘; % — % (VTU Model ME 2022, June 2018, July 2017, Jan
2016, June 2015, Jan 2016) Ans: (y? — x? — 2¢) (xy — e°) = 0.

7) Solve p? 4 2pycotx = y? . (VTU Model 2022, Jan 2020, July 2016, June

2012) Ans: (ycos?2 —=C) (ysin®%Z — C) =0 Ansiy(l £ Cosz) =c

8) zp? — (2 + 3y)p+ 6y =0 (VTU Jan 2015)

Ans:(y — 2z — ¢)(y — cz®) =0
9) Solve p(p + y) = z(x + y) (VTU Dec 2014, July 2011, Dec
2011) Ans:(y—‘”;—c)(y-l—a:—l—ce_“’):Oor

(2y —a? —c)(e*(y+ 2 +1) —c) =0

10) Solve p3 + 2xp? — y?p? — 2zy’p =0 (VTU Model EE 2022)
11) Solve p? + 2pcoshx +1 =0 (VTU Jan 2014)
12) Solve p? — 2psinhx — 1 =0 (VTU Jan 2015)

Ans:(y — Coshx — Sinhx — ¢)(y — Coshx + Sinhx —c) =0
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13) Solve p?> +p(x +y) +zy =0 (VTU Jan 2013)
2
14) Solve y (Z—Z) + (x — y)j—z —x=0 (VTU July 2016)

Ans:(y—z—c)(y® °+x2—¢c) =0
15) Solve g_zz —5dy/(de) +6 =0 Ans:(y—3x—c)(y—2x—c) =0

2
16) Solve x> (Z—Z) —zy — 6y =0 Ans:(y — cx?)(z3y —c) =0

17) Obtain the general solution and singular solution of the equation, y = px + p®

(VTU Jan 2016) Ans: y=cx +c3

18) Obtain the general solution and singular solution of the Clairaut’s equation xp3—
yp? +1=0.
(VTU July 2017, Jan 2015, June 2014, Dec 2011) Ans: cx + % and

493 = 2722

19) Obtain the general solution and singular solution of the Clairaut’s equation (y —

pr)(p—1)=0p (VTU Jan 2015)

20) Solve the equation y%(y — &p) = x*p? using the substitution, X = 1 and

Y = i (VTU June 2014)

21) Solve (px — y)(py + ) = 2p, by reducing into Clairaut’s form,taking the
substitution X = x2,Y = y2. (VTU Model 2022, June 2018, July 2017, July

2016, June 2012, Dec 2011).

22) Solve (px — y)(py + ) = a®p, use the substitution X = z2,Y = y>
(VTU Model 2022, June 2019, Jan 2018, July 2017, June 2014, June 2015, Dec

2011) Ans: y? = ca? — £
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23) Solve £%(y — px) = yp? using the substitution X = z2,Y = y? (VIU

Model ME 2022, July 2016) Ans: y? =cx? + 2,z +4y? =0

24) Find the general and singular solution of the equation p = log(px — y) (VTU

Model 2015). Ans: y = xlogx — x
25) Solve y = 2px — y?p3 Take X = 2z,Y = 32

26) Obtain the general solution and singular solution of the equation stnpxcosy =

cosprsiny +p  (VIUJan2013) Ans:y = Y= —lgp 4 S’in_l—w;_l

€T

27) Solve p 4+ CosySinpx = SinyCospx Ans: y = cx + sin"lc

28) Find the general and singular solution of the equation zp? — py = a =0 (

VTU Model 2018)

29) Find the general and singular solution for zp? + xp —yp+ 1 —vy = 0 (VTU

Model ME 2022, June 2018) Ans:y = cx + 5 and (x + y)* = 4=

Orthogonal trajectories

1. Find the Orthogonal trajectories of the family of parabola y? = 4ax  (VTU

Jan 2020) Ans: 2z 4+ y? =¢;

2. Find the Orthogonal trajectories of the family of confocal ellipses ﬁ—z—l—ﬁ =
1, where A is a parameter . (VTU July 2021, Model 2018, July 2015, Dec
2011, Jule 2011, June 2009, Aug 2000, Mar 2000, Aug 1999) Ans :

%2+%2:a2loga:—i—c

3. Show that the orthogonal trajectories of a family of circles passing through the

origin having centres on x-axis is a family of circles passing through the origin
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10.

1.

12.

. Prove that the family of curves (

having their cetres on y-axis.

(VTU Model 2014)

. PT. the system of confocal and coaxial parabolas y?> = 4a(x + a) is self

orthogonal.

(VTU Model EE 2022, Jan 2021, June 2019, June 2018, Jun 2013)

azai)\) + (bzyj,\) = 1, where A is the parameter

1s self - orthogonal.

(VTU Model 2022, July 2017, Jan 2016, Jan 2015, Jan 2013)

. Given y = ke™2® 4 3z find member of its orthogonal trajectory passing

through the point (0, 3) (VTU Feb 2006)

. Find the Orthogonal trajectories of the family of curves y?> = cx® (VTU Jan

2018)

. Find the O.T of the family of astroids /% + y?/3 = a?/3 Ans :

2134/3 _ y4/3 — k

. Find the Orthogonal trajectories of the family y? = cx3 Ans :

3y +2x®> =k
Find the Orthogonal trajectories of the family y = ax?  Ans :y? + "’; =c

Find the Orthogonal trajectories of the family of coaxial circles =2 + y? +

2\x + ¢ = 0, \is a parameter . (VTU Feb 2002) Ans: 22 +y? —ky = c

Show that the orthogonal trajectories of a family of circles passing through the
origin having centers on x-axis is a family of circles passing through the origin

having their centers on y-axis. (VTU Model 2014)
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Find the Orthogonal trajectories of the family of curves 3 — 3zy? = ¢ Ans

:yd —3zx%2y =c

Find the Orthogonal trajectories of the cardioid » = a(1 4 cos0) (VTU
Model 2022, Aug 2001) Ans: r = b(1 — cosf)

Find the Orthogonal trajectories of " = a™stnnf® Ans: r"” = b"cosné

Find the Orthogonal trajectories of r = 2acos6, where ‘a’ is a parameter.

VTU July 2017

Find the Orthogonal trajectories of 72 = a2c0s26 (VTU Jun 2014, Jan 2009,

Aug 2003) Ans : r? = c?sin26

Find the Orthogonal trajectories of (7 + '%2)0030 = a where a is the param-
eter. (VTU Feb 2005) Ans :

(r — kTZ)sz'nH =c

Find the Orthogonal trajectories of 27‘1 =1 — cos6 Ans :

r(1 + cosf) = 2b

Find the Orthogonal trajectories of r = - +2c‘(‘)36 Ans :r = 1_2;;80
Find the Orthogonal trajectories of r = 4a(secOtan®). Ans :

r(1 + sin%0): = ¢

Find the Orthogonal trajectories of r"sitnnf® = a™ (VTU Model 2022) Ans

: r""cosnf = b"

Find the Orthogonal trajectories of r"cosnf = a™ (VTU Jan 2017, June

2013, Jun 2011, Jan 2010,, Dec 2009) Ans : r"sinnf = b"
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24.

25.

26.

27.

28.

29.

Find the Orthogonal trajectories of " = asinn® (VTU Jun 2012,July
2006,Aug 2002 , Mar 1999 ) Ans : "™ = bcosn0
Find the Orthogonal trajectories of »™ = a™cosnf (VTU July 2016, Feb

2003) Ans :r" = b"sinnb

Find the Orthogonal trajectories of ™ = a™sinn® (VTU July 2017) Ans

™ = c" cosnO
r = csin?0 Ans : 72 = bcos6

Show that orthogonal trajectories of the family of cardioids r = acos? (g) 1S

another family of cardioids » = bsin? (g) (VTU Jan 2015)
Find the orthogonal trajectories of the family curve » = 2a(cosf + sin@)

(VTU Model ME 2022)

L-R and C-R circuits

I.

An RL circuit has an emf of 5 V, a resistance of 50w, an inductance of 1 H,
and no initial current. Find the current in the circuit at any time t. Distinguish

between the transient and steady-state current.

. If we close a switch in a circuit that contains a battery E , an inductance L, and

a resistance R, the current i builds up at a rate given by L% + R: = E. Find i
as a function of t. How long does it will be before the current has reached one-
half of its final value if E=6 Volts , R=100 ohms, and L. = 0.1 henry? (VTU

Model 2022, Jan 2020) ANS : 0.0006931 sec
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3. When a resistance R Ohms is connected in series with an inductance L henries

with an emf of E volts, the current i amperes at time t is given by L= + Ri =

di
dt
E. If E = 10s2nt volts, and 2 = 0 when t = O, find 2 as a function of ¢.

Rt

(VTU Model EE 2022) ANS : %(RSint — Lcost + Le T

. A resistance of 100 €2 s, an inductance of 0.5 henry are connected in series with

a battery of 20 volts. Find the current in the circuit at £ = 0.5sec, if 1 = 0 at

t=20

. Show that the differential equation for the current i in an electrical circuit con-
taining an inductance L and a resistance R in series and acted on by an electro-
motive force E sinwt satisfies the equation

1R+ L% = FEsinwt

Find the value of the current at any time t, if initially there is no current in the

circuit. (VTU Model EE 2022)

. Solve L% + Ri = Eysinwt, where L, R& E are constants and disuss the

case when t increases indefinitely. (VTU July 2021, Jan 2021)
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Module 4

Differential Equations of higher order

Module 4 Syllabus

Module 4: Differential Equations of higher order:-Second order linear ODE’s with constant co-

efficients - Inverse differential operators, method of variation of parameters; Cauchy’s and Legendre

homogeneous equations. (RBT Levels: L1 ,L2 and L3)

Linear Differential Equations of Higher Order

The general form of nth order linear differential equation is

ao(@) LY + a1 (@)t + - Fan @)L + an(2)y = R(x) (1)
where ag, a1, -+ ,an, and R(x) are functions of only x.

The general form of nth order linear differential equation with constant coefficients is

kotd 4+ kS 4o f kW 4 Ry = R(z) (2)
where kg, k1, - -+ , k,, are constants and R(x) is a function of only .

Operator D : Denoting D = %, D? = j—;, D3 = j_;?»’ -+ +, (2) can be written in symbolic form
as

(koD™ + k1 D™ ' + ko D" 2 + ... + k,)y = R(x)

This takes the form

f(D)y = R(x)

where f(D) = (koD"™ 4+ kD™ ' + ko D™ 2 + ... + k,,)
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4.1 Method of Solving a linear differential equation

To solve the differential equation f(D)y = R(x), we use the following steps :

Step 1:

Find the Complementary function:

Solve the Auxiliary Equation(A.E.), f(D) = 0.(or f(m) = 0).

Solving the A.E. we get m roots 1, Mg, Mg, * + + , My,.

Then the solution of the homogeneous linear differential equation part f(D)y = 0 is called as the
Complementary Function (C.F.) or y. and is given by using the following rules.

SI. | Roots Complementary Function (C.F.)
No.
1. One real root m, C.F. = c,e™”*

Two real and different roots mq and m, | C.F = c;e™'* + cye™?*

Three real and different roots mq,, my | C.F = c1€™* + co,e™2® + c3e™3”

and mg
2. Two real and equal roots m; = my C.F = (c1 + cox)e™™
Three real and equal roots m; = my = | CiF = (¢34 cox + czx?)e™®
mg
3 One pair of complex roots a & ib C.F = e**(cicosbx + cysinbx)
4 Two pair of complex and equal roots C.F = e [(er + exm)cosba

+ (€3 + cqx) sinbx]

(say m = a % ib, a & ib)

Some Examples :

Roots of A.E. Complementary Function (C.F.)

m=1,2 Yo = Cc1€%+ c2e*®

m=2,-2,5,6 Y = c1e%®E 4 cpe 2% 4 c3e®® 4 cyeb”

m=3,3 Yy =(e1 4 cax)e®®

m=2,2,2 y'= (c1 + cox + c3x?)e®®

m==xi=0%1¢ y = e°*(cicosx + casinx)

m = 2% 3i y = e**(c1co83x + casin3x)

m=2,—-1,6,6 Yy = c1€%® + coe™® + (c3 + cyx) e’

m=—1%42¢,—14 23 y=-e " ((c1 + cax)cos2x + (c3 + cyx)sin2x)
Step 2 :

Find the Particular Integral: For the Differential Equation f(D)y = R(x), by considering the
Right Hand Side function R(x), we find a particular solution which is also called as particular In-
tegral (P.L.).

The methods used for this are:

(i) Inverse Operator method

(i) Method of Variation of Parameters

Dr. Shantha Kumari.K. AJIET, Mangaluru
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4.2 Inverse Operator method :

For a differential equation of the type f(D)y = R(x), where R(x) is a function of the form e®®,
sin(ax + b), cos(ax + b), ™, The particular integral, P.I or y, is given by

1
Yp = mR(fB)

and the general solution is

'y =C.F. + P.I|

43 Typel: R(x) = e**:

If R(x) = e*” then

Yp = ﬁ'[’:a e®®, provided f(D)|,_, = f(a) #0
= wf,(lD) o e, provided f(D)|p_, = f(a) =0, and f'(D)|p_, = f'(a) #0
= a’ f,,(lD) . e, provided f'(D)|p_, = f'(a) = 0,and f"(D)|p_, = f"(a) #0
and so on

4.4 Type2: R(x) = sin(ax + b)orcos(ax + b)

If R(x) = sin(ax + b) or cos(ax + b) or kysin(ax + b) + kacos(ax + b) then

1
Yp = ——— stnax provided f(D)|pz__ 2 # 0
P f('D) D2:—a2 D
1
Yp = T sinax, provided f(D)|p2__,2 = 0and f'(D)|p2__,2 # 0
f,(D) D2=—_qg2
1
2 . . ’ "
Y, = T sinazx provided f'(D)|p2__,» =0and f"(D)|pz__,» #0
b= py|  emawp (D)l (D)5
and so on.

4.5 Type 3: If R(x) is a polynomial

If R(x) is a polynomial of degree n,
(say, R(x) = ko + k1@ + kox® + k2 + - - - + k,a™) then

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Yp = ﬁR(w) Take out the lowest degree term(or constant term) from the Denominator and

express the Denominator in the form (1 + ¥ (D)).
Then y,, reduces to any one of the following forms.

[1 4 (D)]"" R(x)
[1 —4(D)]™" R(=)
[1+ (D)) R(x)
[1 — %(D)]™* R(x)

These are expanded as far as the term containing D™ by using following binomial expansions, and
then operated on R(x) term by term.

cl(l+2)t=1—2z+22—-2%+...

cll=—2)t=14+2+22+28+...

s (142)2=1—22+32%>—42%+...

e (1 —2)"2=1+22+32%+42%f.-.

Remember : | D f(z) = %(f(w)) and %f(:v) :/f(x)dac

Depending on the type of the function' R(x) we use the above three rules for finding the particular
integral.
Note : The number of roots of A.E. is equal to the order of the D.E.

Example 4.5.1. Solve % + Z—z —2y=20

Solution :

The given Differential Equation in symbolic form is (D? + D — 2)y = 0

Auxiliary equation (A.E.)ism? +m — 2 =10

Solving this we get (m — 1)(m + 2) = 0 = m = 1, —2 (real and different roots)
Hence the Solution is, y = c1€® + coe™2®

Problem 1. Solve (D? —3D —4)y =0
Solution : Auxiliary equationis m2 — 3m — 4 =0
or (m—4)(m+1)=0

m = 4, —1 (real and distinct roots)
.. The solution is y = c;e** + cye™ .

Problem 2. Solve : (D?> +2D +2)y =0

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution: AE.ism?+2m+2=0

—2+4—38
m =
2
_ —2+2
N 2

=—1+4=—1+14,—1 — ¢ (Complex roots in the form a + ib, a — ib)

C.F = e ?[cycosx + casin x|

Problem 3. Solve £% — 4% + 4y =0

Solution : Given equation in the symbolic formis (D? — 4D + 1)y = 0
Auxiliary equationism? —4m +1 =10

4+ 16 —4
m =
2
_4+2V3
- 2
=243
=2++3,2—3

Note that The roots are real and distinct. ( and not complex!)
Hence the general solution is y = c e?TV32 L e o2V
3 2
Problem 4. Solve: 2% + 62Y + 11% {6y =0
Solution : Using the operator D = % the given DE can be written as (D3 +6D?%?+ 11D + 6)y =
0
Auxiliary Equation(A.E.) is m3® + 6m? 4 11m + 6 = 0 (This cannot be factorized)
We shall find one root by inspection by taking values for m = 1, —1, 2, —2 etc. Since all the terms
are positive we have to try only negative values for m.

Putting m = —1 we have
(=13 4+6(—1)>2+11(-1)+6==14+6—-114+6=0
. m = —1isaroot.

The other roots can be found through the process of synthetic division.

Remaining factor is, m? 4+ 5m + 6 = 0.

Solving: (m 4+ 2)(m +3) =0=m = —2, -3

Hence, m = —1, —2, —3 are the roots of the A.E. which are all real and distinct.
Thus y = c1e7% + c2e~2® + c3e~3% is the general solution.

Problem 5. Solve : (D®* —3D?*+3D — 1)y =0

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution : Given: (D® —3D* +3D — 1)y =0

The auxiliary equation is m3 — 3m? +3m — 1 = 0.
(m—1)3=0

m = 1,1,1 ( Three roots are real and equal. )

The general solution is given by y = [¢; + cox + c3x?] €

Problem 6. Solve : (D® — 3D +2)y =0
AE. ism? —-3m+2=0,ie m®+0m? —-3m+2=0

By inspection we can see that m = 1 is a root.
The other two roots can be found through synthetic division.

Now, m*+m—2=0or (m—1)(m+2)=0=>m=1,—2

Hence, m = 1,1, —2 are the roots of the A.E.
Thus y = (c1 + cax) €® + cge " is the general solution.

Problem 7. Solve : % +y=0

Solution : We have (D3 + 1)y =0

AEisism3 +1 =0,

m = —1 is aroot by inspection.

The other two roots are found by synthetic division.

—][1—0 0 1

0 -1 1 -1

1o o

Now, letussolvem? —m +1 =0
1+v/1—4 _ 1++/—=3 __ 1++v3i2 _ 1+iv3
2 = =" 2 =

2 2
Hencem = —1,5 +14 (?) are the roots of the AE.

Thus y = c;e™* + ez [02 cos <§) x + c3sin <§) az}

Problem 8. Solve: (4D* — 4D® — 23D?* + 12D + 36)y = 0

Solution : A.E.is4m?* — 4m3® — 23m? +12m + 36 =0

By inspection, if m = 2then 64 — 32 — 92 424 + 36 = 124 — 124 =0

= m = 2 is aroot by inspection.
Now by synthetic division,

Dr. Shantha Kumari.K.
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n R 8 -30 -36

4 4 -15 -18 0

Remaining factor is 4m? 4+ 4m? — 15m — 18 = 0
Ifm=2,32+16—-30—-18 =48 —48 =0
Hence m = 2 is a root.

Again by Synthetic division,

Remaining factor is 4m? + 12m + 9 = 0
or(2m +3)2=0=m = _%,_g
Hence, roots of the AE are 2, 2, —%, —%

Thus y = (c1 + cax) €*® + (c3 + c4) e~ 2% is the general solution.

Problem 9. Solve (D?® + D? + 4D + 4) = 0.

Solution: Here the A.E.is D3 + D? +4D +4=0
(m*4+4)(m+1)=0 . m=-1,12.
iem=—1,0+4 22,0 — 22

Hence the G.S.is  y = c1e™® + €°% (c2 cos 2 + c¢3 sin 2x)
Yy = c1e”® 4+ cy cos 2x + c3sin 2x

Problem 10. Solve : 2% — 4 = 0

Solution: Given equation in symbolic formvis (D* — 1)y = 0
AE.is D*—1=0o0orm?*—1=0
ie.(m?>—-1)(m?*+1)=0
m = 1, +1¢
iem=1,—-1,04+12,0—2
Solution is
C.F. = c;€® + coe = 4+ e°® (cscosx + ¢y sinx)

=c1e®” +cpe ® + c3cosx + cysinx

Problem 11. Solve : (D® — D> — D —2)y =0

Solution : The given equationis (D3 — D? — D —2)y =0
Auxiliary equationism3® —m? —m —2 =0
m = 2 satisfies this equation.
m = 2 1is aroot.
By synthetic division

Dr. Shantha Kumari.K.
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2 1 -1 -1 -2
2 2

=]

o
| o]
p—
™

.. remaining factoris (m? + m +1) =0
= m = _1:|:2‘ —3 — _1:5':\/5

Hence roots of AE are = m = 2, —
The general solution is

.3 1 . /3
+17’ 2 2

N =

3 3
y= c,e?® + e~ 2% (cz cos \/7_:1: + c3 sin \/7_:1:)

Example 4.5.2. Solve (4D* — 8D3 — 7D? + 11D + 6)y = 0 (VTU Jan 2017, July 2016, June
2012, June 2015, Jan 2008)

Solution : Using syn-
AE. is 4m4 — 8m3 — 7m2 + 11m + 6=0 2 a -8 -7 11 6
By inspection, we get m = 2 as one of the roots. . - = 1:‘ @6
Using synthetic division, we obtain,
4m3 —Tm —3 =0 1 a I
. . . 0 -4 4 3
m = —1 is aroot of this equation. 2 - B )

thetic division again, we get
4m? —4m —3 =0

Solving this equation, we get the remaining two roots as m = —71 and m = g
.. roots of the A.E. are
m=2m=—-1m=>,m=3

Hence the solution is
1 3z
C.F.ory. = c1e % + coe?® + c3e 2% + cqe2
c 3

Problem 12. Solve : ©¥ 4+ 8% | 16y = 0

Solution : Given equation in symbolic form is (D* + 8D? + 16) y = 0
Auxiliary equation is m* + 8m? 4+ 16 = 0

We can’t use inspection method as all m terms are with even power.

Let us denote ? = p then the auxiliary equation can be written as

Dr. Shantha Kumari.K. AJIET, Mangaluru
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p°+8p+16 =0

SOlving thiswe get (p +4)(p+4) =0= p=—4,—4
Re-substituting for p we get

m? = —4; —4=>m =42, +2 =0+ 2,0+ 2,0 — 23,0 — 2i
.". The general solution is

y = (c1 + cax) cos 2x + (€3 + c4x) sin 2x

4.6 Practice Problems :

1. Solve: ?1472 = 5% +4y =0 Ans: y = c1€% + cpe™® + c3e%® + c,e2®
2. Solve: (D®* — D* — D —2)y =0. Ans:

1 .
Yy = c,e?® 4+ e 2% (cz cos @m + c5 sin ?w)

3. Solve: &% 4 5% 6% — 43—7; — 8y =0 Ans: y = c1e® + (c2 + c3T + cyx?) e 2*

dx4 da3
4. Solve (D? — 6D + 13)y =0 Ans: C.E._= e3* (¢, cos 2z + ¢, sin 2x)
5. Solve (D?* +4)y =0 Ans:y = cos 2x + isin 2z
6. Solve: (D*+ D+ 1)y =0 Ans: C.E =e= [cl cos ?m + ¢z sin ?m]
7. Solve: (D*+2D +2)y =0 Ans: y = e " [c1 cos T + c3 sin ]

4.7 Particular Integral -Typel: R(x) = e* :

If R(x) = e** then

Yp = { 1 } e, provided f(a) # 0

f(a)
1
=z {f’(a)] e®®, providedf’(a) # 0
1
= x? [ e providedf”’(a) # 0
f"(a)
and so on
General Solutionis y = y. + yp
Problem 13. Solve : ©¥ 4 4% _ 12y = 3* (VU July 2007)

Solution : In symbolic form the above equation can be written as (D? + 4D — 12)y = e3*

AE.ism?>+4m —12=0
Solving this we get, (m + 6)(m — 2) = 0 —> m = —6, 2 (real and different roots)
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Hence the Complementary function is y. = ¢;e%* + cye=%®
The particular integral is
1
Yp = 5 63$
D2 44D — 12
— 1 eSm
D2+ 4D — 12p_3
1
— _6333
9

Hence the general Solution is

1
Y=Y+ Yp = 6162:6 + 026_6w + §e3w

Problem 14. Solve : (D® — 6 D? + 11D — 6)y = e** (VTU Jan 2017)

Solution: The given equation can be written as (D® — 6D%+ 11D — 6)y = 0
The AEism3 — 6m? +11m —6 =0
Here, m = 1 is one of the roots.

m=1(1 —6 11 -6
0 1 -5 6
1 -5 6

Remaining equation is, m? — 5m + 6 = 0
=m?—-2m—-3m+6=0
=m(m-—2)—3(m—2)=0

= (m—-—3)(m—-2)=0

=>m = 3,2
= m = 1, 2, 3 are the roots of AE
Hence, C.F. y. = c1€® + cye?® + c3e3®

1
2x
e e
Ye = (D®* —6D> + 11D — 6) |p—s
1

=z e>®  (Since the Denominator =0)

(3D% — 12D + 11) |p—s

1

= e2a: — _623:

—1

G.S,y=yYc+ Yp

= c1€” + c2e?® + c3e®® — e*®

Problem 15. Solve : (D + 2)(D — 1)?y = e~ ?* 4+ 2sinhz

Solution : AE.is (m + 2)(m —1)2 =0
Roots of AE are m = —2,1,1 (Two equal and one distinct roots)
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Hence C.F.is y. = c;e7** + (c2 + c3x)e”
Particular integral is

1 o .
W= Dynmone © T 2sinhel
1 —2x T _ -
“Drpmonple tee
1 1 1

—2x + x —x

(D+2)(D—-12"  (D+2)(D-1)2°

= e
(D +2)(D —1)2
Let us evaluate each of these terms separately.

1
= e
(D+2)(D—-1)2% |p=—2
1 1 o
. e
D+2 |[(D=1)2ps
1 1 o
. e
D+2 (—2-1)2
1 —2x

. e
(D +2)/[p=—2

L
e L+ —€
1

—2x

ypl

2x

e—2w

| R8O = ©f =

1
eiB
(D +2)(D — 1)? [p=
1 1 .
. e

1 1
:__w2._ea:

3 2

ypz =

x?
= _—e
6

1
—&

(D+2)(D—1)% |pes

1 e =
—aX

T (C142)(—1—12° T 4

yp3 =

Hence, G.S. CF+PL =cie™* + (c2 + csx)e® + 57> + %zem + ie_’”

Problem 16. Solve : % — GZ—Z + 9y = 6e3% 4 Te 2% — log2 (VTU July/August 2005)

Solution : We have (D? — 6D + 9) y = 6e3*+7e 2*—log 2 AE is givenby m?—6m+9 = 0
or(m—3)2=0=m=23,3..y.= (c; + cax) €3*
1 1 log 2
Yp = 6e>* + Te ?* — 8 e
D2 —_—6D 4+ 9 D2 —6D +9 D2 —6D +9

= p1 + p2 + ps3 (say)

O0x
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1
P1 — 663sc
[(D2 — 6D +9) |D:J
1
= 6e3*  (since denominator = 0)
32-6x3+9
1
= 6x { } e3®
(2D — 6) |p=3
1
= 6x—— e°* (since denominator = 0)
2.3 -6
63:7:
= 6x? —
D1 5
— 3w283w
1 —2x
D2 = 2
(D? —6D +9) |p=—2
1 —2x
g Te
(—2)2—-6(—2)+9
Te 2@ ™~ ( 1 ) om
= = — 10 e
25 ©° ST\ D2 < 6D + 9) [po
_ log 2
 0-0+9
_ _log 2
9
General solution : y = y. 4+ pP1 -+ p2 + P3
Te 2 log2
3z 2 _3x
= (c cax) e 3x‘e —
(€1 + cox) + + 25 9

Problem 17. Solve : ©¥ + 6%% + 11% 6y = e® + 1 (VIU June 2012, July 2014, June 2015,
2015 Model)

Solution :In symbolic form we can write the given equation as

(D3 +6D?+ 11D +6)y =0

AE.ism3+6m?+11m+6=0

By inspection we can see that m = —1 is a root.

By synthetic division, we get the remaining equation as m? + 5m + 6 = 0
Solving this, we getm = —2, —3

Hence the roots of the auxiliary equation are m = —1, —2, —3

CFEF =cie™® 4+ cye 2% 4 c3e™3®

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATC101 (Mathematics-I for Civil Stream- Module 4 ) Page 13

I 1
= 41
Yr _D3—|—6D2—|—11D—}—6} (e"+1)
[ 1 1

— T Ox
~ (D34 6D2+ 11D + 6) |DZJ e+ [(D3+6D2+11D+6) | p—o ©

1 1
=
11°+6+11+6 0+0+0+6

1, n 1
24 TG
e’ 1
HenceY = C.F. +y, == c1e™" + cze™ ™ +eae™ + o + o
Problem 18. (D? 4+ 7D + 12)y = coshx (VTU Jan 2016, Dec 2015)

Solution :The AEism2 4+ 7Tm +12 =0
m?2+3m+4m+12=0
m(m+3)+4(m +3)=0
(m+4)(m+3)=0

Therefore, m = —4, —3 are the roots of AE
CF =cie ™+ coe7®®
cosh x 1 1
PIl. = = — (ealc + e_m)
D24+ 7D 412 D2 +7D ¥12 |2
1 e” e " 1[e” e ®
2| D24+7D 412 D24+ 7D 412 2120 6
. = —e —e

40 12

General solution is

1 1
— 4x —3x x —x
= Ye + = Cj€ Ca€ —€ —€
Y=y Yp 1 + c2 + 0 + 12
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4.8 Particular Integral -Type 1: R(x) = %" :

If R(x) = e*® theny, = [ﬁ] e is given by

Yp = [ 1 } e?®, provided f(a) # 0

f(a)
1
= e, providedf’(a 0
[f,(a)} , provided f'(a) #
1
= z? [ } e provided f”’ (a 0
Fi(a) p f"(a) #
and so on
General Solutionis y = y. + yp
Problem 19. Solve : €% — €4 4 4% _ 4y = sinh(2z + 3) (VIU Jan 2018)

Solution : AEism3 —m2?2+4m —4=0
ie.m*(m—1)+4(m—1)=0
(m—1)(m?*+4)=0=>m =1,£2¢
Hence y. = c1e® + ¢ cos 2x + c3 sin 2x

1
= sin h(2x + 3
Y» = (D3 —Di 1 aD —a) A )
— 1 1 e2a:—|—3
2 (D3 —D?+4D — 4) |p—2
_ 1 e—(22+3)
(D3 =D2+4D — 4) |p=_»
1 [ e2e+3 e—(2z+3)
T 2(8-4+8—-4 -8—-4-—-8—4
1 [ e22+3 e—(2z+3)
T 2| 8 @ —24
1 22+3 22+3
Yp = — [36 x+ + e~ (2z+ )}

48

General solution : y = y. + Y,

1
Thus y = c1€® + ¢, cos 2x + c5sin 2z + 8 [3e?* 13 4 e_(2m+3)]

Problem 20. Solve : ©¥ 4 4y = 2-= (VIU June 2015)

Solution : AE is given by m? + 4 = 0 and hence m = +21
Yo = €1 €COS 2T + ¢z sin 2x
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1
=—— 2
D2 +4

1 - o x
= iy (@) e = 1)
1

SO o (les(@”) = nlega)

1  log2 P
og2)x —
(—log2)* +4 (log2)? + 4

—X

Yp

General solution: y = y. + yp = €1 €c0s 2x + c3 sin 2x + (1og2 2_)a;+4

Problem 21. Solve : Py _ 4y = cosh(2x — 1) + 3* (VTU July 2017, July 2016, July 2014, Jan

dx?

2009, VTU 2015 Model, 2000)
Solution : We have (D? — 4)y = cosh(2z — 1) + 3*
AEism? —4=0or(m —2)(m+2)=0=>m =2, —2

S Ye = c1€%® + cpem (D

yp = {;] (cosh(2z — 1) 4 32)

D2 —4
_1! [;} o b [#] er(a—1) [;] e
2| D2%2—-4 2| D2%2—-4 D2 —4
= p1 + P2 + p3s (say)
1 1
2r—1
D1 = €
2 (D2 - 4) |D=2
11 2z—1 .
= — x (But, Denominator = 0)
222 — 4
1 1
— 2x—1
2" 2D |ps
1 62:1:—1
= —x
2 4
— EGZm—l
8
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1

1
—(2z—1)
b2 = — €
2 (D% —4) |p=—2
1 1 —(20—1 ) )
= o —— e =1 (Since Denominator = 0)
2 2D |p—_»
—(22—1) —
_ L. e _ T a1
2 —4 8
— 1 T
D3 = D24 43
1
_ log 3®
- D24 (%)
— 1 e(log 3) x
T 2
(D? — 4) |p=iog3
e(log3)cc 3z

" (log3)2—4 (log3)2—4
Yp =P1+ P2+ P3

T ox1 | —% _(22-1) 3*
= —e —e —_— (2
8 + 8 (log3)2 =4 (2)
General solution : y = y. + yy
where y. and y,, are given by (1) and (2) respectively.
Problem 22. % + Z—Z +y=(1-—¢e"?2
Solution : (i) To find C.F.
ItsAE.isD?+ D+1=0,= D= (=1t v3i)
Thus C.F. = e2 (cl cos ?az + ¢4 sin ‘?az)
1 2
PI. :—(1—2e””—|—e w)
D2+ D+1
1
— eO:c — 2e% 82:(:
D2+ D+1 ( + )
1 Ox 1 T
—_— e —
02+0+1 124141
1 2x
_|_
22 +2+1
L N + 6233
= _— —e _
3 7

General Solution is

—w V3 V3 2 e
=e2 | cpco8s—x + cysin —x 1——e*4+ —
Yy ( 1 2 + c2 2 + 3 + -
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4.9 Practice Problems:

10.

11.

12.

13.

14.

15.

16.

Py 16Ty 111 6y = €2 (VTU July 2006)
Ans: y = cie ® + cpe 2 4 cze 3% 4 %ezm
(D® 4+ D? —4D —4)y =3e™* — 4z — 6 (VTU July 2016)
. (D® —-6D?+ 11D — 6)y = e** (VTU Jan 2017)
Ly 1388 13 Ly =e (VTU Jan 2007)
Ans: y = (c1 + car + czz?)e™ + %e“”
Ly 6% 1 9y = 6e® + Te 2* — log2 (VTU July/August 2005)

Ans: (c; + cow)e3® + 3z2e3® + 2—756_2°’ — —l°992

Py 1 62Y +11% 4 6y = e” + 1 (VTU June 2012, July 2014, June 2015, 2015 Model)
Ans: y = cie™® + ce 2% 4¢3 6_3‘”—}—244—5

Py Ly =e" (VTU 2006)
Ans:y = ce2” + ez” (QCOS?:B + c;;Sin?m) + %ew
& — 6% 4 9z = 5™ (VTU July 2013)

Ans: x = (c1 + cat)ed + 2e ™

(D* — 18D? + 81)y = 36€3®
ns: (¢ + cox)ed® + (c3 + cyz)e 3 + _ngs,z

(D? + 7D + 12)y = coshx (VTU Jan 2016, Dec 2015)
Ans: y = cie73® 4 cpe™® 4 2 <% + e;z>
63;2{ + 17% + 12y =e® (VTU Dec 2010)
Ans : cles —l—czezf‘"’—i—e_“c
Ly 4y =2 (VTU June 2015)
Ans: y = c,co82x + cp8in2x + mz—w
Lo 342 | 4 = 2cosh2t (VTU Jan 2006)
Ans: = = cie '+ (c2 + cat)e® + % - e;;t

2y _ 4y = cosh(2x — 1) +3°  (VTU July 2017, July 2016, July 2014, Jan 2009, VTU

dx?

2015 Model, 2000)
Ans: y = cle2m + cze_296 + gsinh(2m 1) + (log3)2 1

Yy’ + 4y’ + 3y = e * withy(0) = y’(0) = 1, (VTU July 2013)

Ans: y=Te™ — 3732 4 Ze—w

y" + 4y’ + 5y + 2coshx = O withy = 0,y’ = 0atx = 0, (VTU July 2017, June 2012)
Ans: y = ez”‘(scosa: — —sznm) 106”” — %e‘w
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17. (D + 2)(D — 1)*y = e ** + 2sinhx
Ans: y = (c1 + cox)e® + cze ?* 4 e 4 w—;e”” — 1l

18. (D® —6D?*+ 11D — 6)y = e 2% 4 =3

. — x 2z 3z __ 1 —2x —3z
Ans: y = ci€” + ce*® + cze 20 (2e + e—3%)

19. %—F%#—yz(l—eﬂz
2x

Ans: y = ez (clcosgw 4+ cgin?m) 41— %e”’ + 67

20. y” — 4y = sinh’z
Ans: y = c1€* + cpe7% 4 L (xe*® — xe T + 2)

21 Ly Py 4 4B gy = sinh(2z + 3) (VTU Jan 2018)

dx3 dxz?
22. (D3 —6D?+ 11D — 6)y = e?® (VTU Jan 2017)

23. (D? +4D + 5)y = —2coshz (VTU July 2017)

. __ 3 _—2x . _e*r
Ans ;' y = ce **(cosz + 3sinz) — ; 5

—xT

24. Solve: (D3 — 6D? + 11D — 6)y = e 2® + 3

. _ x 2z 3z 1 —2x —3x
Ans: y = c,€®+ Cpe™ + cze’® — - (2e + e=%%)

4.10 Particular Integral : Type2 - R(x) = sin(ax—+b) or cos(ax+
b)

If R(x) = sin(ax + b)

1
Yp = —— sin(ax + b) providedf(—a?) # 0
" (D) paot )
1
Yp = sin(ax + b), providedf’(—a®) # 0
p f,(D) . ( )’ ( )
1
2 . 1 2
Yp = X sin(ax + b) f'(—a”) #0
p f,,(D) Doe a2 ( ) ( )
and so on.

We use the above rule for R(x) = cos(ax +b) or R(x) = kisin(ax + b) + kacos(ax + b)

Problem 23. Solve (D? — 4D + 4)y = sin2x (VTU July 2011)

Solution: The AE.ism? —4m +4 =0
Solving this we get (m — 2)(m — 2) =0
=—> m = 2, 2 (two real and equal roots)
Hence the Complementary function is

Ye = (€1 + cax)e®®
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The Particular integral is given by

1
— stn2x
Y= P2 _4p+4

1
= [ 1 sin2x
D2 - 4D + 4 D2=_(22)=_4
Here we replace only D? term by —(a?) and keep D term as it is.
1

= stn2x
—4 —4D + 4

= stn2x
D

1 1 .
= ——stn22x

1
/ sin2xdx ¢ D stands for integration)

_ (—cosZw)
-4 2

1
= —cos2x
8

4D
1

—4
1

Hence the General Solution is
1
Y=Y+ Yp = (1 + c2x)e®® + gcos2e
Problem 24. Solve (D? + D + 1) y = sin 2z

Solution: Here the auxiliary equation is m? 4+ m 4 1 = 0 which gives m = —% +1 (%\/5)
.C.F.=e¢ 3 {Cl cos (@ ><> + C5 sin (%gw)}
where C; and C' are arbitrary constants. and

1
Pl.= —————sin2z
D2+ D+1
1
= sin 2x  replacing D*by — 22
—22 4 D+1
.
= sin 2x
D —3
! (D + 3)sin2
= sin 2x
(D — 3)(D + 3)

1
= D2 9(D + 3) sin 2x

1
= 22—9(D + 3) sin 2x

1
— — (D +3)sin2
13( + 3) sin 2x
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-1
Yp = E[D(sin 2x) + 3 sin 2x]

1
= ——[2cos2x + 3sin2x
13[ + ]

(Since D means differentiation with respect to x)

.". The complete solution is

Y=Y+ Yp

o 3 3 1
—e 2 [Cl cos (%_w) + Cj3 sin (%m)] — 1—3(2 cos 2x + 3 sin 2x)

Problem 25. Solve (D? — 5D + 6) y = sin 3x

Solution: Its auxiliary equation is m? — 5m + 6 = 0 which gives m = 2,3

. C.F. = C1e?® + C,e3®, where C; and C, are arbitrary constants and
1 .
PI. = sin 3x
D2 —-5D +6
1
= sin 3z, replacing D®> by — (32
“32 5D 16 ; replacing D by — (3%)
1 .
= ——— sin3x
—(5D + 3)

= (5D 1 3)(5D — 3) (5D — 3)sin3x

B —-1
~ {25(-3%) -9}

1 . .
= ——[5D(sin 3x) — 3 sin 3]
234

(5D — 3) sin 3x

1
= ﬂ[5 X 3 cos 3x — 3sin 3]

1
= §(5 cos 3x — sin 3x)
Hence the required solution is
2x 3x 1 .
Y =1Yc+ Yp = Cre” 4 Cre” + %(5 cos 3x — sin 3x)

Problem 26. Solve (D3 + D? — D — 1) y = cos 2x

Solution: Its auxiliary equation is
m3+m?—m—1=0or(m?>—-1)(m+1)=0

=m=1,-1,—1

.. C.F. = Cye” + (Cax + Cs) e~ ®, where C1, Cy and Cj are arbitrary constants
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and 1
PI. = cos 2x
D34+D2_-D—1
! 2
= cos 2x
D(D?)+D?—-D -1
1
= cos 2x
D(-22)+(-22)—D -1
1 1
= —— cos 2x
5D+1
1 D -1 0
= —— cos 2x
5(D—-1)(D+1)
1 1
= —— (D — 1) cos2x
5D%2 —1
1 1
= —gm[D(cos 2x) — cos 2x]

1
PI. = —(—2sin2x — cos 2x)
25

Therefore the general solution is
.
y=C.F.4+PI=Ce”+ (Cox+ Cj3)e ™ - 5(2 sin 2x + cos 2x)

Problem 27. Solve % — 3% + 43—1 — 2y = e+ cosx

Solution: Using D = %, the given equation can be rewritten as
(D3 — 3D? + 4D — 2) y = e® + ‘cos x, Here the auxiliary equation is

m>—3m?+4m—-2=0
(m—1) (m? -2m+ | 2) =0
=m=1,1=+11

. C.F. = C1e® 4+ e* (Cy cos ¢ + Cjz sin x), where Cy, C5 and Cj are arbitrary constants.

1
Pl = D5 —3D? 14D — 2 (e” + cosx)

1
em
(D3 —3D2? 4+ 4D — 2) |p—;

1
COS T
T (D* —3D? + 4D —2) |pre_qm)

1 1
=x e* Ccos T
(3D2 — 6D + 4) |p—y +(— (12)D — 3 (— 12) + 4D — 2
1
—IBIG —{—mcosaz
., (3D-1)
=xe® + —cosx
9D2 — 1
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Hence, the required solution is

L 3D—1
9(—12) — 1

= xe”

cosx
1

=xze®* — —(3D —1)cosz
10
1

= xe® — — (3D cosx — cos x)
10

= ze® — —(—3sinx — cos x)
10

e L oa
= xe —1—10(3smaz—|—cosa})

1
y =C.F+PI=Ce®+ e” (Cycosx + Cszsinx) + xe® + 1—0(3 sin x + cos x)

Problem 28. Solve (D? + 5D + 6) y = cosx + e 2%

Solution: The A.E.ism? +5m +6 =0
ie,(m+2)(m+3)=0=>m=-2,-3

C.F. = Cle_zm + Cze_?’m

PI. =

! [cos x + 6_2””}

D?2+5D + 6

1 1
osx +

—2x

c
D2 +5D'+6

D2+5D 16"

= P + P, (say)

P1:

1

(D% 4+ 5D + 6) |D2:_(12)
1
c
—14+5D+6
1
5D + 5
1 (D—-1)
5(D+1)(D—-1)
1(D —1)cosx
5 D2 -1
1—sinx —cosx
5 —12 -1

—1sinx + cosx 1
_ = E(sinaz + cos x)

COosS T

os T

COoS x

COsS T

5} —2
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1
P2 = 6_2w
(-D2 + 5D + 6) |D:—2
1
= e ?* (Denominator = 0)
(—2)24+5x —-2+6
1 —2x
=X e
(2D +5) [p—_s
1
=—r— e
2(—2) +5
= —xe 2
= re

2z

1
PL. = p; + p2 = E(sinm 4+ cosx) + xze™
.". The general solution is
—2x —3x 1 . —2x
y=C.F.+ P.I = C,e + Cse . 1—0(sma: + cosx) + xe
Problem 29. Solve: y"” — 4y’ + 13y = cos 2x

Solution : We have (D? — 4D + 13) y = cos 2z
AE is m? — 4m + 13 = 0 and by solving,

_— —(~4) £+ /(—4)2—-4-1-13

2-1
_ 4+ ./—36
B 2
_ 4 + V3622
- 2
4+ 61
N =243t
2
Yo = €27 (¢ cos 3x + ¢, sin 3x)
Here a = 2 and hence replace D? by —a? = —4
1 0 cos 2z
= cos2x = ———
Yr (—4 — 4D + 13) 9 —4D
Now multiply and divide by (9 + 4D)
(9+4D)
cos 2x

" (9 + 4D)(9 — 4D)
9 cos 2x + 4D(cos 2x)
N 81 — 16 D2
9 cos 2x — 8sin 2x
81 — 16(—4)
9cos2x — 8sin2x
145
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General solution: y = y. + Yy,
Thus y = €** (¢; cos 3x + c3 sin 3x) +

9 cos 2x—8 sin 2x
145

Problem 30. (D3 — 1)y = 3cos2x (VTU Jan 2020, June 2012,2010)

AE is (’m3—1):Oor(m—l)(mz—l—m—i—l):O

m = 1; m?+m+1=0and by solving this equation,

_ —1+-3
o 2

_ —14+iv/3
=—

:_liivﬁ
2 2

Yo = c1e” + e~ /2 {cz cos(V3x/2) %+ cs sin(\/gaz/Z)}

Solution :

= 3 cos2x
Yv=ps

1
= Wg cos 2x Now D2 — —22 = —4

= ———3cos2r
—4D — 1
3(4D — 1) cos2x
—(4D 4+ 1)(4D —1)
3(—8sin2x - cos2x)

— (16D2 — 1)
_ —3(8sin 2z + cos2x)
B 65

General solution is

Y="Yct U
= c1e” + e /2 {cz cos(V3x/2) + c3 sin(\/gac/2)}
—3(8sin 2x + cos 2x)
65

Problem 31. (D — 2)%y = 8(e?® + sin2x) (VTU Jan 2017, Jun 2012, Dec 2011, Dec 2014, Jun
2014)

Solution: AEis (m —2)2 =0m = 2,2
Therefore, y. = (c1 + cax) €*

1 ) 1 ,
8e® + ———8sin2x = p; + P (say)

Pl = (D —2)2 (D — 2)2
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P =D oy

1
w—
2(D — 2)

28629:

2
2e2fc

=T

= 4x

P2 8 sin 2x

T (D-—2)p2

1
= 8 sin 2x
D2 4D 1+ 4
1

= 8 sin 2x
—22 4D + 4

= 8 sin 2x
—4D

= —2/sin 2xdx

(— cos 2:1:)
= 2 2=~
2

= cos 2z
Pl. = p; +p2 = 4x?e*® § cos 2«

Hence, the general solution is
y = (c1 + eax) e** + 4x*e®* + cos 2x

Problem 32. y” + 4y’ — 12y = e?* — 3sin2x (VTU Jan 2016, Dec.2015)

Solution: We have (D? +4D — 12)y = €** — 3sin2x
AEis m*+4m —12=0or (m+6)(m—2)=0=>m =2, —6
. Yo = Cle2m + cze—Gm

1 1

2x

= et —
D? +4D — 12 D2+ 4D — 12

= P1 — P2 (say)
1 2x

e
D2 +4D — 12
1 2x

——————_€
448 —12
1

r——e
2D + 4

e2m

= r —
8

.,L,eZm

8

Yp 3sin 2x

P1 =
( Denominator = 0)

2x
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1
= 3 sin 2x;
P2= e iup 12| e, ’
3 sin 2x

—4+4D — 12

= —3 Sil’l 2x
4(D — 4)

_ 3(D +4)sin2z
~ 4(D2 —16)
3(2 cos 2x + 4 sin 2x)
—80

General solution: y = y. + y, where y, = p1 — p2

we2w

8

2x —6x 3 :
Yy = c1e”® + cpe " + + 4—0(cos 2x + 2 sin 2x)

Problem 33. Solve : 3273; + 3% + 2y =4cos’x

Solution : We have (D? 4+ 3D + 2)y = 4cos’x
AEism?4+3m+2=0
or(m+1)(m+2)=0=>m=—1,—2

S Ye = 177 4 cpeT

We have 4 cos? £ = 2(1 + cos 2x)

2 1
= D:13D+2  D?13D <2
= p1 + p2(say)

1
D2+3D 2
260113
02 +3:0 12

=1

Yp 2cos 2z

D1 = e’
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1
- D24+3D+2

1
:2[ }cosZm
—4+ 3D + 2

=2 [;] cos 2x
3D — 2
2(3D + 2)(cos 2x)
"~ (3D +2)(3D —2)
2(—6sin 2x + 2 cos 2x)
9D?%2 — 4
4(—3sin 2z 4 cos 2x)
9(—4) — 4
4(—3sin 2z 4 cos 2x)
—40

D2 2 cos 2z

3sin2x — cos 2x

10
Complete solution: y = y. 4y, where y, = p1 + p2

D2 =

3sin 2x — cos 2x

Thus y = cie™* 4+ coe™2® + 1 +

10
Problem 34. y” — 4y’ + 4y = e2* + cos2x + 4 (VTU July 2008, Feb 2005, Jan 2015)
Solution :
We have (D2 — 4D —|—4) y = e** 4+ cos2x +4
AEis givenbym? —4m +4=0o0r(m —2)>=0=m = 2,2
Ye = (€1 + c2x) €%®
B e?” n cos 2x n 4
Y= D2 _uD+4 D?’—4D+4  D>’—4D 14
= p1 + P2 + p3 (say)
Now,
62:13 6293
e = Dr. = 0
P = pr _up 14T 22 _4(2) + 4 ( )
e2m eZa:
=x-——=x-—— (Dr.=0)
2D — 4 2(2) — 4
e2:1:
2
= r —
D1 5
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cos 2x Reol Db 4
= eplace —
D2 D?—4D + 4 p y
cos 2x
—4 —4D + 4
cos 2x

—4D

1
= ——/cos 2xdx
4

— sin 2x
8

D2 =

P3 =

=—-—=1

Complete solution : y = y. + yp, wWhere y, = p1 +'p2 + ps Thus

x%e®®  sin2x

y = (c1 + cox) e** + > 8

Problem 35. (D?® — D)y = 2e® + 4cosx (VTU June 2014, July 2011)

Solution : The AEism® —m = 0

(2 — 1) — 0
m(m+1)(m —1) =0
m=0,—11

Therefore, C.F. = c;€%% + coe % + c3e® = ¢; + coe ™™ + c3e*
Yp = xe® — 2sinx (prove this !)
Hence, the general solution is
Yy =-c1+ cee® + c3e” + xe® — 2sinx

Problem 36. % + 2% + y = e2® — cos’x

Solution : The given equation can be written as (D? + 2D + 1) y = e** — cos®* x
The AEism?+2m+1=0=>m=—-1,—1
Therefore. CF = (c¢1 + cox) e™®
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1
PIL. = (62‘” — cos? :13)
D2 +2D 4+ 1
= D 12D 11 e 5 cos 2x
1 1 1 1 1

2x

— — et — — cos 2x
D24+2D 4+ 1 2(D2—|—2D—|—1) 2(D2—|—2D—|—1)

1 2 1 1 1 cos 2x
= —e [ [
9 2[0—|—2(0)—|—1] 2[—22+2D+1]
1, 1 1 (2D—|—3)
= - — — — — cos 2x
9 2 2 (2D — 3)(2D + 3)
1 2 1 1(2D+3)
=¥ —— ————— " cos2x
9 2 2(4D2—9)
1 2 1 1 (2D—|—3)
= - - - — - cos 2x
9 2 2[4(—22)—9]
L 2 1+1(4'2+3 2x)
= —e“¥— — 4+ —(—4sin22x Ccos 2x
9 2 50

Hence, the general solution is

1 1
— —x 2x .
=(cg+coxr)e 4+ —e — —+ —(3cos2x — 4sin2x
v (e 2) 9 2 50( )

4.11 Practice Problems

Solve the following Differential Equations.

1. Ly + o d%y + W — =L gin2ax

da3 dz? T da
2. y” — 4y’ + 4y = €2® + sinx

3 .
3. ZT’; + 43—2 = sin2x

Ans :

4. %+2‘;—f—l—3m=sint

y = 1% + (c2co82x + c3sin2x) —

(VTU Jan 2017, July 2016, Dec 2011, 2004)
(VTU July 2019, Jan 2013)

(VTU Jan 2010)

rsin22x
8

Ans: © = e !(cicosV/2t + c35inV/2) + $(sint — cost)

5. (D3 — 1)y = 3cos2x

(VTU Dec June 2012,2010)

Ans: y = ce” + e_le(cz(}'os?a: + c;;Sin?a:) — %(88’1:71213 + cos2x)

6. ¥y’ — 3y’ + 2y = 2sinxcosx

Ans :

7. (D?® 4+ 1)y = cos(2xz — 1)

(VTU Jan 2014)

y = (c1€® + c2€*® + - (6cos2w — 2sin2x)

(VTU Jan 2013)
Ans: y =

cre+e <c2c03 (‘?) x + czsin (‘?) zc) + & [cos(2z — 1) — 8sin(2x — 1)]
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8. (D3 — l)y = 3cos2x (VTU Dec 2010, June 2012)
9. Ly _ A4 2y — sin2a (VTU 2013, Jan 2007)

Ans: y = (c1e7" 4 c2€* + 1 (2cos2x — 6sin2x)

10. (D? + 9)y = cos2xcosx (VTU Dec 2010, July 2007)

Ans: y = ci;cos3x + czstn3x + l—Gcosw + zc—szn:c

11. (D?>+ D + 1)y = sin2x
V3 V3

Ans: y = e 3% <c1c087w + cgsinTaz) - —(2003221: + 3sin2x)

12. y" + 4y’ + 4y = 3sinx + 4cosz,y(0) = 1,3 (0) =0
Ans: y = (1+ x)e 2® + sinx

13. y” — 4y’ + 4y = €** 4 sinx (VTU July 2019, Jan 2013)
Ans: y = (c1 + caw)e™® + tx?e?® — = _ cose

14, Ly 4 33—?; + 2y = 4cos?x

dax?
Ans: y=cie®+ e+ 1+ 1—10(3sz'n2:13 — cos2x)
15. (D? — 1)y = cos3z + sinz

Ans: y = c1e” + ce™®

— 1—10cos3zc — z8ine + 2—32 (15cos3x — 3sin3x)

16. y” — 5y’ + 6y = 13sin3x
Ans: y = c,e*® + ¢3e3® — 195/234cos3x — 39/234sin3x

17. (D® 4+ 1)y = 65cos(2x + 1)
Ans:y =ce ® + e$/2(c2003§m + cgsing) 4+ cos(2x + 1) — 8Sin(2x + 1)

18. (D? 4+ 9)y = cos2xcosx

Ans : y = cicos3x + cysin3x + l—Gcossc + w—szn?):c
19. y” 4+ y = sinxsin2z

Ans: y = cicosx + capsinx + 1—16(4wsin:c + cos3x)

20. D*(D? + 4)(D? 4 9)y = 2sin (%) cos (%)
Ans: y = ¢y + cox + c3cos2x + c4stn22x + cscos3x + cgsindx + —szna:

4.12 Type 3: If R(x) is a polynomial

If R(x) is a polynomial of degree n,

(say, R(x) = ko + kix + kox® + k2 + - - - + k,a™) then

Yo = F D)R(w) Take out the lowest degree term(or constant term) from the Denominator and
express the Denominator in the form (1 + ¥ (D)).

Then y,, reduces to any one of the following forms.

* [1+49(D)]”" R(z)
* 1 - 9(D)]"" R(z)
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« 1+ (D) *R(z)
« 1 — (D) "* R(z)

These are expanded as far as the term containing D™ by using following binomial expansions, and
then operated on R(x) term by term.

cl(l+2)t=1—2z4+22-2%+...

cll=—2)t=14+24+22+28+...

e (1+2)2=1—22+32>—42°+...

cl(1—2)"?=1+4+22+32%>+42°>+--.
Example 4.12.1. Solve y” + 3y’ + 2y = 12x?2 (VTU Dec 2010)

Solution : In symbolic form the given Differential Equation can be written as (D? + 3D + 2)y =
1222

AE.ism?4+3m+2=0

Solving this we get (m + 1)(m +2) =0 — m = —1,—2

Hence the Complementary Function is

Yo = C1€7 % + cpe™ 2

The Particular Integral is
1

12x
D24 3D + 2
1 1

= S 7or Tep 1222
<T+T) +1
(D—2+E+1)_1 1222

1 l1+ (D2+3D)}‘112 )
2 2 2 *

[ (D2 3D> (D2 31))2 ] )
1—(—+ ")+ + ) — 122

Yp =

Yr = 2 2

,_D* 3D N (D2>2+ <3D>2+2 (D2> (3D) 1942
2 2 2 2 2 2 v

D?* 3D (3D\? )
1————+(—) | 122
2 2 2

N = N= N

(- R(x) = 12z is a polynomial of degree 2, we can neglet terms with degree more than 2)

D?(12x?) B 3D(12x?) n 9D2(12w2)]

% {1(12;&) -

Yp = 2 2 4
1 24  3(24x)) 9(24)
=— |(122%) — — —
2 [( ) 2 2 * 4
= 6x? — 18z + 21
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Hence the General Solution is
Y=Y+ Yy, =cre "+ cye”?* + 62 — 18z + 21

Problem 37. y” + 3y’ + 2y = 1+ 3z + 22 (VIU July 2017, July 2016, Dec 2011, Jan 2008)

Solution: The given equation is : (D? + 3D + 2)y = 1 + 3z + z2
The AEism? +3m +2=0=>m=—1,—2
Therefore, C.F. = c1;e % + cye 2%
Pl — x> +3x+1

D2—|—3D—|—2
- (@ + 30 +1)

£ 25

1 D2 +3D\
:§< +3 ) (z® + 3z + 1)

1 D?2+3D (D?+3D\?
N—— ~
1 D?> 3D 1
:—(1—————|——(D4—|—9D2—|—6D3)——|—---)(az2+3:13—|—1)
2 2 2 4
1( 2+3x+1 1(2) 3(2 +3)+1(0+9(2)+0)>
= — | @ @€ —_ — — —(2x —
2 2 2 4
_ ! *+3z+1—-1+3 9+9)
—2\” v T2y
1
PI = —x?
2

Hence, the general solution is

Y= cre ¥+ coe 2 4 5:1:2

Problem 38. Solve ©¥ 4+ % — 22 | 25" 4 (VTU July 2013, Jan 2013)

Solution : Given equation in symbolic form is (D? + D)y = % + 2z + 4
AEism?+m =0
= m=0,—1

Hence y. = c1€%% + coe™®
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1
Pl. = ——
DD +1)

= l(1 + D)~ (2? 4 2z + 4)

(:vz + 2x —|—4)

1—D+D*—--.)(2® + 2z + 4)

~3[~Q

= —[e®+2x+4— 2z + 2) + 2]

(a:2 + 4) dx

Il
w|8,~—1

= — 4+ 4x

General Solution is y = y. + yp = 1€ + c2e™® + “;—3 + 4z
Problem 39. Solve (D?* 4+ 8)y = z* + 2x + 1

Solution: The AE.ism2 +8 =0

m? +2°=0
(m—|—2)(m2—2m—|—22):0
m:—20rm2—2m—|—4:O

24 ,/22 -4(1)(4) 2+£/712 2+ 24/3i
me= 2(1) 2 T2
m=1++3i

Therefore, m = —2, 1 + v/3i are the roots of AE

Hence, C.F = ¢;e7 2" +'e® (02 cos V/3x + c3 sin \/§m>

1 4
Pl = D3+8(m + 2z +1)

:—8(11%3>(w4—|—2a:—|—1)

~—~—

Thus, the general solution is

1 1 1
yng{wuzw“_g(%w)] =5 [&" + 22 +1 - 32]

1
PI. =§(a;4—a;+1)
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1
y:yc-|—yp:cle—25c+efc <02008V3w—|—63sin\/3m> +§(€B4—m—|—1)

Problem 40. Find the PI of (D* +5D +4)y = 2?2+ 7x + 9

Solution : 1
Sol. PI. = 247 9
© D2+5D+4(m + 7z +9)
1
= (:1:2—}—7:13—}—9)
4<1+5D+D2)
4 4
N——
-1
1 - 5D+D2 (e + T2+ 9)
4 4 4 * *
—————
_1, <5D+D2)+<5D+D2)2 (2% + 72+ 9)
Y =74 \ 4 4) \4 4) * *
_1(1 5D D2+25D2 >(2+7 W)
4 4 4 16 v w
—1(1 5D+21D2 )(2+7 +9)
4 4 16 i *
17, ., 5 X 21 .,
:Z (a: —|—7:v—|—9)—ZD(as —|—7m—|—9)—|—ED (:I: —|—7:c—i—9)
17, , 5 21
== T +9) — —(2 N+ (2
4[<w + 7z +9) A2z + )+ ( )}
1 2+9 +23
4 \F Tt Ty
Problem 41. £% — 6% | 25y = * } sinz + (VIU Jan 2006)

Solution : We have (D? — 6D + 25)y = ¢** +sinx + x
AE is givenby m? — 6m + 25 = 0
On solving, m = $£v 326_100 = 6i28i =3+ 4

Yo = c3* (c1 cos 4z + ¢y sin4x)
_ 1 2x 1 . 1
Y» = D2 6p725€ T D2_6pDt2s ST T D2 epiasT
= p1 + p2 + ps3 (say)
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1

2x

D1 =
1

D? —6D 1 25°

2x

6233

17
1

22 _ 6(2) + 25

sin x

D2
1 :

————_ S1

24 — 6D

B 1

"~ 6(4— D)

D2 — 6D + 25

nx

sin ©

_ (4+ D)sinz

~ 6(16 — D?)

4sinx + cosx 4sinx 4 cosx

6(17)

P3s =

Complete solution : y = y. + yp
Thus

y = €** (c; cos4x + cysindzx) + —

102
1

D2 — 6D 125"
1

D2 6D

25(2 =82 11

1{ (D2 617)]“1
Ay (=— 22 x
25 25 | 25

1 D?2 6D
(=== z
25 25 25

€T 6

25 ' 625

1
— (25¢ 4+ 6

625( +6)

where y, = p1 + p2 + D3

2z 4sinx + cosx

Replace D*by — 12 = —1

17 102

Problem 42. (D — 2)%y = 8(e** + sin2x + x?)

Its AE. is (D — 2)® = 0,

. D=2,2

Thus CF,= (¢; + c.x) e*®
To find P.1I.

1
25x + 6
+ 625( +6)
( VTU 2012, Dec 2011)

Solution: (i) To find CF'.
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8 1 2 | 1 n 22 4 1 9
- € ————- SINn a4 D r— 4
(D —2)? (D —2)? (D —2)?

= p1 +p2+Ps3 (say)

PI. =

1 2x
= ————¢€
(D —2)?
1
w—e2z
2(D — 2)
1 2x
2(1)
2

_ 2
2

D1

1
= ——sin2x
D2 (D— 2)2
1 .
= sin 2x
D2 —4D 4+ 4
1

T (—22) —4D + 4

1
:——/sin2wdm
4
B 1.,/ — cos2x
4 2

1
= ~ cos2x
8

sin 2x

1 2
= — =
(D —2)?

(-3
=-(1-=) "=z
4 2

[1 + (=2) (D) + (=2)(=3) (—2)2 -|—] x?

2 21 2

D3

N N e

3D? )
<1—|—D—+— 1 —l—)x

(o)
=—-|x T+ -
4 2

Thus PI. = 42%e3® + cos 2x + %(2.’1}2 + 4x + 3) Hence the G.S, is

Y = Ye + Yp = (c1 + cox) €** + 4x%€*® + cos 2z + 22 + 4z + 3
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Pratice Problems

1.

10.

11.

12.

13.

14.

15.

16.

y" + 4y’ — 12y = e2® — 3sin2zx (VTU Jan 2016, Dec.2015)
Ans: y = c1€%® + coe 5% + “’%M + 4—30(005233 + 2sin22x)
(D?® —6D? + 11D — 6)y = 2% + cos2x (VTU July 2013)

Ans :

Yy = c1e® + cye?® + c3e®® + (l092)3—6(log§§32+11(l092)—6 + %(143@'712:1: + 18cos2x)

: 37?4 + 2% + L = e + sin2z (VTU Dec 2011, Jan 2009)
Ans:y =c1 + (ca + cgxr)e ™™ — %mze_m + 5—10(3cos2m — 4sin2x)
LY — 6L + 25y = * + sinz + @ (VTU Jan 2006) Ans

e3*(c;cosdx + casindx) + y,

(D — 2)%y = 8(e** + sin2x) (VTU Jan 2017, Jun-2012, Dec 2011, Dec 2014, Jun 2014)
Ans: y = (c1 + caox)e?®® + 4z%e®® + cos2x

(D — 2)%y = 8(e** + = + x?) (VTU Jan 2017)
.y’ — 4y’ + 4y = €2 + cosxz + 4 (VTU Jan 2013) Ans :
Yy = (Cl —+ czx)ez‘” + %w2€2$ — cc;za: —|— 81,19:13 —'— 1
.y — 4y + 4y = €>® + cos2x + 4 (VTU July 2008, Feb 2005, Jan 2015)
Ans: y = (c1 + caw)e®® + 1xp2e?® — =022 4
(D3 — D)y = 2e* + 4cosx (VTU June 2014, July 2011) Ans :

Yy = cy1 + c2e®” 4 cze™® + xe® — 2sinx

Py 128y 4 I — o= L gin22 | (VTU Jan 2017, July 2016, Dec 2011, 2004)
Ans: y=c; + (c2 + czxr)e ™ — %26_‘"’3 + 5—?;)cos2zc - %sin2m

32714 + 23—?; +y=e*® —cos’rAns: y = (c; + cax)e™® + % + %(28’1:71,213 + cos2x)

(D? 4+ 5D + 6)y = cosT + e 2® Ans :
Y = cre 2% + coe 3% + ll—O(sina: + coszx) + xe*

Y’ +2y +y =e*™ —cos2xy = (c1 + caw)e " + ;€2 — 1 — & (4sin2x — 3cos2w)

Py fay =22 fe® (VTU June 2012, June 2015) Ans :
Yy = c1c082x + casin2x + %2 — % %e—m

(D3 — D)y = 2x + 1 + 4cosx + 2¢e* Ans :
Yy = c; + c2e® + cze ™ + xe® — (22 + x) — 2sinc

Py 1 4y = 22 + 27° + log2 (VTU Jan 2018)
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17. (D — 2)%*y = 8(e** + x= + x?) (VTU Jan 2017)
18. ¥y —6y” + 11y’ — 6y = 1 + x + sinx (VTU July 2017)
19. 327321 = 5% + 6y = e2* + sinx (VTU Jan 2006) Ans :
y = 1™ + 263" — ze®® + - (sinx + cosx)

20. ¥y’ — ¢y — 2y = x + sinx (VTU 2015 Model) Ans :
Yy = cie % + cpe?® + ;11 — %m + 11—0 (cosz — 3sinx)

21. LY 4 y = 2cosz (VTU July 2016, Dec 2015, June 2012) Ans :
Y = c1coSx + castnx + rsine

2.y + 4y = e + 22 (VTU July 2017, JUly 2013, June 2012) Ans:

. —x
Yy = €1€082x + cy8in2x + — + iazz — %

23. d*y + 23—;’3 + 4y = 2x2% 4+ 3e™® (VTU Jan2018, Jan 2017, Jan 2013, Jan 2008)
Ans: y = e_”:(clcosx/gw + c2sin\/§w) + %:c2 - %w + e ®

dx?

24. y” — 4y’ + 3y = 20cosz, (VTU July 2011)
cie® + cpe3® + %(40003:13 — 80sinx)

Ans :

25. y” — 5y’ + 6y = € + x (VTU Jan 2013) Ans ;' y = c1€*® + 33 4 xe® 4 2 + >

26. y" — b5y’ + 6y = 2e” + 4cos2x (VTU July 2016)
27. y" — 5y’ + 6y = €3® (VTU July 2008) Ans: y = c1€2® + cye3% 4 xe’®
28. y" — 5y +6y == (VTU July 2007) Ans: y=ce®® + ¥+ 24 5
29. Ly 4 oy 4 4y — 3e—@ (VTU Jan 2013) Ans :

y = e %(c1co8\/x + c3sin/3x) + e

30. L4 3% 4 oy = 22 (VIUJUly2008) Ans: y = cie® + cpe?* + & 32 1 7

da?
31 Ly 3% 4 oy = 32 4 e” (VTU July 2017, July 2016, Dec 2010) Ans :
y=cie® +ce®® + 2 3 4 T gev
32. y" + 2y’ + 3y = 2 — coszx (VTU July 2009)
Ans: y = e_m(clcosx/i:v + c2sin\/§m) + w—; — ‘51:13 + % + }lsinm + %cosaz
33. y” + 2y’ + 3y = x? + coszx (VTU Feb 2005)
Ans: y = e_w(clcosx/ia: + c2sin\/§m) + %2 — gm + % - isinm - icosaz
3. (D*—D —-2)y=1—2x —9e™® (VTU June 2010)
35. Ly W gy —1 22 (VTU Jan 2007) Ans: cie™® 4 e +x — 1
36. Ly 3% 4 2y = 4a? (VTU JUly 2017)

37. €y 4 23—?; +y =2z + x2 (VTU July 2011) Ans : y = (c; + c2x)e™® + x% — 2z + 2

dx?

Dr. Shantha Kumari.K.

AJIET, Mangaluru



Lecture Notes - BMATC101 (Mathematics-I for Civil Stream- Module 4 ) Page 39

38.

39.

40.

41.

42.

43.

44.

(D2 —5D4+1)y=1+ x? (VTU July 2009) Ans:
() | o, 1 g0

Yy =ce\? 2 + cpe\? 2 + x* + 10x + 49

y'+3y +2y=1+3x+x*> (VIU July 2017, July 2016, Dec 2011, Jan 2008) Ans :

— —x —2x w_z
Yy =cre *+ cze + >

Ly 4 Py 49 4 4y — 2% 42046 (VTU Feb 2005) Ans :
Yy =cre®+ cyCos2x + c3Sin2x + %2 + %

y" + 4y’ + 4y = 8x2 Given y(0) = 1,y’(0) = 2 (VTU July 2016)
(D*+D —-2)y=1—x+ «? Ans:y:cle‘”+c2e—2w—"’—;—1
(D> +3D +2)y =2z>+4z +1 Ans: y=cie*+c—2e*® x> —x+1

(D — 2)%y = 8z? Ans: y = (c1 + cox)e®® + 2% + 4z + 3

4.13 Method of Variation of Parameters

To solve a second order Linear differential equation, under the method of variation of parameters, we

first find Complementary Function, which takes the form y: = c;y1 + c2yo.
Then we find a term called Wronskian(W), which is given by

W:’y} yf
Y Y,

Then the PI. is

Yp = A(x)y1 + B(x)y:

where A(x) and B(x) are given by,

w

A(x) = — / —R(a:) Y2 o

B(x) :/wdaz

General Solution is y = Y. + Yp.

Example 4.13.1. Solve % + y = tanx by the method of Variation of Parameters (VTU July
2013, July 2009, Jan 2009, Dec 2010, 2015 Model)

Solution : The symbolic form of the given equation is (D? + 1)y = tanx

A.E.ism? +1 =0 = m = =i (one pair of imaginary roots)
Hence the Complementary Function is y. = cycosx + cesinx
This is in the form c1y; + c2ys.
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. Y1 = COST, Yz = SINT
The Wronskian is given by

Y1 Y2
yl yz
cosr sinx

—8inT cosT

— cos’x + sin’z =1

The Particular integral is y, = A(x)y1 + B(x)y2, where

A(x)

B(x)

Hence

Yp = A(x)y1 + B(x)y:

A(x) =

_/R(if’) Y2 .

w

— /ta/n,a: sinxdx

sinr
— stnxdx

COST

sin’x
— dx
cosx
1 = cos?*x
— | ———d=x
coS®x
1 cos’x
— — dx
cosT cosT

— /(secm — cosx)dx

= — [log(seex + tanz) — sinx]

— e —

I

sinx — log(secx 4 tanx)

R
() v der

w

tanx cosxdx

sine
cosxdx
cosx

stnxdx = —cosx

= (sinx — log(secx + tanx)) cosx + (—cosz) sinx

= sinx cosx — cosx log(secx + tanx) — sinx cosx

= —cosz log(secx + tanx)

Dr. Shantha Kumari.K.

AJIET, Mangaluru



Lecture Notes - BMATC101 (Mathematics-I for Civil Stream- Module 4 ) Page 41

The general Solution is
Y = Ye + Yp = C1€0ST + casinx — cosx log(secx + tanc)

Problem 43. vy — 6y’ + 9y = % (VTU Jan 2017, July 2017, Dec 2014, June 2011, Dec 2011)
Solution: AE.isD? —6D +9 =0

ie,(D—3)2=0

e, D=3,3

CF = (c1 + cox) €3® = ¢,€3® + coxe®® = c1y; + caya, where y; = €3%, y, = xe3® and

Y Y2
W = ‘ ’ ’
Y Y,
B e3r red3®
| 3e3® (14 3x)e®®
— eﬁm
e3w
R(X) - F
Pl = A(z)y;, + B(x)ys,
R
where A(x) = — #2R(x) dx
\%\%
R
and B(x) = / yRE) dx

red®e_
A(x) = —/—wdm

= [ —dx = —logx

3z , ,3x
B(x) = /idm

eﬁm . m2
1 1
= —dx = ——
x2 T
PL = A(z)y1 + B(x)ya2,
1
= —e**logx + xe®* (——)

x
= —e**(1 + log )

CS.is:
y = (c1 + cox) €3 — e**(1 + log )
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Problem 44. Solve by the method of variation of parameters

y"” 4+ a’y = secax

Solution : The AE is m? + a? = 0 = m = +a4 Therefore,
CFE = c¢ycosax + casinax

This is in the form c;y; + c2y>

where y; = cosax, Yy = sinax

Here

Y1 Y2
YL Y

’ cos ax sin ax

W =

—asinaxr acosazx

= a(cos2 ax + sin? ax)
=a
P.I. = A(x) cos ax + B(x) sin ax where
A@) = - [£2 D,

w

sin ax secax
= — dx

a

1
A ——/tanaccdw
a

1log(sec ax)

a a

1
== log(sec ax)

B(x) = /Mdaz

w

cosaxr secax
= dx

a
1
:—/da:
a
1

= —x
a

Therefore,

x
PL = —— log(secax) cosax + —sinax
a a

T
G.S.y =y.+ yp = cicosax + cysinax — — cosax log(sec ax) + — sinax
a a
Problem 45. Solve by the method of variation of parameters

y” + y = cosecx

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATC101 (Mathematics-I for Civil Stream- Module 4 ) Page 43

Solution: The AEism?+1=0= m = +1

Therefore,
CF. =c¢cicosx + cysinx
Here y; = cosx y, = sinx
Y1 Y2
yl yz

cosx sinx

—sinx cosx

—cos?x +sin’z =1
Pl. = Acosx + Bsinx

A:—/wdw

w

sin xcscx
=— | ——~dx
1

—/ldm = —x
_/ nR@)

COS cccscac

®
|

cot xdx = log(sin x)

/ COS T * dx
sin

Yp @ cos x+ sin x log(sin x)

G.S., y=1Yc+ yp =c1c0sT+ casinx — x cos ¢ + sin x log(sin x)

Problem 46. Solve : % + y =secxtanx

Solution: The AEism?24+1=0=m = +14

Therefore,
CF =cicosx + cysinx
Here y; = cosx y, = sinx
Y1 Y2
o=l % ]
Y, Y,

cosx sinx

—sinx cosx

—cos?x +sin’z =1
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A:—/de

w
/sinw secx tanx

1

= —/tanzmda}
:—/(seczm—l)dw

= —[tanx — x|

dx

=x — tanax

B:/wdw

/ cosxrsecxtanx

= /tana:da:

= log(sec x)

dx

Therefore,
PI. = (x — tanx) cosx +log(secx) - sinx

Hence, the general solution is
Yy =cicosx + cesinx + (& — tanx) cosx + sinx log(sec x)

Problem 47. Solve: ©% + 4y = tan2a. (VIU Jan 2020, Jan 2018, July 2017, Jan 2016, June
2012, Dec 2011, Dec 2014, July 2008)

Solution: AE.isD?2+4=0, - D=%2i
Thus C.F.is y = ¢; cos 2x + e sin 2x.
Here y; = cos 2z, y» = sin 2z and R(x) = tan 2z

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATC101 (Mathematics-I for Civil Stream- Module 4 ) Page 45

PL = A(X)y: + B(x)y2

R(x
%4
/sin 2x tan2x
= — dx
2
1 / stn2x sin2x
= —— dx
2 cos 2x
1 / sin? 2z
= —— dx
2 cos 2x
1
= /(sec 2x — cos 2x)dx
_ llog(sec2z + tan 2x) n sin 2x
2 2 2
R(x
B(z) = le()dw
cos 2x tan2x
B(x) :/ 5 dr
1 .
= —/sm 2xdx
2
1
= ——cos2x
4

Yp = A(z)y1 + B(x)y:

1
= — °o8 2x log(sec 2& + tan 2x)
1
Y = Y + Yp = €1 cOs 2 + €38in 2 — Fha 2z log(sec 2z + tan 2x)

Problem 48. Solve by the method of variation of parameters : y" — 2y’ +y = % (VTU July
2016, Jan 2013, July 2007)

Solution :
AEism?>—-2m+1=0= (m—-1)2%?=0
m = 1, 1 are the roots of A . E
CE = (Ci + Csx) €® = c1€” + coxe”

Here, y; = €*, y, = xe”

Ly =¢€e%y, = (x+1)e”

W = y1y; — yoy; = €**

Also R(z) = &

x

Further, we have A(z) = [ _szR(m)dm and B(x) = [ ylﬁf(m) da
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Yp = (—x) €” 4 (log =) ze”
GSy=y.+y,=(Ci+ Crx)e” + (—x) e” 4 (log ) ze”

Problem 49. Solve: y"” — 2y’ + y = e®logx (VTU July 2006)

Solution : To find C.F. Its AE.is (D — 1) =0, ./.D=1,1
Thus C.F.isy = (c1 4 cax) €
To find PI. Here y; = e®,ys = xe® and X = e”logx
Y1 Y2 € re
W = =
‘ Yi Y ‘ e’ (1+z)e”

xr x

— L2z

A(x) = _/—R(;v}; yzdm

/ xe®. e’ logx
= — dx
629:

= —/wlogwdw

Integrate by parts by taking log « as first function,

2 1 2

x> x?
— (2 _

(2 o8 4)

B(x) = /de

et .elogx
629:

= /logwdaa

= (xlogx — x)
Yp = A(x)y1 + B(z)y2

1
= Zmzew(2 logz — 3)
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Hence G.S. is N
Y=YctYp= (cl + 0233) e’ + szem(z logx — 3)

Problem 50. Solve: 2% — y = 12, (VIU July 2016, July 2005)
Solution : The AEism?2 —1=0=m = +1

Therefore,

CFE =ce” +cye™™

Here y; = e*andy, = e™*

—2
e—il:

= / dx

1+ e

| st

= | ——dx

e* (e~ +1)

e

-z, o~
= /—dw Pute ™ +1 =t = e *dx = —dt
e *+4+1

= (t —1)(—dt)
N / t

-
(i)

=logt—1t
= log (e_m + 1) — (e_Cc + 1)

B:/Mda:

_ /de

eili
er +1

= —log(e”+1)

i (=)
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Therefore,
PL. = [log (e_“’ + 1) - (e_’” + 1)} e —log(e®+1)e™ "
Y="Yc+ Yp
=cie® + e ®+elog(e®+1) —1—e” —e “log(e” +1)
Problem 51. Solve: y' — 2y’ + 2y = e®tanx (VTU Jan 2010, June 2015)

Solution : The A.Eism? —2m +2 =0
m = —2iV24_8 =143
Therefore,

CE = e®(cicosx + cysinx)
Hence y; = e*cosx, vy = e®sinx
Y1 Y2

’

(TARETA

e’ cosx efsinx

w=|

e”(—sinx + cosx) e*(sinx + cos )

e (cos x sin ¢ + cos? a:) — e (— sin? x + sin x cos a:)

e (cos x sinx + cos* @ + sin® x — sin x cos :13)
— e2w

PI. = Ae® cosx + Be® sin « where

A:—/Mdm

w
e“tanx X e*sinx
= — T
e2m

. sin x
= — [ sinx - dx

COs T
sin? x

= — dx
COS T

1 —cos’x
S
cos

= — /(secw — cosx)dx

= —[log(secx + tanx) — sinx] = sinx — log(sec x + tanx)
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B:/de

e®cosx X e*tanx
- 62:2

dx

= /sinmdw = —cos<T

Therefore,

PI = [sinxz — log(sec x + tan x)]e® cosx + (— cosx)e® sinx
= e®[sin ¢ cos ¢ — cos x log(sec  + tan x) — sin x cos ]

PI. = —e” cos x log(sec x + tan x)

Hence G.S. is
Y=Y+ yYp =e€"(cicosx + cosinx) — e” cos x log(sec x + tan x)

Problem 52. Solve: ©¥ 4 y = 1 (VTU Model 2018, June 2015)

1+sinx

Solution: The AEism? +1=0= m = +1:
Therefore,
CF =cicosx + cysinx

Here, y; = cosx, vy = sinx

Y Y2

(TR TA —'sin® cosx

‘ cosx sinT

w:’ ’:coszw—ksinzw:l

Pl. = A cosx + B sin x where

A:—/de

w

. 1
S X ( n >
1+4sinx
= —/ dx

1

sin
:—/—_dw
1+ sinx

. (1 —sinx)
=— [ sine—F——dzx
1—sin“z

sinxz — sin?
= — dx

cos2
sin sin? z
= — — dx
cos? cos? x

= — / (tan:vsec:z: — tan? :13) dx
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A= —/ [secmtanaz — (seczzc — 1)} dx

= —[secx — (tanx — )] = tanx — secx — x

R
B:/ﬂiﬂm
w
1
COST \ —/——
:/ (l-i-51nm>dm

cos T
= dx
1 + sinx

Putl +sinx =t = cosxzdx = dt

dt )
B = /? = logt = log(1 + sin x)
Therefore,
PI. = (tanx — secx — x) cos '+ log(1 + sinx) sinx

Hence, the general solution
Yy =ci1cosx + cpsinx + cosz(tanx — secx — x) + sinx log(1 + cos x)
Problem 53. Solve: y"” + y = xzsinx (VTU Jan 2016)

Solution : The AEism?+1=0= m = 41
Therefore,
CEH =cicosx +cysinx

Pl. = Acosx 4 Bsinx

Herey; = cosx, y; =sinx
Y1 Y2
Y1 Yy

cosxT sinxT

w |

—sinx cosx
—cos?x +sin’z =1

A:—/Mda}

w

sinx - xsinx
= — dx
1

= —/:l:sin2 xdx

1— 2
—/m—( (:205 sz)dalz

1
= —5/(:13 — x cos2x)dx

1) -0 ()
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A x? n 1 (xz . 2+ 1 .
= ——+4 — < —sin2x + — cos2x
4 2 (2 4
2 1
= —— + —sin2x + — cos 2x
4 + 4 + 8
B — / R(m)i‘h
x sin x cos
/ ——dx
. / x sin 2a:
1 [ — cos 2x — sin 2:13}
= — |x —_
2 4
T 22 + 1 9
= — cos 2x + — sin 2x
4 8
Hence, the general solution is
Pl z* + T s 2x + ! 2
. = —— 4+ —sin2x + —cos2x | cos @
4 4 8
n x 2 -+ 1, 4 .
——cos2x + —sin2x |'sinx
4 8
. 3 x| 1
Yy =cjcosx + cysinx + —Z + Zs1n2az + gcos2az COS T
+ ( ® cos 2z + ~ sin2 ) i
——cos2x + ~sin2x )sinx
4 8
4.14 Practice problems :
Solve the following differential equations by the method of Variation of Parameters.
1. Solve Y +y = tanx (VTU July 2013, July 2009, Jan 2009, Dec 2010, 2015 Model)
2. Solve: % + y = secx (VTU June 2019, July 2008)

3. Solve Y + a’y = secax (VTU Jan 2017, July 2016, Jan 2015, Jan 2014, July 2011, Dec

2010, Jan 2015)

4. Solve Y + y = cosecx (VTU July 2016)

5. Solve: % + 4y = tan2x (VTU Jan 2020, Jan 2018, July 2017, Jan 2016, June 2012, Dec

2011, Dec 2014, July 2008)

6. Solve: % + a?y = tanazx (VTU July 2005)
7. Solve:(D? + 1)y = secxtanx (VTU Model 2018, July 2013)
8. Solve:y” — 6y  + 9y = w—m (VTU July 2017, Jan 2017, Dec 2014, June 2011, Dec 2011)
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9. Solve: ¢y — 2y’ +y = % (VTU July 2016, Jan 2013, July 2007)
10. Solve:y” + 2y’ + y = e *logx (VTU July 2017, July 2014, Jan 2007)
11. Solve: y” — 2y’ + y = e*logx (VTU July 2006)
12. Solve: y” — 2y’ + 2y = e*tanx (VTU Jan 2010, June 2015)
13. Solve: 24 4y = L (VTU Model 2018, June 2015)
14. Solve: (D? — 3D + 2)y = H% (VTU July 2017, June 2010)
15. Solve: % —y = H% (VTU July 2016, July 2005)

16. Solve: (D? 4+ 4)y = 4sec*2x (VTU Dec 2015)

4.15 Linear Differential Equation with variable coefficients

In this section, we shall study two special forms of linear equations with variable coefficients, namely
Cauchy’s homogeneous linear differential equations and Legendre’s homogeneous linear differential
equations, which can be reduced to linear differential equations with constant coefficients by a suitable
substitution.

4.16 Cauchys Homogeneous Linear Differential Equations

A linear differential equation of the form,

dn dn—l n—2

n n—1 n—2 y
agr — + a1 + asx
dxn dxn1 dxn—2

+ ot + any = R(x) (1)

where a;, ag, « - - a,, are constants and R(x) is either a constant or a function of x only, is called
Cauchy’s homogeneous linear differential equation. Note that the index of @ and order of derivative
is same in each term of such equations.
The above equation can be reduced to linear differential equation with constant coefficients, by sub-
stituting

x=¢€e* (or) logr ==z

so that
dz

dz
Using chain rule for differentiation we obtain

1
T

dy dydz dyl
de dzdx dzzx

dy _dy _

—— @ =
dx dz
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where
d
D= —
dz
Similarly, for the second order derivative
dy d (dy) _d <1 dy>
de?  dx \dz) dz \z dz
_ —lay n 1 d [/dy
 x22dt  x dx \dz
_ —1dy+ 1d (dy) dz
22 dt  xdt \dz/) dx
_ —ldy 1 d?y 1
 x2dz  xdz? x
1 /d’y  dy
 x2 \d2?  dz
1
= ;(Dz — D)y
4%y d
== |z @:D(D—l)y where D = =

5TV _ pp—1)(D—2)y

Similarly, | =
dxz3

and so on.
In general, we have the relationship

dn
w"d—y:D(D—l)(D—Z)---(D—n—I—l)y
mn

Substituting the above values of x, wj—g, wZ%, cee w“ﬁl—g in the Equation (1), we get a linear
differential equation with constant coefficients which can be solved with the methods discussed in
previous lessons. Finally, by replacing z by logx we obtain the desired solution.

. m2d%y dy — ;2
Example 4.16.1. Solve : x* 5 — 4z ;2 + 6y ==

Solution: The given D.E. is a cauchy’s linear D.E.
To solve this we use the substitution,

(or)

d?y
Then, r— :D’y , ‘D2E :D(D— ]_)y «+«+« wWhere D = %
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Substituting the above values of x, wg—y, x

2dy

7=z in the given Differential Equation, we get

D(D — 1)y — 4Dy + 6y = (et)2
(D* — D — 4D + 6)y = e*
AE.ism?—-5m+6=0
Roots are m = 2,3

CYe = cre?t 4 cpedt

1
Up = [D2—5D+6

o,

L5
4—5
= —te?
. GS. isy=vy.+Yp

= ¢ e? + cpe®t — te?t

] e?  (Typel)
D=2

Resubstituting ¢t = logx and e’ = =z,

y = c12? ¥ cpx® ~ (logz)x?

Problem 54. Solve : :B— —2y/x =z +1/x?
Solution :The given equation can be written as
2,1 2 1
Yy’ —2y=x"+ —
T

Putlog x = z or x = €7, then

xy’ = Dy and

2’y =D(D —-1)y

where D = d% Now the given DE can be written as

|ID(D —1) —2|y = (e*)" + (e*) "
(D2—D—2)y:ezz—|—e_z

This is a linear differential equation with constant coefficients.
The AEism? —m —2 =0
= m-2)(m+1)=0=>m=2,—1

CFE = cie?® + coe ™ = 1% + coxr™t
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1 0 1 _
Pl. = e |+ e ?
D2 _D—2 D2 _D—2
1 2z+ 1 —z
= . e Z e
2D —1 2D —1
_zezz ze %
3 -3
1
2z —z
= —z(e“”* —e
Le(er - o)
1

= 3 log x (mz — m_l)

general solution is

1
Yy = c1x? 4+ cor ™ + g log x (332 — m_l)
Problem 55. Solve : x%y"” — xy’ + y = 2logx

Solution: This is a cauchy’s linear differential equation:
Putlog z = z or x = €?, then xy’ = Dy, z%y” = D (D — 1) where D =
The equation becomes,

[D(D—-1)—D++1]y =2z

(D> —2D 1)y =2z
The AEism?2 —2m +1=0=m =11
Therefore, C.F. = (¢1 4 c22) € = (1 4 c2logx) @
2z 2z
D 2D 1 1+ (D?—2D)
= [1+4 (D*=2D)] " 22
=[1— (D*—2D) +---] 2z
=[2z—-=(0—2(2))] =22+14
PI. =2logx + 4

PI. =

Hence, the general solution is
y=(c1 +cxlogz)x + 2logx + 4

Problem 56. Solve: x2y” — xy’ + y = 2 cos?(log x)

Solution: Putlogxz = toret = x

a
dz

( VTU June 2014)
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d
xy’ = Dy,z*y”" = D(D — 1)y where D = o

D(D — 1)y — Dy +vy = 2cos*t
(D(D —1) — D + 1)y = 2cos*t
[D2—2D+1}y=2cos2t
m?*—2m+1=0=>m=1,1
Y. = (c1 + cat) €
= (c1 + ca2logz) x

1

= 2cos’t
YP =D Dt
1
= (1 + cos 2t)
D2 —-2D +1
1 ot cos 2t
= e
D2 —-2D +1 D2 —-2D +1
= P, + P; (say)
1
P]_ =
D2 —-2D +1
— 1 ot
D2 —2D~+1
e ;eot = 1 =1
0—2(0)+1 1
1
P, = cos 2t
D2 —2D +1
1
= cos 2t
—4 —-2D+1
= ————cos2t
—2D — 3
(2D — 3)
= cos 2t
—(2D + 3)(2D - 3)
_ 2D(cos2t) — 3cos 2t
N — (4D2 — 9)
_ —4 sin 2t — 3 cos 2t
N 25
_ —4sin(2logz) — 3 cos(2logx)
N 25
Yp = D1+ P2
—4sin(2log x) — 3 cos(2log x)
25
Y="Yc+ Yp

—4sin(2log x) — 3 cos(2log x)
25
Problem 57. 22%Y — 2% | y = logx (VIU July 2017)

= (c1 + c2logz) x + 1 +
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Sol: Setting z = log «, the given equation becomes

d
| D(D —1) — D + 1]y = z, whereD:d—
z

(D - 1)y ==z

For this equation,
CE = (c1 + c22) €7

and
1

~ -y
=(142D+3D*’+---)z=2+2

PI. z=(1—- D)2z

Therefore, the general solution of (i) is
y=C.F+PI=(c1+coz)e*+2z+2
Since z = log x, this becomes
y=(c1+cxlogz)z+logxr+2

Problem 58. Solve m3% + 2m222732’ + 2y =10 (a: » i)

Solution : Putting z = log « (or © = e*), the given equation becomes

[D(D — 1)(D — 2) + 2D(D— 1) + 2]y = 10 (e* + e™7%)
ie. (D3 —D? ¢ 2) y =10 (ez + e_z)

where D = %. For this equation, the A.E. is

m3—m2+2E(m+1)(m2—2m—|—2):O,

whose roots are —1, 1 =& 4. Therefore,

CE =cie”® 4 e*(cacosz + czsin z)

1

HL=0rnm_2p+2)

(10€* 4 10e~%)

1
= —e*+10- ——e 7

GSis
y=-ce 4+ e*(cacosz+ cgsinz) + 5e* + 2ze™*

Since z = log «, this becomes

c 2
Yy = i + x (cz coslogx + cssinlogx) + 5 + — logx
T T
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4.17 Legendre’s Homogeneous Linear Differential Equation

A linear differential equation of the form is

dm dn—l —2
as(az + )" 5 +ailae + 0" Faar + OIS0

n—1

+ -+ any = R(x)

where a1, a2, - « - a,, are constants and R(x) is either a constant or a function of x only, is called a
Legendre’s homogeneous linear differential equation. Note that the index of (a + bx) and the order

of derivative is same in each term of such equation.

To solve the Equation (2), we introduce a new independent variable £ such that ax+b = et,or log (az+
b) = t so that

d
(ax + b)—y = a Dy
dx

d?y
(ax + b)2ﬁ =a’*D(D~1)y
d3y
(az + b)3E =a*D(D - 1)(D-2)y
Substituting the above values of (ax + b)%’ (ax + b)2%, ceoy(ax + b)nj:—g in the Equation

(2), we get a linear differential equation with constant coefficients which can be solved easily. Finally,
by replacing ¢ by logx we obtain the desired solution of the given differential equation.

Problem 59. Solve: (1 + 2)?%Y + (14 )% 4y = 2sinlog(1 + ). (VTU June 2012, Dec
2014)

Solution: This is Legender’s Linear DE.
putt = log(1 + x) or (z + 1).= e! then
d?y

d
i 1D(D — 1)y; where D = o

d
(1+2)2Y = 1.Dy, (W4 z)?
dx

Hence the given equation becomes
(D(D—-1)+ D+ 1)y =2sint = (D?*+ 1)y = 2sint
AEism?+1=0=m = +1i

Yo = cy1cost + cosint

= ¢y coslog(1l + @) + c2 sinlog(1 + x)

1
= —— 92gint, D? — —(1?

1
=t —2sint
2D
= —tcost
= —log(1 + «) coslog(1 + x)
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complete solution: y. + yp
Thus y = ¢; coslog(1 4+ x) + ¢ sinlog(1 + x)
— log(1 + «) coslog(1 + x)

Problem 60. (3x + 2)%y” + 3(3x + 2)y’ — 36y = 3x®> + 4x + 1 (VTU July 2016)

Solution : This is a Legendre’s Linear Differential equation.

Put log(3z 4+ 2) = z or 3= 4+ 2 = €*

=z =3 (e* —2)

then

(3z + 2)y’ = 3Dy, (3x+ 2)%y” =32D(D — 1)y where D = &
Given DE can be written as

[32D(D—1)—|—3-(3D)—36}y:3E(ez—2)r+4[%(ez—2)} +1

(9D2—9D+9D—36)y:3[%(ezz—4ez—|—4)}-|-§QZ_§_|_1
(9D2 36) _12z 4z+4+4z 8+1
y=3° 3¢ T373° 73
1
9(D2—4)y:§(e2z—1)
1
D2—4 = 22_]_
(D —4)y £ (e =1)

The AE is m? — 4 = 0 = m = 2, —2 Therefore,

C.F =cie®”* +coe ™ =¢;(8x + 2)? + c2(8x + 2) 2

11 ,, 1 1

PL=—— €% ———
27 (D2 — 4) 27 (D? — 4)
1 1 11

2z
_z . —e —_—
27 (2D) 27 (0 —4)
1 2 1
= —=ze —
108 108
1 2
= — (ze** +1
108 ( * )

1
= 108 [log(3z + 2)[3z + 2]* + 1]
1

= 108 [((3z + 2)*log(3x + 2) + 1]

G.S. is
Y=Y+ Yp
1
=c1(8z + 2)* + (8 +2)7% + 108 [((3z + 2)*log(3x + 2) + 1]

Problem 61. Solve: (2z — 1)2%Y 4 (22 — 1)% — 2y = 822 — 22 + 3
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Put 2z — 1) = €' = t = log(2z — 1)

d*y

~ 2 —4D(D -1
T2 ( )y

d
(2z — 1)—y = 2Dy; (2 — 1)?
dx

t
Here 2z —1=e' = x = <1
Given Equation is:

t 1 2 t 1
[4D(D—1)—|—2D—2]y:8<e: ) —2(8: >+3

=>(2D2—D—1)y:e2t—{—§et—|—2

1
ItsAEisZmz—m—1:0=>m:1,—§.
C.F. = c,et + cze_%t
= (20 — 1) + c;(2z — 1) 73
1 3
PI = e + —e' + 2
2D2—D—1< +2 +
1 3 1 1
2t t ot
= e — e 2 e
2D?2 — D —1 +22D2—D—1 +()2D2—D—1
1 3
2t t
= —t - e 2 —
8 -3 +2 4D — 1 * —1
e2t 3 e3t
= — 4+ -t [ — -2
5+2 (3)+( )
e2t  tet
5 "2
2x — 1)2  log(2x — 1) (2 — 1
_e—1P lge-1)@22-1)
5 2
G.S.is
y:yc+yp

= c1(2¢ — 1) ¥y (22 — 1)z
2z — 1)  log(2z — 1) (2= — 1)
5 2 B

2

Problem 62. Solve (1 + zc)2% + (1+x)% + y = sin {log(1 + =)?}
Solution : Putting z = log(1 + x), the equation becomes

or D(D — 1)y + Dy + y = sin2z

(D? + 1) y = sin 2z,

where D = d%AE.ismz—l—l =0=>m =+

This yields

C.F. = cycosz + cysinz = ¢; coslog(1l + x) 4 ¢ sinlog(1 + )
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and 1
P.I. = (sin2z)
D2 +1
1 .

= ———(sin 2z2)

_22 _|_ 1
1.
= ——sin2z

= —% sin {log(1 + x)*}
Hence G.S. is
Y="Yct+ Yp
= ¢y coslog(l + x) + co sinlog(1l + ) — %sin {log(1 + =)}

Problem 63. Solve: (2z + 3)?%¥ — (2z + 3)% — 12y.= 62

Solution : Putting z = log(2x + 3), or 2 + 3 = &7, the given equation becomes
2’D(D — 1)y — 2Dy~ 12y = 3 (e* — 3)

AEis4m2—6m_12:0:>m:3i:1/ﬁ

V57 — /57
O R R
_JET
— 01(233 + 3)< )10g(2:1:+3) + Co (21: + 3)( )10g(2w+3)
1
PI = 3(e*=13)
4D2? — 6D — 12
1 1
= 3e® — 0z
4D? — 6D — 12 4D? — 6D — 12
3 9
— e _— 0z
—14 =12

S
BT 4

GSis
o
y = cl(2w +3) () g4 | 9 4 3) (P los2e4®)

— — (2 3 =
14( vt )+4

Problem 64. Solve (22 4+ 1)22% — 6(2z + 1)% + 16y = 8(2z + 1)?

Sol:

Put z = log(2z + 1) = 2x + 1 = ¢€°
dy d

2 1)— =2D D= —

( T+ )dm Yy, d=
d2

2z +1)*2Y —4D(D - 1)y
dx?
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= (4D(D — 1) — 6(2D) + 16)y = 8(2x + 1)?
[4(D? — D) — 12D + 16] y = 8 (e*)?
(4D* — 4D — 12D + 16) y = 8e**
(4D? — 16D + 16) y = 8e*
4(D? — 4D + 4) y = 8e*
(D? —4D + 4) y = 2¢€**
AEism?2 —4m +4=0=m = 2,2
CFE=(c + c22)e®** = (¢ + calog(2z + 1)) (2z + 1)2

1
P.I = 2e2%*
D2 — 4D + 4

{ 1 }2z
=2 e
D2 — 4D + 4

|: 1 :| 2z
=2z|—|e

2D — 4
1
= 227 [—] e?z
2
— z2e2z

= [log(2z + 1))? (2= + 1)?

*. The general solution is:
y = (c1 + cpz) €218t (95 1 1)2. log(2z + 1)
y = (c1 + colog(2x +1))(2z + 1)2 4 (2z + 1)2 [log(2z + 1)]?

4.18 Practice Problems

1. Solve: z%y” + xzy’ + y = 2cos?(logzx) . (VTU June 2014)
Ans: y = c;cos(logx) + casin(logx) + 1 — %
2. Solve %Y — 3z% | 4y = (1 + x)? (VTU July 2016)

Ans :

3. Ly —wdy + vy = 2logx

dx?

Ans:y = w(cl + calogx) + 2logx + 4

4. mF—Zy/m—w—l—l/w

Ans:Y = cyaz? + 2 4 logz(g2 _ 1)

xr

5. 334% + 2az3% — 2?% 4 gy = sin(logx)
Ans : y = c;;l + (Cz + c3loga:):1: 4 (—3cos(log;%1—4sin(ogm))

6. 3Ly | 34 2d$2 + az Y + 8y = 65cos(logx)

dz3

Ans:Y = 5 + m{czcos(\/_log:v) + c3sin(v/3logx)} + 8cos(logx) — sin(logx)
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7. 2%y 4 :1: Y49y = 3z? + sin(3logx)

dz?

Ans:y = clcos(3logw) + cosin(3logx) + (319;2) — (logzcos(Sloge))

6

8. x3CY 4+ 922%Y 1 182 4 6y = 1
Ans:y =2+ 5 + % —i—losz

0. 3dy+2m2dy+2y_10(m+ )
Ans:y = 2 + x(cacos(logz) + c38in(loga;)) + 5z + 2082
10. 2Ly — 2333—2 — 4y = x? + 2logx

dx?
Ans:y = m%[cmos%(logw) + czsin%(logw)] + %2 + lf’% + g
12?3 — 323 +dy = (1+?)
2
Ans: y = (¢; + cxlogz)x? + i + 22 + x? (logzm)
2
12. mzﬁ — 233% — 4y = z* 4
Ans:Y = aa)4 + g + (log;:)a:
2
13. 29y _ 4333—2 + 6y = cos[2logx]

dx?

Ans: Y = ¢ z? 4 cpz® — (e22Uoam)

14. x%y"” — 5xy’ + 8y = 2log=x

Ans:Yzclav‘*—|—czac2—1—l"%—l—1—3;3

15. 3%y | 352%% —|—a:dy + y = '+ logx

dx3 dx?

16. 23%Y 4 2220y | 2y = 10(z +.1)

17. 22%Y _ mi—z + vy = logzx

dx?

(VTU Jan 2018)
(VTU July 2017)

(VTU July 2017)

18. z2%°Y 4 5x% + 13y =logx + (VTU Jan 2017, July 2016)

dz?

19. (3= + 2)%y "—|—3(3a3—|—2)y —36y—8w +4r +1

(VTU July 2016)

Ans:y = 3z +2)* + G20+ & L [2log(3x + 2) (3z + 2)% + 2(3z + 2) — 4]

20. (1 + )2d2y + (1 + )dy + y = sin2(log(1 + x)) (VTU June 2012, Dec 2014)
or (1 + :flr:)zdw2 + 1+ a)2 +y = sin{log(1 + )} (VTU July 2017, Jan 2017, Jan

2016, June 2012, Dec 2014)
Ans :cicos(log(1 + x)) + casin(log(1 + x)) — .31"2[103(1+w)]

21. (x+a)?y”’ —4(x+a)y’ + 6y =z (VTU Jan 2016)

22. (1+ a:)2% + 1+ )2 + y = 4cos(log(1 + )]

Ans :

Ans:Y = clcos[log(l 4+ )] + casinflog(1 + x)] + 2log(1 + x) sinlog(1 + x)

23. (3= + 2)2 Y +3(3x + 2) — 36y =3x2+4x +1

20 (3¢
Ans:Y = c;(3z +2)? + (3m+2)2 + (3m+2)2log(3€;'1‘r2)+ 20 (3w+2)

24. (2x + 1)2d Y — 2(2x + 1)dy 12y =6z + 5

AIlS —_— 61(21: + 1)3 + (21:_1_1) - 3(2]:1_:;_1) - %

Dr. Shantha Kumari.K.
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25. (22 4+ 1)?%2Y% — 622 + 1)% + 16y = 8(2z + 1)?
Ans:Y = [c; + ealog(1 + 2x)] (22 + 1)% + [log(1 + 2x)]*(2z + 1)?

26. (2z +3)2%Y — (22 + 3)% — 12y = 6z
Ans:Y:cl((2:2—|—3)3-|r21/ﬁ—|—cz(2:/1:—|—3)3_<\1/ﬁ—%(Z:B—I—?))—l—g1

27. 2z +3)?%Y 4 522+ 3) % 4y = 4z

Ans: Y = (2z + 3)7(_81) [cicos <—”815log(2m + 3)) + c38in <—”815log(2m + 3))] +
3

28. (2 — 1)%2Y + (22 — 1) % — 2y = 822 — 2z + 3

. _ c1 _ (2¢—1)2 (2z—1)log(2—1)
Ans:Y = —m +c2(2¢ — 1) + = + > 2
29. (2z +3)?%Y — 222+ 3)% — 12y = 62 (July 2017)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Module - 5 Linear Algebra

5.1 Elementary row transformation

An elementary row transformation is an operation of any one of the following types.

(1) Interchange of two rows i.e. R; <— R;

(i) The multiplication of the elements of rows by a‘non-zero-number. R; — cR; for the multi-

plication of ith row by a non zero constant c.

(iii) The addition to the elements of a row, the 'corresponding elements of a row multiplied by any
number. R; — R; + cR; for the addition to the ith row to the products of the jth row by c.

Note : A row of only zero entries is called a zero row

5.1.1 The Row - Echelon Form
A rectangular matrix is in row echelon form if it has the following three properties:

(i) All zero rows are at the bottom of the matrix (i.e.If there is a row where every entry is zero, then

this row lies below any other row that contains a non zero entry.)
(i1) In any non zero row the leading entry (i.e. first non-zero entry) is 1

(i11) The leading entry of each nonzero row after the first row occurs to the right of the leading entry

of the previous row
1 0 -2
Example 5.1.1. The following matrix is in row echelon form: A = |0 1 3
0O O 0 1

Note :

In echelon form the leftmost non zero entry of a non zero row is a leading 1. A column containing a
leading 1 will be called a pivot column.

Minor : Let A be a matrix of order m X n. Let B be a submatrix of A of order r obtained by deleting

few rows and columns from A. Then the determinant of this matrix B is called a minor of A of order

3
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5.1.2 Rank of a Matrix:

Definition: A matrix is said to be of rank 7r if

(1) It has at least one non-zero minor of order r and

(i) Every minor of order higher than r vanishes.

Briefly, the rank of a matrix is the largest order of any non-vanishing minor of the matrix. The rank
of matrix A is denoted by p(A).

Note : Using row-operations if we can reduce a matrix to echelon-form, then rank of the matrix is
given by

Rank = Number of non-zero rows in echelon form.

4 0021
Example 5.1.2. Find the rank of the matrix A = |2 .1 3 /4
2 347

Solution :
4 0 2.1
A=12 1 3 4
2 3 4.7

using row operationR; <— R,

(2.1 3 4
4021
2 3 47

R2%R2—2R1,R3—)R3—R1

A~

(2 1 3 4]
A~ |0 -2 —4 —7
o 2 1 3|

R3 — R3 + R,
(2 1 3 4]
A~ |0 -2 —4 —7
0 0 -3 4 |

This matrix is in Echelon form and number of non-zero rows =3

Hencep(A) = 3

Dr. Shantha Kumari K., Department of Mathematics
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1
Example 5.1.3. Find the rank of 3

Sol :

S.p(A) =3

2 3 -1 -1
-1 -2 —4
1 3 -2
6 3 0 -7

3 -1 -1
-1 -2 —4

2
1
3 1 3 —2
6

3 0 =1

UsingR1<—>R2,
1 -1 —2 —4

2 3 -1 -1
A=

3 1 3. —2

6 3 0 -7

Using Ry, &> Ry — 2R,
Rs; — R3; — 3R,
R, —> R, — 6R;

I -1 -2

0 5 3
~ A=

0 4 9

0O 9 12

UsingR3 — bR3 — 4R,
Ry, — 5Rs — 9R,

(1 —1 —2

0 5 3
~ A=

0 0 33

(0 0 33

Using R, — Ry, — R3

(1 —1 —2

0 5 3
~ A=

0 0 33

(0 0 0

10
17

(VTU Jan 2017, Jun 2012)

Dr. Shantha Kumari K., Department of Mathematics
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1 2 -2 3
. 2 5 —4 6
Example 5.1.4. Find the rank of 1 3 9 5 (VTU Jan 2019, June 2019, Jan 2015, Jan

2 4 -1 6

2013)
1 2 -2 3
2 5 —4 6
SOI: Given A =
-1 -3 2 -2
2 4 —1 6
[ 1 —2 3
1 0O 0
A~
0o -1 0 1
_0 0 3 0
R3 — R3 +'R;
(1 2 22 3
R23R2—2R1 O 1 0 0
Rs: Rs + R, 0 0 0 1
0O 0 3 0
R4:R4—2R1 -
R3<—)R4
1 2 -2 3
010 0
0 0 3 0
0 0O 1
1
Rs — —Rj3
1 2 -2 3
01 0 O
A~
00 1 O
00 0 1

~ (Echelom form) p(A) = Number of non — zero rows = 4

1 2 3 2
Example 5.1.5. Find the rankof |2 3 5 1 (VTU Jan 2020, Jun 2014)
1 3 45

Dr. Shantha Kumari K., Department of Mathematics AJIET, Mangalore
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1 2 3 2
Sol:GivenA= |2 3 5 1
1 3 45
Applylng, Rz — R2 — 2R1, R3 — R3 — R1
1 2 3 2
A~ |0 -1 —-1 -3
0 1 1 3
Applying, Rz — R3 + R;
1 2 3 2
A~ |0 -1 -1 -3
0 O 0 0
Clearly number of non-zero rows=2, then p(A) = 2
Exercise 5.1
Find the rank of the following matrices by reducing them to echelon form.
(1 2 4 3
2 4 6 8
1. (VTU Jun 2013, Jun 2011) Ans: 2
4 8 12 16
12 3 4
(1 2 3 4
2 6 7 8 (VTU Jan 2016) Ans: 3
8 7 0 5
(1 2 3
3. 2 Ans: 2
i 6
(01 -3 —1
1 0 1 1
4 (VTU Jun 2014, Dec 2011) Ans: 2
31 0 2
11 -2 0
[ 3 —1 2
5 —6 2 4 Ans: 1
| -3 1 2
(1 3 4 3
6 9 12 Ans: 2
|1 3 4 1

Dr. Shantha Kumari K., Department of Mathematics

AJIET, Mangalore



Mathematics-I for Civil Engineering Stream (Subject Code - BMATC101 )- Module 5- Linear Algebra Page 8
[ 2 -1 -3 -1
1 2 3 -1
7. (VTU Jan 2016) Ans: 3
1 0 1 1
| 0 1 -1 -1
2 3 -1 -1
1 -1 —2 —4
8. (VTU Jan 2017, Jun 2012) Ans: 3
3 1 3 -2
6 3 0o -7
(91 92 93 94 95]
92 93 94 95 96
9. 193 94 95 96 97 (VTU July 2014) Ans: 2
94 95 96 97 98
(95 96 97 98 99|
(1 2 -2 3
2 5 —4 6
10. (VTU4dan 2015, Jan 2013) Ans: 4
-1 -3 2 =2
| 2 4 —1 6
1 1 16
1 -1 2 5
11. Ans: 3
3 1 1 8
2 -2 37
2 1 5
4 2 1 3
12. (VTU Jan 2015) Ans :
8 4 7 13
8 4 -3 -1
(1 2 3 2
13. 3 51 (VTU Jun 2014) Ans :
1 3 4 5
1 2 -1
14. | 3 4 2 (VTU Jan 2014) Ans :
-2 3 5

Augmented Matrix : Suppose we have a system of m equations in n variables, with coefficient

matrix A and constants B. Then the augmented matrix of the system of equations is the m X (n +1)

matrix whose first n columns are the columns of A and whose last column ( i.e. (n+1)th column) is

the column matrix B. This matrix will be written as [A|B]

Dr. Shantha Kumari K., Department of Mathematics
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Row-Equivalent Matrices Two matrices, A and B, are row-equivalent if one can be obtained from

the other by a sequence of row operations.

5.2 Solution of system of linear equations - Consistency and Gauss-Elimination
method

Gauss Elimination method applied to three linear equations : First we explain this method applied

to a particular systems of order three given by

a11T1 + @122 + a13x3 = by
a21T1 + Q22T2 + a23x3 = by
a31T1 + a32T2 + a3z3®z.= b
This system of linear equations can be written as AX = B where A is the coefficient matrix

aix Q12 aig
givenby A = |ag; a2z asg| X is acolumn vector(column-matrix) containing the variables, i.e.

31 Qg2 ass

Tq bl
X = |z, | and B is the matrix of right hand side constants: i.e. B = |[b, | The co-efficient matrix
I3 b3

A written along with a constant matrix B is called an Augmented matrix and is denoted by [A:B].
a;; Qa2 Qg

The augmented matrix of the above system is [A|B] = |a21 @22 as3

az1 Qaz2 asg
Following Steps are used to solve the above system of equations by using Gauss-Elimintion Method :

Step 1: Use the element a;; # 0 to make the remaining elements as; = O0andasz; = 0 by ele-
mentary row transformation operation.
. a21 asi
1.e.R2 — Rz — a_an’ R3 — R3 — a_llRl
a1 a2 apz :b;
Then[A: Bl ~ | 0 al, ab, :V)

’ ’ N
0 ajz, ajz, .b3

Step 2: Use the element a’,, 7 O to make the remaining elements a3, = 0 by elementary row
transformation operation.
1.e.R3 — R3 — a?z R,
Q22

aj;n aiz aiz by

Then[A: Bl ~ | 0 a), ab, :b ()
0 0 aj; :bf

There are 3 possibilities:

Dr. Shantha Kumari K., Department of Mathematics AJIET, Mangalore
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(i) If Rank of A = Rank of the Augmented Matrix [A:B] = no.of unknowns, then the

system is consistent and has a unique solution.

(i1) If Rank of A = Rank of the Augmented Matrix [A:B] ; no.of unknowns, then the

system is consistent and has infinite number of solutions.

(iii) If Rank of A # Rank of the Augmented Matrix [A:B], then there is no solution. i.e.

the system is inconsistent.

If the system is consistent, then (*) can be written as,
a11x1 + a12x2 + a13r3 = by

a5 T2 + ages = b

agsxs = by

By back substitution we get the values of 1, T2, 3

Example 5.2.1. Test for consistency and solve the following system of equation by using Gauss-
elimination method.
2+ y+4z =124 + 11y — z = 33; 8 — 3y + 2z = 20

Solution : The Augmented matrix is given by,

(2 1 4:12
[A:B]= |4 11 —1:33
8 —3 2:20

Ry, — Ry — 2R1,R3 — R3 — 4R,

2 1 4:12
~.l0 9 —-9:9
0 =7 —14:-—28

R2—>R2+9,R3—)R3+—7

21 4:12
~101 —-1:1
01 2:4
R; - R3; — R,
21 4:12
~ 101 —-1:1
00 3:3

We can observe that Rank of A = Rank of the Augmented Matrix [A : B] = no.of unknowns, and
hence the system is consistent and has a unique solution.

.". the system of equation reduces to 2x + y + 4z = 12;y — 2z =1;3z = 3

By using back substitution we get z =1,y =2, = 3

Dr. Shantha Kumari K., Department of Mathematics AJIET, Mangalore
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Example 5.2.2. Solve by using Gauss Elimination method, * + y + z = 9,2x +y — z =

0,2 + 5y + 7z = 52 (VTU Jan 2019)
Sol :
11 1 :9
(A,B)=]121 —-1 :0
2 5 7 :52
Ry : R — 2Ry
R3;: R; — 2R,
1 1 1 : 9

~l0 -1 -3 :-18
0O 0 —4 :-20

R3: R34+ 3R,
111 :9
~ 101 3 :18
0 01 :5

-.p(A) = p(A,B) =3 Number of unknown
Hence system is consistent and unique solution exists.
From 3rd row, z = 5 From 2nd row, y + 832 =18 = y+ 3(5) =3 =y =3
from firstrow,x + 34+ 5=9=xx =9 -8 = =1
SLe=1,y=3,z=5

Example 5.2.3. Find the values of A and p so that the equations 2x+3y+5z = 9, 7Tx+3y—2z =
8,2x + 3y + Az = u have (i) no solution (ii).a'unique solution (iii) an infinite number of solutions.
(VTU July 2021)

Sol : The augmented matrix [A, B] is

23 5 9
[A,B]=|7 3 -5 8
23 A u
R, — 2R, — TR,
R;s -+ Rs — R,
2 3 5 9

[A,B]~ | 0 —15 —45 —47
0 0 A—5 p—29

The above matrix is in echelon form (i) When A = 5, u # 9,

p(A) = 2,p(A, B) = 3 (ie) p(A, B) # p(A)

Dr. Shantha Kumari K., Department of Mathematics AJIET, Mangalore
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The system is inconsistent and it has no solution. (ii) When XA # 5, u € R,
p(A, B) = p(A) = 3 = number of unknowns

The system is consistent with a unique solution.

(iii) When A = 5, 4 = 9, then p(A, B) = p(A) = 2 < number of unknowns

The system is consistent with infinite number of solutions.

Example 5.2.4. Find the values of X and p so that the equations x +~y + z = 6, x + 2y + 3z =
10, x + 2y + Az = p have (i) no solution (ii) a unique solution (iii) an infinite number of solutions.
(VTU Jan 2021)

Solution : The given system of linear equations can be written as

111 T 6
1 2 3 y | =] 10
1 2 A z u
The Augmented matrix is :
1 1.1 6
[A,B]=|1 2_3 10
1 2. X p

Applying elementary row transformations Ry — Rs — R, and R3 — R3 — R; we get

11 1 6
[A,B]~ 01 2 4
01 A—1 p—6
Using R; — R; — R,
(11 1 6
[A,B]~ |01 2 4 ,
|0 0 A—3 p—10

This is in echelon form.

(i) For no solution, we must have p(A) # p(A, B)
ieA—3=0orA=3andp — 10 # 0= pu # 10

(ii) for unique solution, we must have p(A) = p(A,B) = 3
e A—3£0=>A#£3

and p — 10 #0 = p # 10

(iii) for infinite solutions, we must have p(A) = p(A4,B) < 3
ieeA—3=0=>A=3andpu—10=0 = g = 10

Exercise 5.2

1. Test for consistency and hence solve 4 —2y+6z = 8, x+y—3z = —1,15x—-3y+9z =
21 Ans:x=1,y=3k —2,z=k

Dr. Shantha Kumari K., Department of Mathematics AJIET, Mangalore
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10.

1.

12.

13.

14.

15.

16.

17.

Solvex +3y — 2z =0,2x —y+ 4z =0,x — 11y + 14z =0 Ans :

r="ky=73k,z=k

.Solve: £ +3y+22=0,2c—y+32=0,3x —5y+4z =0, + 17y + 4z = 0 Ans

s = 11k,y =k, z = =7k

Find the values of k for which the equations * + y + z = 1,2 + y + 4z = k and
4x + y + 10z = k2 has a solution and solve them in each case. Ans :

k=1x=-3n,y=2n+ 1,z =nandwhenk =2,z =1—3m,y =2m,z =m

. Find the values of X for which the system z+y+2 = 1, x+2y+4z = A\, z+4y+10z = A2

has a solution. Solve itin each case. Ans: when A =1,x =2k, + 1,y = —3k1,2z = k;
and when A = 2, x = 2kq,y = 1 — 3ks, 2 = ko

. Find the values of A and p so that the equations 2&.+ 3y + 5z = 9,7 + 3y — 2z =

8,2x 4+ 3y + Az = p have (i) no solution (ii)/a unique solution (iii) an infinite number of
solutions. Ans: (DA =5, £9,({)A#5G(i)A=5andu =9

. Solve by using Gauss Elimination method, t +2y + z = 3,22 + 3y + 2z = 5,3 — 5y +

5z = 2. (VTU July 2017)

. Solve by using Gauss Elimination method, 22 — 3y + 4z = 7,5 — 2y + 2z = 7,6x —

3y + 10z = 23 VTU July 2017

3rx—y+2z2=12,x+2y+32=11,20 — 2y —z = 2 (VTU Jan 2015)

51y + 2 + 3 + x4 = 4,21 + T2 + 3 + x4 = 12,21 + T2 + 623 + x4 =
—5,x1 + x2 + 3 + 44 = —6 (VTU Jun 2015) Ans:

1 :1,£C2:2,$3: —1,.’134:—2

Test for consistency and solve by Gauss Elimination method : 4dx+y+2z = 4, x+4y — 2z =

4,3 + 2y — 4z =6 (VTU Mar 2001) Ans:mzl,y:%,z:—%
r+2y+2=3,2¢+3y+32=10,3xz —y + 3z =13 (VTU Model 2015)
4w1—|—w2—|—m3:4,w1—|—4w2—2w3:4,3m1+2w2—4w3:6 Ans :
=1,y = %9w3 = _%

2c4+4y+2=3,3x+2y—2z2= -2, —y+z2z=6 Ans:x =2,y=—1,z=3
r+2y—2=3,3x —y+2z2=1,2x—2y+3z2=2 Ans:xz=-1,y=4,z=4

1+ 22 +x3 =4,201 + 2 — 3 =1, 87y — 23 + 223 =2 (VIUJan2014) Ans:

1 :$’w2: %5*’”3:%
2:1:1—w2+3w3:1,—3w1+4w2—5w3=0,:c1—|—3:1:2—6zc3=0

(VTU jun 2014, Jun 2012) Ans: x; = 3—94,:132 — %,m?, — g
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18.

19.

20.

21.

22.

23.

24.

25.

26.

Test the consistency and solve * + 2y + 2z = 1,2 +y + z = 2,32 + 2y + 2z =
3, x+2z=0 Ans:x=1,y=—k,z=k

Test the consistency of the following equations, 4z—2y 4+ 6z = 8,z +y — 3z = —1, 152 —
3y +9z =21

r+4y—2z=-95S,r+y—6z2=-12,3r —y—2=4 (VTU Model 2014)

2+ 3y —z=5,4c +4y — 3z =3,2x — 3y + 2z =2 (VTU Jan 2015, July 2014)
Ans: z=1,y=2,2=3

2c—y+3z2=1,—3x+4y — 5z =0, + 3y — 6z =0 (VTU Jan 2012)

Solve by using Gauss Elimination method, 22 +y + 4z = 12,4x + 11y — z = 33, 8x —
3y + 2z =20 (VTU June 2018)

Solve by using Gauss Elimination method, x+y+2z =9, 2x+y—2z = 0, 2x+5y+7z = 52
(VTU Jan 2019)

Solve by using Gauss Elimination method, 2 —2y+3z = 2,3z —y+4z = 4,2x+y—2z =
5 (VTU Jan 2020)

Solve by using Gauss Elimination method, x+y+2 = 9, x —2y+3z = 8,2x+y—2 =3
(VTU July 2021)

5.3 Gauss-Jordan method

This method aims in reducing the coefficient matrix A to a diagonal matrix by using only row-

operations.

Example 5.3.1. Solve the following system of equation by using Gauss- Jordan method

20 +y+4z =124+ 11y — z = 33;8x — 3y + 2z = 20
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Solution : The Augmented matrix is given by,

2 1 4:12
[A:B]= |4 11 —1:33
8 —3 2:20

Ry —» Ry — 2R1,R3 — R3 — 4R,

2 1 4:12
~ 10 9 —-9:9
0 —7 —14:-28

R2—>R2+9,R3—)R3+—7

[2 1 4:12
~1l01 —-1:1
01 2:4
R1—>R1—R2;R3—>R3—R2
2 0 5 411
~ 101 -1 1
0 0 3 :3
Rs — R3 =+ 3
(2 /0 5 :11
~ 10 1 —1 =1
001 :1
R1—>R1—5R3;R2—>R2+R3
(2 0 0.:6
~ |01 0 :2
0 0 1 :1

.". the system of equation reduces to 2 = 6;y = 2;z =1

By solving ,we getx = 3,y = 2,z = 1.

Example 5.3.2. Solve by using Gauss Jordan, x+y+z = 9,2x+y—2z = 0,2+ 5y+ 7z = 52

(VTU June 2019)

Dr. Shantha Kumari K., Department of Mathematics
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11 1 : 9
[A,B]=]2 1 -1 :0
2 5 7 :52
R22R2—2R1
Rs; — 2R,
Solution : 11 1 H9
ABl~ |0 -1 —3 :—18
0 3 5 : 34
R, >R, +R>: R3+ 3R,
1 0 —2 :-9
[A,B]~ |0 —1 —3 :—18
0O 0 —4 :-20
1
R3: Z R3
1 0 -2 -9
~l0 —1 -3 :-—18
0 O 1 5
R1:R1—|—2R3
R22R2—|—3R3
1 0 0 1

~10 -1 0 :-3

0O 0 1 :5
Rewriting the equations, we get

r=1, —y=-3=y=3andz =75

Example 5.3.3. Apply Gauss - Jordan method to solve the system of equations, 2x + y + z =
10,3z + 2y + 3z = 18,z + 4y + 92 = 16 (VTU Jan 2015)

Solution : The Augmented matrix of the system is

(2 1 1 10

[A|B]=1|3 2 3 18

|1 4 9 16

Applying R, — Ry — gRl and R3 — R3 — %Rl, we get
2 1 1 10

[A|Bl~ |0 1/2 3/2 3

L0 7/2 17/2 11

Applying R3 — R3 — TR,, we get

2 1 1 10

[A|Bl~ |0 1/2 3/2 3

0O 0 -2 -—-10
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Applying Ry — Ry + ;Rs, R, — Ry + 2R3 and Ry — Ry — 2R, we get
2 0 0 14

[A|B]~ |0 1/2 0 -—9/2
0O 0 -2 -10

We see that A is reduced to diagonal form.

From this, we get 2 = 14 = = = T7;

Yy=53=>y=-9
—22=—-10=2=5
Thus x = 7,y = —9, z = 5 is the solution.

Example 5.3.4. Solve by Gauss Jordan method : * +y + z = 9,2x — 3y + 4z = 13,3x +
4y 4+ 5z = 40

1 1 1: 9
[A:B]=1]2 -3 4 : 13
3 4 5 : 40
Ry, — R, — 2R, and
R; — R; — 3R,
1 1 19 9
[A:B]~ |0 -5 2 : —5
0O 1 2 : 13
R, — 5R; + R»/and
R; — 5R3 + R

Sol :
5 0 7 : 40

[A:B]~ |0 -5 2.: =5
0 0 12 :/60
Ry = —
12
5 0 7 40
[A:B]~ |0 -5 2 : —5
0O 0 1 5
5 0 0 : 5
R2:>R2—2R331’1dR1:>R1—7R3[A:B] ~ 0 -5 0 : —15
0O 0 1 5

br =5 =>x =1
—bSy=—-15=>y=3
z=25

Exercise 5.3
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Apply Gauss - Jordan method to solve the system of equations.

1.

10.

11.

12.

Apply Gauss - Jordan method to solve the system of equations, 2 + y + z = 10, 3x + 2y +
3z =18, x +4y + 92 =16 (VTU Jan 2017, Jan 2015) Ans:x =7,y = —9,z2 =5

. et+y+z2z=9x2—2y+3z2=8,2r+y — z = 3 (VTU Jan 2021, Jan 2018, July 2017)

. Solve by using Gauss Jordan method, 2x+y+2z = 10, 3z+2y+3z = 18, x+4y+9z = 16

(VTU Jan 2017, Jan 2015)

. Solve by using Gauss Jordan method, 2 + 5y + 72 = 52,2x+y—2 =0,z +y+2=9

(VTU Jan 2016, June 2014) Ans:x =1,y=3,z2=5

. Solve by using Gauss Jordan method, x+2y+2z = 3,2x+3y+3z = 10,3x—y+3z = 13

(VTU Jan 2018)

. Solve by using Gauss Jordan, x +y + 2z = 9,22 4+y — 2z = 0,2 + 5y + 7z = 52 (VTU

June 2019)

. Solve by using Gauss Jordan method,

21 + 2 + 3x3 = 1,421 + 425 + T3 = 1,227 + 525 + 93 = 3 (VTU Jan 2020)

. xt+y+2z=9,2x—3y+4z=13,3x +4y+ 52 =40 Ans:x=1,y=3,z=25

. I + 2.’132 + Ly = 8, 2581 + 3(132 + 4.’133 = 20, 4ZB1 + 3:132 + 2£C3 =16 Ans :

r=1,y=2,z2=3
0x+y+2z=12, 24+ 10y + 2z =12, 2+ y+ 10z =12Ans: z =1, y=1,z =1
rt+y+z=42r+y—z=Lha—y+2z2=2 Ans:w:%,yz—z:—

2+ 3y —z=5,4c +4y -3z =3,2x —3y +2z=2 (VIUDec?2011) Ans:
r=1y=2,z=3

5.4 Gauss-Seidel Iteration Method:

Iterative methods provide an alternative approach. An iterative method starts with an approximate

solution, and uses it by means of a recurrence formula to provide another approximate solution; by

repeatedly applying the formula, a sequence of solutions is obtained which converges to the exact

solution.

First we explain this method applied to a particular systems of order three given by

a11T1 + @122 + a13T3 = by
a21T1 + A22%2 + a23T3 = by

a31T1 + as2x2 + assxrs = bs
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To begin, solve the 1st equation for x, the 2nd equation for x5 and third equation for &3 and obtain

the rewritten equations :

1
Ty = —[b1 — Q122 — 013333]
aii
1
L2 = —[bz — a21T1 — 0235133]
22
1
x3 = —[bs — a31T1 + az22:)
ass
Then make an initial guess of the solution :1;§°) = yiO) = zio) = 0 Substitute these values into the

right hand side the of the rewritten equations to obtain the first approximations as

1
.’Bgl) = —[bl bt alzwgo) bt al3wg0)]
aii
1
.’D;l) = —[b2 — a21w§1) — a23w§0)]
Q22
1
wél) = —[bs — a31w§1) + C1325021)]
ass

In each iteration we use the new values(i.e.latest values) as soon as they are known. i.e. we calculate
azgl) from the first equation, its value is then used in.the second ‘equation to obtain the new X él),
and these new values of X F) and X él) are then used/in the third equation to obtain the new X ?(,1).

To find the second approximations we use the above set of equations by replacing azgo), yio), zio) by

wgl) y ygl), zil) . We continue like this by obtaining each successive approximation, using a previous
approximation until the values of 1, x5 and 3 obtained in two successive approximations are equal.
Note : The following condition is essential to use Gauss-Seidel Iteration Method.

e The Coefficient matrix of given system of equations must be diagonally dominant.

( A matrix is said to be diagonally dominant if for every row of the matrix, the magnitude of the
diagonal entry in a row is larger than or equal to the sum of the magnitudes of all the other (non-

diagonal) entries in that row.

Example 5.4.1. Solve the following system of equation by using Gauss- Seidel method. * + y +
54z = 110;27x + 6y — z = 85;6x + 15y + 2z = 72

Solution : The system of equation is not in diagonal form by interchanging the rows.
27Tx 4+ 6y — z = 85;6x + 15y + 2z = 72;x + y + 54z = 110
We can observe , |27| > +| — 1|; |15] > |6]| + |2|; |54| > |1| + |1]

.". the system of equation is diagonally dominant.
1
From(1)x = —[85 — 6y + 2]
27
1
From(2)y = B[72 — 6x — 2z]

1
From(3)z = — (110 — ¢ —
(3)z = I y]
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First Iteration :

1 85

x® = —_[85 — 0+ 0] = — = 3.1481
27 27
1 1

yM = —[72 — 62 — 22] = —[72 — 6(3.1481) — 0] = 3.5481
15 15
1

20 = 1110 — 2™ — yM] = 1.913
54

Second Iteration : 1
z® = 57185 — 6y + 2M] = 2.432

1
y® = 72— 6z —2z1] = 3.572

1
22 — a[110 —xz® —y@] =1.925

Third Iteration : 1
xz® = —[85 — 6y?® 4 2¥] = 2.4256
27
1
y® = 72 — 62® £ 22¥1=3.5730
15
1
23 = 110 — z® —gy®] =1.925
54
Third Iteration :

1
@ = —[85 < 6y + 2] = 2.425
27
1
y® = —[72 — 62® — 2:] = 3.573
15
1
24 — 5_4[110 —z® — y®] =1.925

Since ®) ~ x® = 2,425, y® ~ y® =3.573, z® =~ 2(* = 1.925, the solution is
xr = 2.425,y = 3.573,z = 1.925
Example 5.4.2. Solve the following system of equations by Gauss-Seidal iteration method, 20x +

y—2z=17,3x + 20y — z = —18,2x — 3y + 20z = 25 (VTU Jan 2020, June 2019, Jan
2018, July 2017, Jan 2017, Model 2015)

Given,2x +y — 2z =17 — (1)
3r 4+ 20y — z = —18 — (2)

2 — 3y 4+ 2z = 25 — (3)

.. The equation are diagonally dominant.

1
1 = —|[17 — 2
D) = =z=_ 17—y + 22]
1
(2) :>y=%[—18—3a:—|—z]

1
3 — —[25 —2x+3
3) = =z 20[ x + 3y]

Letx =0,y =0,z=0
First Iteration :
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1
1) — =
"/ = —|17T—0+ 0] = 0.85
20[ + 0]
1

1
2 = %[20 — 1.7 — 3(0.825)] = 1.0109
Second iti:ration :
x® = %[17 +1.025 — 12(1.0109)] = 1.0025

1
y® = 2—0[—18 — 3(1.0025) + 1.0109] = —0.999

1
2 = %[25 — 2(1.0025) 4 3(—0.9998)] = 0.9998
Third iteriltion :

x® = %[17 + 0.9998 + 2(0.9998)] = 1

1
y® = _-[-18 = 3(1) + 0.9998] = —1

5 _ L ior 1) —
z()—20[25 2(1) +3(-1)] =1

Le=1ly=-1,z=1

Example 5.4.3. Solve the system of equations 12x +y+z'= 31,2x 4+ 8y — z = 24,3x + 4y +
10z = 58 using Gauss Seidal method. (VTU Jan 2019)

Sol : = Given equation are diagonally dorninant.
81—y~
r=—Bl—y—=z
12 Y
1
y=§[24—2:1:—|—z]

1
z=—|b8 —3x — 4
10[ Y]

1 31
x® = _—[31 —0—0] = — = 2.583
12 12
1
y» = g[24 — 2(2.583) + 0] = 2.354
1
2 = E[58 — 3(2.583) — 4(2.354)] = 4.0835
1
x® = E[?’l — (2.354) — (4.0835)] = 2.04.6
1
y? = g[24 — 2(2.046) + 4.0835] = 2.99 = 3

1
23 = E[58 — 3(2.046) — 4(3)] = 3.98 =4
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1
@ =_[31-3)—4)]=2
x 12[ (3) — (4)]
1
y(3)=§[24—2(2)—|—4]=3 Lr=2,y=3,z=4

3) 1 _ _ _
2®) = E[58 3(2) —4(3)] =4

Example 5.4.4. Solve the system of equations 83x + 11y — 4z = 95,7x + 52y + 13z =
104, 3x + 8y + 29z = 71 using Gauss Seidal method. (VITU Model 2018)

Sol:
The given equation can be written in the iteration form as

1
r=—(95— 11y 4+ 4=
33 Y )
L (1042 72 — 132)
= — — 7x — 132
Y 52
Ll 3z — sy)
z=—(71—-3z —
29 Y
Taking first ) = 0,y® = 0, 2(Y) = 0 and put these values in (3), we get
1
(2) _ (1) (1)
' = — (95 — 11 — 4z
=3 ( y )
= L 95— 11 x04+4x0)=22=1.14
83 83
3 = 1.14, y(l) =0, 20 = 0, in (i1), we get

1 1
y® = _— (104 — 72® — 132)) = —(104 — 7 x 1.14 — 13 X 0)
52 52
96.02
=—— =1.85
52
Put ® = 1.14,y® = 1.85, 2" = 01in (iii ), we get

1
(2) _ (2) (2)
2\ = — (71 — 3x'* — 8

1 52.78
= —(71-3x%x1.14 -8 x 1.85) = —— = 1.82
29 29
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Now put () = 1.14, y® = 1.85,2(® = 1.82in (), we get

1
z® = — (95 — 11y® + 423)]

83
3 _ 1
2 = 295 — 11 X 1.85 + 4 x 1.82]
81.93
= —— =0.99
83
x® = 0.99,y? = 1.85,2(? = 1.82in (i), we get
1 1
y® = —[104 — 72® — 132)] = —[104 — 7 x 0.99 — 13 x 1.82]
52 52
73.41
= =141
52

Put 3 = 0.99, y® = 1.41, 2(® = 1.82in (iii ), we get

2® = ! (71 — 3x® — 8y(3))

29
1
= %(71 —3x0.99 —8 x 1.41)
56.75
= —— =1.95
29

Now put z® = 0.99, y® = 1.41, 23 =/1.951in (i), we get

1
@ = e (95— 11y® + 42®)

1
= —(95 — 11 x 1.41 + 4 x 1.95)
83
1
= —(87.29) =1.05
83
= 55(95 —11 X 1.41 +4 x 1.94,59) = 1.05 = - (87.29) z* = 1.05,y®) = 1.41,2® =

1.95in (i1), we get y® = L (104 < 72®) — 132(3)) put
52

1
= 5(104 — 7% 1.05 — 13 x 1.95)
71.3
= —— =1.37
52
Put £ = 1.05,y® = 1.37, 2(® = 1.95 in (iii), we get
1
4 _ (4) (4)
2z = — (71 — 32" — 8
59 y?)

1
= —(71 -3 x1.05 — 8 x 1.37)
29

56.89
= — =1.96
29
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2@ = L (71 _ 35 _ gy

29
1
= (71— 3 x 1.05 — 8 x 1.37) .
29 Here The values are sufficiently close to (3, y(®), 2(3)
56.89
= — =1.96
29

x® =1.05,y® = 1.37, 2% = 1.96
respectively. Hence the solution is

x =1.05,y =1.37,z = 1.96.

5.5 Eigen values and Eigen Vectors :

Let A be an n X n matrix. Then a real number A is called an eigenvalue of the matrix A, if and only

if, there is a n-dimensional nonzero vector, X for which

AX =AX ... (1)

Any such vector, X is called an eigenvector of the matrix-A, associated with the eigenvalue .

5.6 Rayleigh’s power method

To find largest eigen value and corresponding eigen vector of a given square matrix A, we use the

following steps.

Stepl. To find the largest eigen value and corresponding eigen vector of a given square matrix *A’ of
order 3 ,we initially assume the eigén vector in the form X(0) = [1 0 0]T = [1 0 O}

aX® =0 0 17=[0 0 1]
orX©=[0 1 0"=0 1 0]

Step2. Evaluate the matrix product AX (®) which is a column matrix of order 3.
Step3. Take out the numerically largest value and write it in the form AW X (1)

Step4. Compute AX ™) and re-write it in the form A(? X (2)

Step5. Similarly Compute AX () = A®) X®) and so on.
Continue this iterative process until we get two consecutive values of A and X with desired

accuracy.
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The values so obtained are largest eigen value and corresponding eigen vectors respectively for the

given square matrix A .

Example 5.6.1. Use power method to find the largest eigen value and the corresponding eigen vectors

2 0 1
of the matrix A by using power method. Take [1 0 0] as the initial eigen vector. A = |0 2 0
10 2
(Apply 4 iterations) (VTU Jan 2020, June 2019, June 2018, Jan 2017, Jan 2016)
SOl : Given,
2 01 1
A=10 20 X9= 1o
1 0 2 0
2 0 1 1 2 1
Az® =10 2 0 =|o|=2]|0 = ADg®
10 2 0 1 0.5
2 0 1 1 2.5 1
AX®D = | o 2 =10 =250 | =2@z3
10 2 0.5 2 0.8
(2 0 1] [ 2.8 1
Az =10 2 0 0 |=| 0 [ =28 0 = A®z®
|10 2|08 2.6 0.9286
(2 0 1] 1 N [.2.9286 ] 1]
Az® =10 2 0 0 = 0 = 2.9286 0 =A@ ()@
|1 0 2| [ 0.9228 | | 2.8572 | | 0.9756 |
(2 0 1] 1 ] [ 2.9756 | 1]
Az® =10 2 0 0 = 0 = 2.9756 0
|1 0 2| | 0.9756 | 2.9512 | 0.9918 |
(2 0 1] 1 [ 2.9918 ] 1
Az® =0 2 0 0 = 0 = 2.9918 0
|1 0 2| [ 0.9918 | | 2.9836 | | 0.9973 |

. The large Given value A = 2.9918 ~ 3 and A(®z(®

1 1
it’s eigen value 0 ~ 10
0.9973 1

Example 5.6.2. Find the Dominant eigen value and the corresponding eigen vectors of the matrix
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6
—2
2

A=

-2

—1

2
3
3

July 2017, Jun 2015)

Sol : Given,
6 —2 2
A= | —2 —1 |,z =11
2 1 3
6 —2 2 1
Az =| —2 3 -1 1| =
2 -1 3] |1
6 —2 211 7.34
AXD = | 2 3 -1 0 = | —267
I —1 | | 0.67 4.01
6 —2 271 1 A (7.82)
AXPD =| 2 3 -1 —0.36 | = |.—3.63
| 2 -1 3] 055 | 4.01
6 —2 2] [1 1 [ 794
AX® =| 2 3 -1 —0.46. | = | —3.89
I -1 | [ 051 3.99
6 —2 201 1
AX® = | 2 3 -1 =0.49
2 -1 3| |05 /)
7.98 | 1
= | —3.97 | =7.98| —0.5 | = Asx5
3.99 | 0.5
8 [ 1
—4 | =8| —0.5 | = X¢xs
4 0.5

=T7.34

= 7.82

= 7.94

.. The large Given value of A = 7.9970 ~ 8 and it’s eigen value is

Example 5.6.3. Determine the largest eigen value and the corresponding eigen vector of A

2
-1
0

-1
2
-1

0

2

—1| using Rayleigh’s power method.

0.67

1

—0.36

0.55

[ 1
—0.46
0.51

1

—0.4994

0.5002

—1| by power method taking the initial eigen vector as (1 1 1)’ (VTU Jan 2018,

A £

= A22

- )\3X3

== A4X4

(VIU Model 2014)
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Sol : )
2 —1 0 1 2 1
AX°=| -1 2 -1 — | 1l =2 —05 | = AOx®
0 -1 2]1[0 0 0
2 —1 0 1 2.5 1
AXW =1 1 2 -1 05| =1 2| =25 —08 | =A®x®
0 —1 2 i 0 0.5 0.2
Repeating the above process, we get
1

AX® =28 —1 | =A®Ox®;
0.43
[ 0.87 /]

AX® =343 —1 | = 2A@OXx®
| 0:54 |
[ 0.80 ]

AX®W =341 —1 | =2AOXx6),
| 061
0.76 ]

AX®) 2341 | —1 | =2OXxO©,
| 0:65 |

0.74
AX® =341 —1 | =x"x®
0.67

Clearly A(®) = A\(M and X (® = X(7) approximately.

Hence the largest eigen value is 3.41 and the corresponding eigen vector is [0.74, —1, 0.67]’.

Example 5.6.4. Find the largest eigen value and the corresponding eigen vector of the matrix A =
25 1 2

1 3 0
2 0 —4

by using Power method.
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25 1 2 1
Solution:Let A= |1 3 0 |,andX©® = |0
0 —4 0

1%t iteration :

(25 1 2 1
AXO® =11 3 o
2 0 —4] [0
[25
=11
2
1
— 25 [0.04
0.08
— A x@
274 jteration : i
25 1.2 1
AXMD =11/3 0 0.04
|2 0 ~4] [0.08
[25.2
= |1.12
1.68
1
—=25.2.| 0.04
0.0666
— A2 x®
374 jteration: /
25 1 2 1
AXPD =11 3 o 0.04
|2 0 —4] [0.0666
[25.173
= | 1.12
1.7336
1
= 25.173 |0.0444
0.0689
— A® x®
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4th jteration : i
25 1 2 1

AX® =11 3 o 0.0444
— 0.0689

[25.1822
= | 1.1332
| 1.7244

= 25.1822 (0.045
0.069

— A\ x®
5th jteration: )
25 1 2 1
1 3 0 0.045

|2 0 ~4] |0.069

AX® =

[25.183
= | 1.135
| 1.724

1
= 25.183 10.0450
0.0685

— A® x©G)

6" jteration : )
251 2 1
13 O 0.045

.2 0 —4 0.0685

AX®) =

[25.182
= | 1.135
| 1.726

1
= 25.182 |0.0450
0.0685

— A6 x(6)
1

0.0450
0.0685

Here A®) = \(6) — 25,183 and X®) = X(©) —
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1
Hence largest eigen value is A = 25.183 and largest eigen vector is X = |0.0450
0.0689

Exercise 5.4

1. Use power method to find the largest eigen value and the corresponding eigen vectors of the

1 2
matrix [3 4] taking [0 1]’ as the initial eigen vector. (VTU Model 2015)
6 —2
2. Find the Dominant eigen value and the corresponding eigen vectors of the matrix A = | —2 3
2 -1

by power method taking the initial eigen vector as (101 1) (VTUJuly 2017, Jun 2015) Ans:
8, [1,—0.5,0.5]’

1 3 -1

3. Determine the largest eigen value and the corresponding eigen vectors of the matrix | 3 2 4
—1 4 10

taking [0 O 1] as the initial eigen vector. Perform 5 iterations. (VTU Jan 2015)

4. Use power method to find the largest'eigen value and the corresponding eigen vectors of the

2 01
matrix A by using power method./ Take [1 O 0] as the initial eigen vector. A = |0 2 0
1 0 2
(VTU Jan 2017, Jan 2016) Ans:2.99,[101)
5. Use power method to find the largest eigen value and the corresponding eigen vectors of the
4 1 —1
matrix A by using power method. Given A = | 2 3 —1| Take [1 0.8 — 0.8] as the
—2 1 5
initial eigen vector. Ans : 5.994, [1,0.999, —0, 999]’
2 -1 0
6. Determine the largest eigen value and the corresponding eigen vectorof A = [—1 2 —1
0o —1 2

using Rayleigh’s power method.  (VTU Model 2014) ~ Ans : 3.41 and [0.74, —1,0.67]T

-1 2 =2
7. reduce the matrix | 1 2 1 | to diagonal form. (VTU June 2011)
-1 -1 9
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