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Module 1

Vector Calculus:

Syllabus:

Introduction to Vector Calculus in Mechanical Engineering applications

Vector Differentiation: Scalar and vector fields. Gradient, directional derivative, curl
and divergence — physical interpretation, solenoidal and irrotational vector fields.
Problems. Vector Integration: Line integrals, Surface integrals. Applications to work
done by a force and flux. Statement of Green’s theorem and Stoke’s theorem. Prob-
lems.

Self-Study: Volume integral and Gauss divergence theorem.

Applications: Heat and mass transfer, oil refinery problems, environmental engi-
neering, velocity and acceleration of moving particles, analysis of streamlines. (RBT
Levels: L1, L2 and L3)

1.1 Basic Concepts

* Vector : A vector is a physical quantity having both magnitude and direction.

Example : Force, Acceleration, Velocity etc.
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» A vector is represented by a directed line segment with an arrow over it. 1.e.
P_Q i1s a vector with initial point P and terminal point Q whose direction is

from P to Q and magnitude is the length PQ.

* Position vector of a point P :Position vector is a vector which represents the

position of a point in a space with respect to the origin. The position vector of

a point P(x,y,z) in space is given by |7 = @2 + yj + zk

* Note : If x, y, z are functions of a single variable ‘t’ then the vector 7 is said
to be vector point function of ‘t’( i.e. vector equation of a curve at any point ‘t’

). ie. 7 =r(t) = z(t)i + y(t)j + z(t)k.

« Magnitude of a vector 7 denoted by |#] or  is defined as|r = /a2 + y? + 22

* Dot product : If A= a1t + azj + ask and B = b1t + by + bsk are two
vectors, then the dot product is given by the formula,
A . B = ayby + asbsy + asbs

Sometimes the dot product is called the scalar product.

cIf A = a1i + asj + ask and B = byi + byj + bsk then A X B =
i § k
a; as as
by by bs

Dr. Shantha Kumari.K. AJIET, Mangaluru
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—

-Axﬁ:—(ﬁxj)
ciXi1=3JXj=kxk=0
cixj=k,jxk=ikxi=3j

cJXt=—-kkXj=—t1Xk=—)

oo}

A.
|A

* If @ is the angle between two vectors A and B, then cos6 =

&

«If A- B = 0, then A and B are perpendicular.
«If A x B =0,then A and B are parallel.

* Component of a vector along a given direction: A component of a vector A

along a given direction B is the resolved part of A andis given by

‘Uﬂl

A - n|where|n =

ol

projection

1.2 Vector differential operator

The vector differential operator is denoted by V (Read it as del or nabla) and is

defined as
- 0 N 0 Tk 0
=1
ox JBy 0z

Dr. Shantha Kumari.K. AJIET, Mangaluru
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1.3 The gradient of the scalar point function:

The gradient of the scalar point function ® denoted by grad® or V@ is a vector

function defined by
d® =Ve ('a—l—'a—i—ka><1>
ra = = (72— — —
g Ox Jay 0z
ob. 09 . 8<I>k

- Bazz—i_ By'j * 0z
0P
—1
ox

Note : Gradient of a scalar function is a vector quantity

1.4 Divergence of a vector point function :

The divergence of a vector point function F = fit + f23 + fsk denoted by div F

1s defined by,
divF =V - F
o. o0, 0 . :
== (a’L‘F 8—y,7 +£k) - (f1i + f23 + f3k)
_Oh  0f:  0f
Ox oy 0z
0 f1

T
Note :Divergence of a vector point function is a scalar quantity

Dr. Shantha Kumari.K. AJIET, Mangaluru
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1.5 Curl of a vector point function

The curl of a continuously differentiable vector point function F = fii+ fog+ f3k

denoted by curlF is defined by
curl F =V x F

0
= (i8w+j8y+k8z> X (fit + f27 + f3k)

_y (8f3 - afz) z.
Oy 0z
Note : Curl of a vector point function is a vector quantity.

Problem 1.5.1. Find grad ® when ® = 3x2y — y322 at the point (1,-2,-1) (VIU

July 2017)
Solution: 5 5 5

_ . . k) (322y — 322

Ve (sz+8yg+8z>(wy yz)
= 3 (Swzy — y3z2) 1+ 3 (3:132y — y3z2) 7
ox oy
+ % (3:132y — y3z2) k
= (6zy)i + (3z* — 3y?2?) j + (—2y°2) k --+ (1)

Thus V ¢ at the point (1, —2, —1) is obtained by putting these values of x, y, z in
R.H.S. of (1) Thus
V¢ [1,-2,-1)

= 6(1)(=2)i + [3 — 3(=2)*(=1)*]5 + [-2(=2)°(-1)]k

= —12i + j(3 — 12) + k(—16)

— —12i — 95 — 16k

Problem 1.5.2. If ® = log(x? + y? + 2?), then find V® & |V®|at (1,2, 1)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution: Given
¢(x,y, z) = log (x® + y* + 27)
grad ¢ = Vo
dp. 0O¢. 09
=_—1+_—J+—k
ox oy 0z
Differentiating ¢ partially w.r.to «, y, z respectively, we get,

o 1

— -2
or x2 4+ y2 4+ 22 *
oo 1
— -2y
Oy x2 4+ y? + 22
oJ0) 1
= -2z
0z x? + y? 4 22
At the point (1,2,1)
8  2-1 2 1
Or 12+4+22+12 6 3
8 2.2 4 2
dy 12422412 6 3
8 2.1 2 1
9z 12422412 6 3
z + 2% + s y

y d PR S
sgrad ¢ |(1,2,1) ’L+3J—|—3

[i + 25 + K]

| =W =

12 4 22 4 12
9

&

| grade | =

“|&

Problem 1.5.3. Find divF and curlF where F = V (x* + y® 4+ 2% — 3zyz)
(VTU Jul 2015. Jul 2013, Jan 2008, Aug 2002)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution: Let ¢ = 3 + y3 + 23 — 3zyz
The given expression can be written as
F = gradp = Vo
toJo} op op
_ : : &
8:13z + By] + 0z
O(x® + y3 + 2° — 3xyz) . N o(x® + y> + 2% — 3zyz) .
= (] J

Oz Oy
n O(x® 4+ y3 + 2% — Smyz)k
0z
F = (3:1: — 3yz2)i + (3y® — 3z2) + (322 — 3zy)k

div(F) =V - F

0 0 0
= < i1+ —3+ k:> - ((32* — 3yz)i + (3y® — 3zz) + (32% — 3wy)k)
ox oy 0z

0 0 0
= —(32® — 3yz) + —(3y® — 3z2) + —(32% — 3zy)
Ox Oy 0z

= 6x + 6y + 6=
=6(zx+y+2)
curl(F) =V x F
7 7 k
— o 9 9
ox dy 0z

(3z? — 3yz) (3y®? — 3zz) (322 — 3zy)
0 0
=1 la—y(iiz2 — 3xzy) — a(Sy2 — Swz)]

0 0

—7J [£(3z2 — 3xy) — 5(3:1;2 — 3yz)]
0 0

+ k [—(33/2 — 3xz) — —(32% — Syz)]
ox oy

=4(—3x + 3x) — j(—3y + 3y) + k(—3z + 32)
=0i—0j+0k=0

Problem 1.5.4. If ® = 2x%y?24, find div(grad®) at (1,1,1)  (VTU Jan 2018)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution:
grad ¢ = Vo
~0p  .O0p  Op

=1— k
Zaw +J8y + 0z

_ﬁi 3,2_4 i 3,2_4 ‘2
—zaw(Zmyz)—Fy (Za:yz)—i—kaz@

oy

grad ¢ = 1 (6m2y2z4) —|—5' (4a33yz4) + k (8w3y2z3)

and
div(grad ¢) = V - Vo

_ % (6w2y2z4)

0
_43 4
2 astye

+ (8m3y2z3)

dz

$3’y2Z4

= 12a;y2z4 + 4x32* + 24:c3y2z2

div(grad ¢) |@,1,1) = 12 +4 4 24 = 40

)

Problem 1.5.5. Find divF and curlF at the point (1,2,3) ifl*:” = grad(z3y +

y3z + 23x¢ — x?y22?) (VIU 2007)

Solution: Let ® = x3y + y32z + 232 — x2y?2?

Given F = grad (:1:3y + y3z 4 23z — 2%y?2?

= V()
a 2.2_2

:%(mgy—ky?’z—}—zgw—myz)

2,.2_2

+3(w3y—|—y3z—|—z3x—a}yz)3

0y

o .
+ — (2*y + ¥’z + 2’z — 2?y?2?) k

0z

Dr. Shantha Kumari.K.

AJIET, Mangaluru
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F = (3:1:2y 4+ 28— 2:13y2z2) i+ (w3 4 3922 — 2m2yz2) j
+ (y3 + 32%x — szyzz) k

S divF=V.F
= i (Swzy + 23 — 2wy2z2)
ox
+ % (a:'3 + 3y2z — 2w2yz2)
o 5 2 2, 2
—|—£(y + 3z%x — 2x"y z)

= 6xy — 2y?2% + 6yz — 2x22% + 6zx — 2z%y?
div F | (123 = 12 — 36 + 54 — 72 + 18 — 8 = —32

; i k
. r) 9 9
Curl(F) = oz By 9z

(3z%y + 2% (x® + 3y’z (y* + 32%x
—2xy?2?) —2xy’z?) —22%yz)
=1 [3y2 — 4x’yz — 3y* + 4w2yz}

2

] [3z2 — dzy?z — 322 4 4y z)
+ k [3:1;2 — 4wyz2 — 3z% + 4wyz2}
— 0¢ + 07 + Ok
=0
Problem 1.5.6. Prove that V - ¥ = 3 and V X ¥ =0
Solution: (i)
o o

o
vore (2 2% k%N . &
T (zaw—l—jay—l— Bz) (x1 4+ yj + zk)

0 5] 0
= %(w) + 8_y(y) + a(z)

—14+14+1=3

Dr. Shantha Kumari.K. AJIET, Mangaluru
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o (.a+.a+ka>x(.+ o)
F=|1 Tt z
ox Jay 0z Y9I

&4@ <.

1
_|o

N Qo =

oz
[—(z) - @) =i ) = 5 @)
ko) - 5 (@)]

=0i+0j +0k=0

Problem 1.5.7. If V = @ X 7, PT. w = (VX V) or curlV = 2@ where @
is a constant vector. (VTU Jan 2015)

— —

Solution: Given ¥ = W X 7

¥ = xi 4+ yj + zk [. 7 is the position vector of (x, y, z)]

and let W = w1t + wej + wsk, wi,ws, ws are constants.
i J k

WX T = |w wy ws

r Yy =z

= i [wez — w3y| — j [w1z2 — wsx] + k [wry — wax]

Dr. Shantha Kumari.K. AJIET, Mangaluru
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curlt =V X (W X 7)

i j k
_ 2 r} r)
ox oy 0z

Woz — W3Y WITX — W1z W1Y — WX

oy [ 2 y— 2 )]
=1 8y w1y Wa2I Y wsx w1z

'[6< -2 )]
J Y. w1y WoX 92 Woz w3y

0 0
+ k [— (wsx — w1z) — — (waz — wgy)}
ox Oy

=t [w1 + wi] — J [—w2 — wa] + k [w3 + w;]
=2 [wlz + ’lej + ’QU3k$]

:215’=>zb’:50ur16

Problem 1.5.8. Find divergence and curl of the vector V = xyzi + 3x%yj +
(xz? — y?2)k at (2,-1,1). (VTU Jan 2017)

Solution:
U= (xyz)i + (3:132y) 7+ (:nzz - y2z) k
Div. =V -0
0 0 3]

_ 9,90 %05
sz+8y3+8z v

0 0 0
= a(wyz) + B_y (3w2y) + e (wzz — yzz)
:yz—|—3:132—|—233z—y2

Div. ¥ |2, 11)=—1+124+4—1=14

Dr. Shantha Kumari.K. AJIET, Mangaluru
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? 3 k

> _ | 0 ) )

Curl v = 92 5y 52
xyz 3x’y x2? — y’z

= —2yzi — (z2 — xy) j + (6zy — z2)k
= —2yzi + (wy — z2) j+ (6xy — x2)k
Curl at (2, —1,1) = —2(—1)(1)s + {(2)(—1) — 1}j
+ 6(2)(—1) — 2(1)k
= 2t — 37 — 14k

Problem 1.5.9. Find curl ( curl fT) where A = zyt + y2z] + 22yk

A= :L*y'z + yzzj' + zzyi{:

2 9 k

A | o ) b)
curl A = % 9y B:
2 2

Ty Yz z%y

:%(zz—y2)—3'(0—0)—|—fc(0—az)
curl A = (zz—yz)g—Oj—wlAe

i ik
. curl(curl A) = a% a% %

22 —y?2 0 —=x
= 2(0 — 0) — 7(—1 — 22) + k(0 + 2y)
curl (curl A) = 0i + (22 + 1)j + 2yk

Problem 1.5.10. If F = (x+y+1)i+j — (x+y)k, then show that F - curl F =
0 (VTU 2018, Jan 2014, July 2013)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solutlon
(:13—|—y—|—1)z—|—3—(:13-|—y)kand

o 5| 8 a8 o
curl F =V X F = 3 By s
fi f2 fs
1 J k
_ 9 9 9
T ox dy 9z

r+y+1 1 —(z+vy)
= 1[—1—0] — j[—1 — 0)] + k[0 — 1]
curlF = —1+ 7 — k
LFocuwrlF = (z+y+1)i+j—(@+yk)-(—i+j—Fk)
=—(@+y+1)+1+(z+y)
=0
Problem 1.5.11. If ¥ = xi+yj-+zk and r = |F| then prove that Vr"™ = nr" 27
(VTU Jul 2015, Jul 2013)

Solution: We have ¥ = xi + yj + zk and r = || = \/azz + y? + 22

0 0
vr" = (z— + g— + k:—) (™)
ox

— i (M) a4k ")

( 8r>+ ( 18r>+k< n_18r>
=1 | nr" e nr’"T T —
ox J oy 0z
1

2 2 o Or _ . —_z
fr_\/m +y + z ax_2/a:2+y2+z2 Zw_r

Similarly 3~ 8’° = Zand 5~ ar =z

n n—1 €L, Y. ot
L Vr"™ = nr —i4+ =5+ -k
r r r

n,’,,n—l

[ + yj + zK]

= nr" 37

Problem 1.5.12. Prove that V (1) = =37 = =3¢

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution: We have ¥ = xi + yj + zk and r = |7] = \/zc2 + y? + 22

v ()= () +igg () <452 )
T _zaaz T Jay T oz \r

Similarly ° = ¥ and J& = 2

Ay
1 1l |z, vy. =z
V(-) =~ [—Z—i—-]—f——k]
T e |r T T

1 :
= —— (@i + yj + zk)
r

7 17 -1
== ——— = —7

73 r2y 72

Problem 1.5.13. Compute curl of V (x,y, z) = xyz?i + xy?zj + x?yzk

i 3 k
CurlV = % 6% %
ryz? zy’z zyz
(2 )= 2 o)) 14 (2 ) - 2 (o)
_<8y (:13 yz) Py (wy z))z—l—( z(a:yz) py (:13 yz) J
0 9 15) o ) 5
—|—<£(a@yz)—8—(wyz)>k

ol

Tz — a:yz) i+ (2zyz — 2xyz)] + (yzz — a:zz)

(
= (22 —zy?) i + (v?z —z2%) k

Normal vector :

If ®(x,y, z) represents equation of a surface, then V& is a vector normal to the

surface.
Thus

normal vector = V_;I)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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\vZi)

unit normal vector, n = ——
V&

Problem 1.5.14. Find a unit normal to the surface xy3z* = 4 at the point (—1, —1, 2).

Solution: Given surface is
:By3z2 =4

= ¢(z,y, 2) = 2y’2’
Hence the normal vector is given by
0o oo oo
Vo=1—4+7—+k—
¢ ox T oy i 0z
Differentiating ¢ partially w.r.to x, y, z respectively, we get

-~ Y=z,

_ ox
At the point (—1, —1, 2),

0 — (_1\3.92 _ _
%_( 1)3.22 = —4

99 _ 3(—1)(—1)%.2% = —12
dy

0P —a(-1)(-1)"-2=4

0z

.. at the point (—1, —1, 2),
Vo =—41 — 125 + 4k = —4(¢ + 35 — k)

.. unit normal to the given surface at the point (—1, —1, 2) is

. Vo
n———=
V|
_ —4G+3j—k)  (i+35—k)
414941 V11

Dr. Shantha Kumari.K. AJIET, Mangaluru
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1.6 Angle between two surfaces :

If ®1(x,y,2) = c1 and ®y(x,y,2z) = co are two surfaces, then the angle be-

tween these two surfaces is equal to the angle between their normals V®; and V ®,.

Hence the angle is given by

Vo, -V,
(V1| [V,

cosl =

Problem 1.6.1. Find the angle between the surfaces ©* 4+ y? + 22 = 9 and x* +
y? — z = 3 at the point (2, —1, 2).

Solution: The given surfaces are
2?4+ y*+22=9.---(1) and 2° +y* —2=3..-(2)
Let
P, ::132—|—y2—|—z2and<132 :wz—l—yz—z

Now, vector normal to the first surface is given by

vo 0P, h 0P, 4 k6<I>1
=1
! ox J oy 0z

= 2x1 + 2yj + 2zk
V&, |(2,-1,2) = 41 — 25 + 4k

Now, vector normal to the second surface is given by
v 0D, N 0P, n k8<I>2
=1
2 Oox J oy 0z
=2x1+ 2y) — k

Vo, |(2,—1,2) =41 — 25—k

Dr. Shantha Kumari.K. AJIET, Mangaluru
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If @ is the angle between the surfaces (1) and (2) at (2, —1, 2), then
V&, Vo,

T Ve[V
(48— 2j + 4k) - (4i — 2§ — k)
V16 +4+16 V16 +4 + 1

cos 0

16+4—4
V364121
16 8
T 6v21 321

8
= 0 = cos™! (—)
3v21

Problem 1.6.2. Find the angle between the surfaces x log z = y? — 1 and %y =
2 — z at the point (1,1,1)

Recall that angle between the surfaces at a point of their intersection is defined to be
the angle between the normals to the surfaces at the point of intersection. Thus we
need to find the normals to both the surfaces at (1,1, 1).
Let p1(x,y,2) = xlogz — y?> + 1 and ¢po(x,y,2) = 2%y — 2 + 2
Normal to the first surface is given by

grade; = Vo,

Op, Op. Op.
= — — —k
amz + Byj + 0z

=%(a‘;logz—y2—|—1)3
+8%(w10gz—y2+1)5
0 .
—|—£(mlogz—y2—|—1)kz

= (log 2)i + (—2)j + (g) P

. gradey; |(1,1,1) = —25' +k

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Normal to the second surface is given by
gradg; = V¢,
_ a¢2 4 ¢2 (]52 ~

;] 4+ 2k
oz ' T oy’ T a2

_8 9 . a9 , , -
—a(azy 2—|—z)z—|—8—y(wy 2—|—z)]

—|—%(w2y—2—|—z)k

= 2yt + (:1:2)5 + (1)k
Vo |11, = 21+ 5+ k

Angle between the surfaces is given by
V&, .V,

|V @1||V S,
[0i—2§'+1§:}-[22+5+1§:}
:\/02_|_(_2)2_|_12 \/22_|_12_|_12
0—2+4+1 1
R

1
= 0 = cos ! (——)
V30

Problem 1.6.3. Find the angle between the normal to the surface xy = z2 at (1,4,2)
and (-3,-3,3)

cos 0 =

Solution: The given surface is zy — 22 = 0 ..

$p=zY — 2
We know V ¢ is normal to the surface at the point (z, y, 2)

2

Let i, 712, be the normals to the surface at the points (1,4, 2) and (—3, —3, 3)

respectively.
Now
.0
Vo= itt 4o kD (1)
oy 0z
o0¢ oo toJo)
— =y, —=x, and — = — 2z
ox oy 0z

Substituting in (1) we get

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Vo =yt + x5 — 22k
At the point (1,4,2), V¢ = 4i + j — 4k
and at the point (—3, —3,3), V¢ = —3¢ — 35 — 6k
1y =4i+ 5 — 4k, 1is = —3i — 35 — 6k

If 0 is the angle between the normals, then
1 T2
cosl = — - —
71| [7i2
(e +J —4k) (—3¢—3j — 6k)

V16 +1+16 +9+9+ 36
—12 -3+ 24

T V3354
9
V3 V11 3v3 V2

1

V22

— -1 (_1
Hence 8 = cos (\/ﬁ)

Problem 1.6.4. Find the constants a & b so that the surface ax® —byz = (a+2)x

is orthogonal to the surface 4xy + z* = 4 at the point (1, —1, 2). Ans :

Solution: The given surfaces are
ax® —byz — (a+2)x =0

4’y 4+2°—4=0

Let ¢ = ax® —byz — (a+ 2)x -+ (1)
and
¢y = Ax’y + 2% — 4 -+ (2)
Given that surfaces (1) and (2) cut orthogonally at the point (1, —1, 2).
5. Vo1 -V =0

we have 06 06 06
1 1 1

Vo, — 2%t 0P | L 0P

P =1 ox tJ oy + 0z

Dr. Shantha Kumari.K. AJIET, Mangaluru
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o
where ﬂ = 2ax — a — 2,

Ox

o

ﬂ = —bz and

oy

01

— T — _p

0z Y

Vo1 = (2ax — a — 2)i — bzj — byk
Similarly, 96 96 96
2 2

2
Vo — i . L 292
P2 718:13 +38y+ 0z

0
where ﬂ = 8xy,

ox
% — 42
dy
0

and ﬂ — 322
0z

. Vo = 8xyi + 425 + 32%k
At the point (1,-1,2),

Vo1 =(2a —a—2)i —b(2)j —b(—1)k
= (a — 2)t — 2bj + bk and
Vs = —8i + 45 + 12k
Vpi1-Vor =0
= ((a — 2)i — 2bj + bk) - (—8i + 45 + 12k) =0
= —8(a—2)—8+12b=0
= —8a+4b+16 =0
= 2a—-b=14 -++(3)

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 1 Page 22

Since the point of intersection (1, —1, 2) is a common point on the surfaces (1) and

(2), 1t should satisfy (1). Hence we get
a+2b—(a+2)=0

= 2b=2

= b=1
= 2a=4+b=4+4+1=5 (from (3))

51

= a=-—

2

5%

a=—-, b=1
2

1.7 Directional Derivative :

The directional derivative of a scalar point function ¢ in a given direction @ is the
rate of change of ¢ in that direction. It is given by the component of V¢ in the
direction of @

—

a
. the directional derivative = V¢ - —

|al

cos0 = |V¢|cosb

We can write > .
a |Vo¢l|lal

V- — = -
|a] |d]|

, where 0 is the angle between V¢ and a.

So, the directional derivative at a given point is maximum if cos @ is maximum. i.e.,
cosf=1=6=0
.". The maximum directional derivative at a point is in the direction of V¢ and

the maximum directional derivative is |V ¢|.

Problem 1.7.1. Find the directional derivative of ® = x*yz+4xz?ar (1, —2,—1)
in the direction of the vector 21 — 3 — 2k (VTU Aug 2005, Aug 2004, Mar 2000)

Solution: Given

b(x,y, z) = Yz + 4x2”
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We know

0¢p 0¢p  O¢
ox oy 0z
Differentiating ¢ partially w.r.to x, y, z respectively, we get
¢
— =2xyz +42%, L =2z%z, - =2 8rz
ox yz + " dy © 9z v+
At the point (1, —2, —1),

22 =2 1(-2)(-1) +4(-1)’ = 8

oo _

8_y_l -(—1) = -1
8_f:12(_2)+8.1(—1):—2—8=—10

0
.. at the point (1, —2, —1), V¢ = 8¢ — 5 — 10k
Given directionis @ = 21 — j — 2k

.. the directional derivative of ¢ at the point (1, —2, —1) in the direction of @ is

given by
Vo a (8 — 10k) (2 — 7 — 2k)

.T: 'L—J— .

|d| VIit1+4
_16—|—1—|—2O
V9
_37
3

Problem 1.7.2. Find the maximum value of the directional derivative of ¢ = x3yz

at the point (1,4, 1)

Solution: Given
¢ =z’yz
0 09 0
Vo =1— — 4+ k—
¢ zBZB tI oy + 0z

We know, The directional derivative is maximum in the direction of V¢ and the
maximum value = |V ¢|

Differentiating ¢ partially w.r.to , y, z respectively, we get

— = 3w2yz, — =3z, —¢ = wgy

Ox oy 0z
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At the point (1,4, 1),

2 =3)@) =12,

2 =1°(1) =1,

9 =1%4) =4

.. atthe point (1,4,1), V¢ = 12i+ j 4 4k

Maximum value of the directional derivative is

| Vo | = |12¢ + 5 + 4k|

=+/144+1+ 16
= v 161

Problem 1.7.3. Find the directional derivative of f = xzy? + yz3 at the point
(2, —1, 1) in the direction of the normal to the surface xlogz — y?> = —4 at the

point (—1,2,1). (VTU Feb 2004)

Solution:: Given
f=ay’ +y2°
of Of of
S Vf=1— — + k—
J zaw + Jay S 0z

= y%i + (2azy + z3) j + 3y2’k
At the point (2, —1,1),
Vf=(-1)%+(—4+1)j +3(—1)1%k
= Vf=1—-35 — 3k
The directional derivative of f in the direction of the normal to the surface « log z —
y? + 4 = 0 at the point (—1, 2, 1) is required.
Letg = xlog z — y? + 4.

Normal to this surface is,
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At the point (—1,2,1),
a=Vg
: : —1
= logl:s — 45 + <T> k
=0t—45—k=—-45 — k

a=—43 — k
Required directional derivative is

i (—4j — k)
Vf.ﬁ—(z_SJ_gk).T_l_l
12—|—3 15
V1T VAT

Problem 1.7.4. Find the directional derivative of p(x,y, z) = 2xy + 3y? — z
at the point P(1, —1, 2) in the direction of the vector ¥ = i—J+k

Solution: First we find that 06 06 o6
adp=—1+—7+—k
ST 2% ox + Byj + 0z

= 2y'z + (2 + 6y)5 + (—3z2) k

Veola1z = —2t — 45 — 12k
The directional derivative of ¢ in the direction of v is given by

7 G4k
Vo = (—2i — 45 — 12k) - <i>

|7 V3
_ —24+4—12
V3
10
=~
12. Find the directional derivative of the function ¢ = xy + yz + zx in the
direction of the vector 2¢ 4+ 37 + 6k at the point (3, 1, 2). Ans: 45/7

13. Find the directional derivative of the function 2yz + 2?2 in the direction of the

vector ¢ + 27 + 2k at the point (1, —1, 3) Ans : 23—0

14. Find the directional derivative of 3 4+ y® + 23 at the point (1, —1, 2) in the
directionof ¢z + 23 + k Ans - 7Tx/§
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1.8 Solenoidal and irrotational vector fields

A vector F said to be solenoidal if divF = 0. i. e.

—

V-F=0
A vector F said to be irrotational if curlF = 0. i. e.
VXxF=0

Note : (1) An irrotational vector field is also called as conservative field or potential
field.
2) If F is irrotational, then there always exists a scalar function ® such that V¢ =

—

F

Problem 1.8.1. Show that V (z,y, z) = (4zy — 2%) i + 2225 — 3z2%k is irro-

tational
2 7 k
Curl V = 5% a% %
dry — 23 2x? —3x2?
= (3 (—Swzz) — 3 (2w2)> 1
Solution: Ay 0z
+ (3 (4a3y — z3) — 3 (—3wz2)> 3
0z T
o o .
— (22?) — — (4xy — 2°) | k
+ (5 (227 = 5 a2y = )

= (0—0)i+ (—32% — (—=32%))j + (42 — 42)k =0

Hence V is irrotational.

Problem 1.8.2. Show that V (z, y, z) = 3y*22i+4x322j+3x?y>k is solenoidal,

Solution:
divV =V .V

— 9 - 9 - 9 - 4,25 324 2,27
= 8wz—|—8yg—|—azk)-(3yzz—|—4a:zg—|—3a:yk)
0 0 0

— (32 7 (42322 7 3 (242

o (B012) + 2 (12%57) + 3 (%)
=04+04+0=0
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Hence, V is solenoidal.

Problem 1.8.3. Find the value of a so that V (x,y, z) = (x+3y)i+(y—22)j+

(x — az)k is solenoidal.

Solution: Given that V is solenoidal.

HencedivV =0
=V -V=0
0 . o

“ 0 . u - .
:>(—z—l——j—|——k> -((x+3y)t+ (y—22)j+ (x —az)k) =0
Ox Oy 0z

=>3(m+3y)+3(y—2z)+3(m—az) =0
ox oy 0z

=>14+1—-—a=0

=>a =2

Problem 1.8.4. Prove that F = (y? — 22 + 3yz — 2x)1 + (3zz + 2xy)j +
(3zy — 2xz + 22)k is both solenoidal and irrotational. (VTU Jan 2016)

Solution: For solenoidal, we have to prove V - F=o0.
Now,
V.F
9 .0 .0 (yz_zz”yz_zfc)%
= z£+]a—y—|—k£ . +(3xz + 2xy)J )
+(3xy — 2xz + 22)k

6(2 ’+3 2)+8(3 +2 )+8(3 2xz + 22)
= — — Z Z — 4 — (o2 £ — LY — a4z z
ox Y Y oy Y 0z Y
=(—2)+ (2z) + (—2x¢ + 2)

=0

Thus, F is solenoidal.
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For irrotational, we have to prove Curl F=o.

Curl F

|
Pfo =
§’|Q’J So
So =

(y? — 22 + 3yz — 2z) (3zz + 2zy) (3zy — 2zz + 22)
= (3z — 3x)t — (—22 + 3y — 3y + 22)j
+ (3z + 2y — 2y — 32)k
=0i+0j + 0k =0

Hence F' is irrotational.

Problem 1.8.5. Find a, b, c if (x+y+az)i+ (bx+2y—2z)j+(—x+cy+22)k

is irrotational.

Solution: Let F = (x+y—+az)i+ (bx+2y — 2)j + (—x + cy + 22)k

Given F' is irrotational.

VXxF=0
i ; k
P P P &
= T 3y 52 =0

r+y+az br+2y—2z —x+cy+ 2z
[0 0
=1 [—(—a:—l—cy—|—2z)——(ba:—|—2y—z)]
oy 0z

[ 0 0
— i | (et ey +22) - o (e +y+az)]
ox 0z

0 0
—I—k[—(ba}—|—2y—z)——(w—|—y—|—az)] =0
ox oy

=i(c+1)—j(—-1—a)+kb-—1)=0
= (c+1)i+(1+a)j+(b-—1k=0
=c+1=0,14a=0,b—1=0

= a=—-1,b=1andc = —1

Problem 1.8.6. Prove that i;igﬁ is both solenoidal & irrotational. (VTU Model
2014)
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Solution:: . N
L xt+yj
F=—""_°"
wz _|_ y2
x 4 ) 4
— 1
B . :132—|—’y2 +w2_|_y2'7
divF =V .F
= e (o) Yoy )
Oz \x? + y2 Oy \z2? + y2
_ @+ (1) —=22x) | (2 +9°) (1) — y(2y)
(z2 + y2)* (z% + y2)°
(=2t (2 -9
(224 y?2)? (22 +y2)’
=0
— F is solenoidal.
= 0o 9 p) 9
curl F =V X F = - 3y 92
x y
o?+y? @24y’ 0

:%[0—0]—3[0—0]+ic( — 2%y 2y )

@+ ) (@t )
= (0)i+ (0)j + (0)k =0

curl F =0 = F is irrotational.

Problem 1.8.7. A vector field is given by A = (2% + zy?)i + (y? + x%y)j. Show
that the field is irrotational and find the scalar potential. (VTU Jan 2017)

Solution:
CurlA =V x A

i j k
_| o PRE)
ox oy oz

24+ xzy? y>  +x%y O
=1(0 — 0) — 7(0 — 0) + k(2zy — 2zy) =0
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Hence, A is irrotational. If ¢ is the scalar potential, then

ffzgradqﬁ
. o O¢p 0¢p  09¢
e A= k
e oz " ay0 T a2

N
(z® +zy®)i + (y* + 2’y)j = (z—¢ + J—¢ + k—¢>
9 dy ' 9z

Equating the components on both sides

¢
%:(wz‘i—wyz) -+ (1)
¢
9y =W HTY) (2)
¢
o = 0 NG
Integrating (1), only w.r.to @, treating ¥ and z as constants,
2
T x
b= +5V+fw2) (@)
Integrating (1), only w.r.to y, treating x and z as constants,
3 2
Yy Y
qb:?—l—ng—i—g(w,Z) -+ (5)
Integrating (1), only w.r.to z, treating  and y as constants,
¢ =0+ h(z,y)  ---(6)
Equating all the expressions for ¢ from equations (4), (5) and (6), we get
3 2 y? 2

- a2 _ y_ 2 =
stV F2) =5 + 2 £ g(@,2) =0+ h(z,y)

Comparing we get ,

<

f(yaz)zg—i_o

3

£Xr
g(maz):E‘FO

,y3 y2 . w3
h(x, - < 4+ Z -
(z,y) gt 5T+

Substituting these values in (4), (5) and (6), we get a unique expression for ¢ as
¢ = y_3 + y_zwz + w_S
3 2 3
Problem 1.8.8. Show that F = (x? — yz)i + (y? — zx)j + (22 — xy)k is
irrotational and hence find its scalar potential. (VTU July 2015, Jan 2013)
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Solution: let

7 7 k
Then curl f = a% a% %

2 —yz Yy  —zx 22 —=zy

= Z i(—x+x)=0
. f is Irrotational. Then there exists ¢ such that f = V¢
09 09 oo : :
7 e oy Thex T (a* —yz) i+ (v — z2)j + (=" —2y) k

ox 0
Comparing components, we get
t9J0) x3
a—w:xz—yz=>¢=/(w2—yz)dw=g—wyz+f1(y,Z) -+ (1)
d¢ y°
—— =y’ —zx = ¢ =" —zyz + fo(2,T) -+ (2)
oy 3
O 23
$:z2—my:>¢:§—myz—l—f3(m,y) -+ (3)
Equating all the expressions for ¢ from equations (1), (2) and (3), we get

z’ +y° +2°
¢ = — xyz + Constant

3
Which is the required scalar potential.

Problem 1.8.9. Find the constants a and b such that F = (axy + 2°)i + (3z2 —
2)j + (bxz? — y)k is irrotational. Find ® such that F = V& (VTU July 2014,

Jan 2014, Jun 2012, Feb 2005)
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Solution:: Given that F' is irrotational. Hence

VxF=0
= 2 8% 2 =0
ary + 23 32—z bxz? —y
= i(—1+1) — j (bz® — 32%) + k(6 —az) =0
= 05 — 2%(b — 3)7 + (6 — a)k =0

=b=3and a =6
- F = (6:1;y—|—z3);l—|—(3w2—z)3—|—(3wz2—y)fe
Given, Vo = F

ori4 i ok = (ay 4 %) i+ (327 — )]+ (305" — ) k

.'-3—:6$y+z3=>¢=3w2y+wz3+f1(y,2) -+ (1)
x
0
3_¢=3a32—z:>¢:3332y—yz—|—f2($,z) -+ (2)
Yy
0 2 3
— =3x2z" —y => ¢ = x2 —yz—i—f:s(w,y) '“(3)

0
Equating all the expressions for ¢ from equations (1), (2) and (3), we get
¢ =3x*y+x2z° —yz+c

Problem 1.8.10. Find the constants a, b, ¢ such that the vector field f =(x+y+
az)t + (x + cy + 2z)k + (bx + 2y — z)j is irrorational. Also find ® such that
F=vVo (VTU Jul 2015)

Solution: Given that the vector field is irrotational. Therefore V X F = 0

A~

; 3 i
0 0 0 _
s 55 5z =0

r+y+az bxr+2y—2z x+ cy+ 2z

(c+1)—j(1—a)+kbd-1)=0

c+1=0, 1—a=0, b—1=0 Hence f = (z+y+2)i+(z+2y—
c=-1, a=1, b=1

z)]+ (x —y+ 22)k
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Then there existg ¢ such 6that j? =6V¢
O0¢  0¢ ¢
= 11— — + k—
zaa: tJ oy + 0z
=(x4+y+2)i+(x+2y—2)j+(x—y+22)k

Comparing components, we get

¢ z’

9, Tty tE= o= teyteztfily,z) (1)
8 2
a_j=w+2y—z:»¢=wy+2y5—zy+f2<w,z> ++(2)
8 2
_(b:w_y_|_2z:>q§:a:z—yz—|—25-|—f3(33ay) +++(3)

Equat?nzg all the expressions for ¢ from equations (1), (2) and (3), we get

x
d’:E-I-fl?y-l-ib'z-l-yz—yz—|—z2—|—constant

Problem 1.8.11. Find constants a, b and c if the vector
j?: (2x 4+ 3y + az)i + (bx + 2y + 32)j + (2x + cy + 32)k is Irrotational.

Solution: Given

fz (2 + 3y + az)i + (bx 4+ 2y + 32)7 + (2¢ + cy + 32)k

) 7 k
F__ | 8 ) 3

2 + 3y +az bx+ 2y + 3z 2x + cy + 3z
=(c—3)i—(2—a)j+ (b—3)k
If the vector is irrotational then curl j? =0

.‘.2—a=0:>a=2,b—3:0=>b:3,c—3:0=>c:3

Problem 1.8.12. Find the constants a, b, c such that the vector field f = (¢ +
2y + az)i + (bx — 3y — 2)j + (4= + cy + 22)k is irrorational. Hence find
its scalar potential. (VTU July 2014)

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 1 Page 34

Solution:: Given vector is A = (x 4+ 2y + az)i + (bx — 3y — 2)j + (4o +

cy + 2z)k is Irrotational.
= curl A =0

i j k
0 0 (3] — 0

r+2y+az br—3y —z 4+ cy + 2z

= (c+1i+(a—4)j+(b—-2)k=0

= (c+1)i+(a—4)j+ (b—2)k =0¢+ 035 + Ok

Comparing both sides,

c+1=0,a—4=0,b—2=0

c=—1,a =4,b =2

Now A = (x + 2y + 42)i + (2 — 3y — 2)j + (4x — y + 22)k,

on substituting the values of a, b, c
Wehavej=V¢.
= A= (x+2y+42)i+ (22 — 3y — 2)j + 4z — y + 22)k

o 0 o

Comparing both sides, we have
2

) x
a_i:x+zy+4z:>¢=7+2wy+4zw+f1(yaz)
o
6_¢:Qm_Sy—z:>¢=2wy—3’y2/2—yz+f2(waz)
Yy
(9J0) 2
8—:4m—y—|—22=>¢:4332—yz+z + f3(y, x)
z

Hence ¢ = m2/2 — 3y2/2 + 22+ 2zxy + 4z —yz + ¢
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1.9 Line Integrals-Vector line Integral:

Let F (x, y, z) be a vector function and a curve AB.
Line integral of a vector function F along the curve C = AB is defined as integral

of the component of F along the tangent to the curve AB.

Line integral = /1*:" -dR = /1*:” - dr

Note : When the path of integration 1s a closed curve, this fact is denoted by using
4 in place of [

If F(R)orF = fi(x,y, 2)i + fo(x,y,2)j + f3(z,y, 2)k

and ¥ = x1 + yj + zk

Then dR = dzi + dyj + dzk

and /ﬁ-d?: /(fldw + fody + f3dz)

This is a scalar.

Note:

« Circulation : If F represents the velocity of a fluid particle then the line in-
tegral [, F - dR is called the circulation of F around the curve. When the
circulation of F* around every closed curve in a region E vanishes, F is said to

be irrotational in E.

« Work : If F represents the force acting on a particle moving along an arc AB

then the work done during the small displacement R = F . 6R. Therefore,
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the total work done by F during the displacement from A to B is given by the
integral ff F.-dR

Problem 1.9.1. If F = (5zy — 62?) ¢ + (2y — 4x)j, evaluate Jo F - dr along
the curve C' the xy -plane, y = x> from the point (1,1) to (2, 8).

Solution:: Given F' = (5xy — 6x2) 7 + (2y — 4x)j Let
7= xi + yj + zk then
dr = dxi + dyj + dzk
F.dF = (bxy — 6332) dr + (2y — 4x)dy
F.dr = / (Smy — 6:132) dr + (2y — 4x)dy
c

Along the curve y = x3 ( dy = 3:1:2da:) , x varies fromx = 1tox = 2 and

we get
2
/ F.dr = / (5:1: (az3) — 6:(32) dx + (2333 — 4a3) 3x2dx
c 1
2

= / (5:1:4 — 6x% + 6x° — 12:133) dx
1

° 3 a6 2412
{5— 6y — 122
5 '3 6 4,

= [335 — 223 + x8 — Swﬂi
=(32) —(3) =35
Problem 1.9.2. Find the total work done in moving a particle in the force field F' =
3xyi — 52§ + 10xk along the curve x = t*> + 1,y = 2t>, z = t3 fromt = 1
tot = 2 (VTU June 2019)

Solution:: WS have ¥ = x1 + yj + zk will give d¥ = dxt + dyj + dzk
F -dr
= (3xzyi — 527 + 10xk) - (dxi + dyi + dzk)
= 3xydx — 5zdy + 10xd=z
= 3(t2 + 1)(2t%)(2tdt) — 5(t°)(4tdt) + 10(t* + 1) (3t*dt)
= (12t° + 12t — 20t* + 30t* + 30t?)dt
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F .dr = (12t° + 10t* + 12t® + 30t?)dt

2
/F-dr:/(12t5—|-10t4—|—12t3—|—30t2)dt
C 1
t6 t5 t4 372
= (12— 410 —+12 — +30 —
[ ¢ PO T 3}1

_ 1o [26—1]+10 [25—1]+12 [24—1]
- 6 5 4

=
+ 30

3
— 2(63) + 2(31) + 3(15) + 10(7)
— 303

Problem 1.93. If F = zyi + yzj + zxk, Evaluate 1. F . dr. Where C is the
curve representedbyx = t,y = t2,z =13, —1<t<1 (VTU Jan 2020)

Solution::we have F = xyt + yzj + zxk and ¥ = xi + yj + zk will give
d7¥ = dxi + dyj + dzk

F.d7 = zydx + yzdy + zxdz sincex = t,y = t2, z = t3,

dr = dt,dy = 2tdt,dz = 3t*dt

- - dr
/F-df’:/F-—dt
c c dt

_ / (xyi + yzj + zxk) - (1i + 2tj + 3t2%k) dt
C

— / (zy + 2y=zt + Sz:ctz) dt
c
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/ F.dr = / (£(t%) 4 2(2) (£%)t + 3(t%) (¢)t?) dt
C C

1
:/ (t* 4 2t° + 3t°%) dt
-1

1
:/ (t° + 5t°) dt

-1
tt 5t7]
il

PR
[ /1 5 1 59

-1G+7)-(G3)]

27 13 40 10

28728 28 7

Problem 1.94. If F = (3z® + 6y) ¢ — 14yzj + 20xz%k. Evaluate [ F - dr

from (0,0,0) to (1,1, 1) along the path x = t,y = t>,z = t5.

Solution:: Given pathis © = t, y—t2, z = t3 Therefore, dx = dt,dy = 2tdt
and dz = 3t2dt
Also, (x,y, z) varies from (0,0,0) to (1,1,1) =t =0tot = 1. Thus,

F .dr = / (3:132 + Gy) dx — 14yzdy + 20xz>dz
C C

= / 1 (3t7 + 6t%) (dt) — 14(t%)(¢%)(2tdt) + 20(t) (t°)(3t*dt)

1
= (9¢? — 28t° + 60t”) dt
t=0

= (3t —4t” + 6t°), =[3—-4+6] =5
Problem 1.9.5. Find the work done by the force F = (2y+3)itxzj+(yz—x)k
to shift the particle from (0,0, 0) to (2,1, 1) along the curve x = 2t*>,y = t,z =
t3.

Solution:: ¥ = x1 + yj + zk and dv¥ = dxt + dyj + dzk
Work done is given by

W = / F-dr:/(2y—|—3)d:c—|—a:zdy—|—(yz—w)dz---(l)
Equation to thg given curve i(sja: = 2t%,y = t,z = t3; so that de = 4tdt,dy =
dt and dz = 3t*dt
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further (z,vy,z) = (0,0,0) — (2,1,1) = t = 0 — t = 1. Substituting in
(1), we get
1
W = / (2t + 3)4tdt + 2¢°t*dt + (t(¢%) — 2t7) 3t°dt
0

1
— / (8t% + 12t 4 2t° + 3t° — 6t*) dt
0

B <8t3 P 6t5)1
-\ 3 3 7 5/,
_<8+6+1+3 6)_288
\3 3 7 5) 35

.. work done = %.

—

Problem 1.9.6. Find the total work done by the force represented by F' = 3xyt —
yj + 2zxk in moving a particle round the circle % + y? = 4 (VTU-2010)

Solution:: Total work done is
W = / F.dr
x2 + y? = 4 can be represented in the pe(lirameter from * = rcosf,y = rsin 0
x =2cosf y=2sinfBandz=0,0<6 <27
dx = —2sin0df dy = 2cos 0d6O
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work done = / F.dr = / 3xydxr — ydy + 2zxdz
c C

27
= 3(4cosOsinO)(—2sinBdB) — 2sin (2 cos 6dO) + 0
6=
0 27 27
= —24/ sin? 6 cos 6dO — 4 / sin 6 cos 0d6
6=0 0=0
27
sin® 0 [— cos 29] 2
=—-24 -2 |—
3 2 0
In the first term, We substitute Sin @ = t,
= cos 0dfO = dt
= [t?dt =&
—24

=— sin® 27 — sin® 0] + [cos 4w — cos 0]

=0+ (1-1)=0

Problem 1.9.7. Find the work done in moving a particle in the force field F' =
3x%i + (2xz — y)j + zk, along a) The straight line from (0,0,0) to (2,1,3) b)
The curve defined by 2 = 4y, 3x3 = 8z fromx = 0 to x = 2. (VTU-2017)

Solution:
work done = / F.dr
c

= / (32% + (2zz — y)j + zk) - (dzi + dyj + dzk)
c

= / (32%) dx + (2zz — y)dy + 2dz -+« (1)
c
a) The equations of the straight line from (0,0,0) to (2,1,3) are % =

)

Then x = 2t,y = t, z = 3t are its parametric equations.
and dx = 2dt, dy = dt and dz = 3dt

= £ = t(say

S
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The points (0, 0,0) to (2, 1, 3) corresponds to ¢ = 0 and t = 1 respectively.

workdone = / F.dr
:cz) dr + (2xz — y)dy + zdz

(3(2t)? (2dt) + [2(2t)(3t) — t] dt

c
_ /C 1(
- [
+(3t)(3dt)]

1
= / (36t* 4 8t) dt = 16
b)Let x = tin 2 = 4y and 3x3 = 8z,

Then the parametric equations of C' are

t? 3t3
xr =1, y:Z, z:?and
2tdt  t 9¢2
de =dt, dy=—— = —dt, dz = —dt
4 2 8

and t varies from 0O to

2
Work done = /

) dxz + (2zz — y)dy + zdz
/ 312di + (2(t) 3t® ) bt <3t3> o
L4 4) 2 8/ 8

1
:/ [3t2———|——t5] dt
0 8 64

s th 1762
=t*— —+ —t% =16
32 128 |,

Problem 1.9.8. A vector field is given by F = sinyi + x(1 + cosy)j. Evaluate
the line integral over a circular path given by €®> + y*> = a?,2 =0  [VTU Jan
2018]
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Solution:: We have,

Work done = / F.dr
C

= / [(siny)z + (1 + cos y)j] - [dmi + dyj + Ok]
c
(. z = 0, hence dz = 0)
= / sinydx + x(1 + cosy)dy
c
Work done = / (sin ydx + @ cos ydy + xdy)
c
The parametric equations of given path 2 + y?> = a? are x = acosf,y =
asin 0,

dxr = —asin 0d0 and dy = a cos 68d6

and 0 varies from 0 to 27
F.dr = / (sin ydx 4+ x cos ydy + xdy)
c

=/d(a:siny)—|—/a:dy
.. /C c
/ﬁ-d?z/ d[a cos 0 sin(a sin 0)]|d0
c 0

C

2w
—I—/ acos 0 - acos0do
2w ° 2w
= / d|a cos 0 sin(a sin 0)] + / a’cos® 0 do
0 0

2w
= [a cos @ sin(a sin 0)]37r + / a? cos® 0d6
0

27 1 2
:0+a2/ (M)da
0 2

_a’ {9 N sin29r”
2 2 ],
& %2 .27 = mwa?
Problem 1.9.9. If F' = 3xyi — y?j. Evaluate [ F.dR, where C' is the curve in
the xy-plane y = 2x2 from (0,0) to (1, 2) [VTU 2010]
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Solution: Since the particle moves in the xzy -plane (z = 0)

We take ¥ = x; + y;. Then

F.dr = / (3zyi — y%j) - (dzi + dyj)
c C
where C is the parabola y = 2x2. Then dy = 4xdx and x varies from O to 1.

F.drF = / (3mydm — yzdy) -+ (1)
c c

Substituting y = 2x2, where = goes from 0 to 1

Therefore (1) becomes

/ F.drF = 1 [3:13 (22”) do — (23;2)2 (4mdw)}
c :L'1=O
= / (6333 — 16:135) dx

-7
6
Problem 1.9.10. Evaluate the line integral [, [(x* + xy) dz + (2 + y?) dy]

where c is the square formed by the lines x = +1 and y = +1.

Solution::

A(-L-1) [ry=-1

Here F.dr = / [( + .:cy) dx + (a:2 + yz) dy]
In the counter clockw1se direction
/F dr_/ F. dr—i—/ F.di+ | F.di+ | F.d¥ ---(1)
AB BC CD DA
Along AB:
Here y = —1. . .dy =20
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Along BC:
Here  =1. ..dx =20

Along CD:
Here y = 1. .. dy = 0.

—1
 § :

11
=y
Kl
I
)
[\V]
_|_
B
<Y
8

Along DA:
Here = —1. .. dx = 0.
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= (—2)_/0 (1+y?)d

1

8

1
Hence the required line integral in the counter clockwise direction is

Fodi=> + 8 _2_8_ 0 usi (1)
ar = —+ - — — — — = 0, usin .
C 3 3 3 3 ’ &

1.10 Green’s theorem in a plane:

If R is a closed region of the x — y plane bounds by a simple closed curve C' and if
M and N are two continuous function of @, y having continuous first order partial

derivatives in the region R then

jq{Mda:JrNdy = // <8N >dwdy

Problem 1.10.1. Using Green’s theorem evaluate fc [(a:y + yz) dx + w2dy} , Where
Cis rounded by y = x and y = x> [VTU- July 2019, Janl0,Dec 11, June 17]

Solution: We shall find the points of intersection of y = « and y = x2.

Equating the expressions of y from both equations

r=x’=>x—x>=0

x(l—x) =0
x=0,1
y=20,1

Hence (0, 0), (1, 1) are the points of intersection.
The given integral is in the form 550 Mdx + Ndy where
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M = zy + y?&N = z?

The region R bounded by the curves is as shown in the following figure.

ONp-======-- [1 1)

&

“c

]
- —-

[=]

(0,0) (1.0

By Greens Theorem,

/Mdac—l—Ndy_// (8N )dwdy
- Lewe
=//RZ:B—(az—l—2y)
:/:_O/ix2(az—2y)dydw

1
:/ [azy—y}y L2 dT
=0

/ 1_0 (@~ o?) — (a* — 2*)) da

5 4 20
Problem 1.10.2. Using green’s theorem evaluate fc (3:132 — 8y2) dr + (4y —
6x)dy, where c is the boundary of the region enclosed by y = \/x&y = 2

Solution: The region enclosed by y = /x&y = x? is as shown in the figure.
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>

| y=x
\ _,—H-'_F
01T = 20 1)
o |

2
it

We shall find the points of intersection of the parabola y = /x & y = x>

At the point of intersection,

y = Vaky = z?

Vi =z

TrT=x

(@ —a') =0

z(l—z%) =0
=>xx=0z=1

Whenz =0,y =22 =y =0

r=1l,y=z=>y=1

Hence the points of interaction are (0,0)& (1, 1) The given integral is in the form
$c Mdx + Ndy where

M = 3x? —8y? N =4y — 6xy

oM ON

dy L Y
By green’s theorem,

j{Mda: + Ndy = // <8N ) dzdy

= //R(—Gy + 16y)dxdy

1 vz
= / / (—6y + 16y)dydx
0 Jy=x2
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Problem 1.10.3. Using Green’s theorem evaluate fC (3:132 — 8y2) dr + (4y —
6xy)dy where C' is boundary of the region definedbyx = 0,y = 0& x+y =1

Solution: The region bounded by x = 0,y = 0 & 4+ y = 1 is given by

The given integral is in the form 550 Mdx + Ndy where
M = 3x? — 8y?, N = 4y — 6xy

%—A; = —16y and%—]Z = —6y

By green’s theorem,

j{de+Ndy = // (8N )dwdy

/C[(wary)derwzdy /:O/y (—6y) — (—16y)dzdy

1—x
/ / 10ydxdy
=0 Jy=0
1 2\ 1—x
/ 10 y—) da
x=0 2 0
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110
= —(1—x)’dx
=0 2

S==N

= [1-1° - 1 -0

e

5

3
Problem 1.10.4. Use green’s theorem to evaluate fc (:cz + a:y) dm—i—(a:z + y2) dy,
where c is the square formed by the linesy = +1,x = +1

Solution:: The square formed by the lines y = +1,x = 41 is in the form :

¥
'

D(-11) el s )

x=-1g x=]

B(1,-1)

Af-1,-1)

The given integral is in the form fc Mdx + Ndy where
M=z*+z2y N=2z2+1y9

By green’s theorem, we have

f(Mda:—l—Ndy)—// <8N )dwdy
—//[am “+y) - 88( + zy) | dzdy

— /_1 /_1(2:1: — x)dzdy
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1 1
=/ / xdxdy
—1J-1
1 1
:/ :Bda:/ dy
~1 ~1
1
:/ xdx [y]l_1
—1
1
:/ xdr (1+ 1)
—1
1
=/ 2xdx
~1
2\ "
=2 <—> =1—1=0
2/ 4

Problem 1.10.5. Using Green’s theorem, evaluate |, [(y — sinx)dx + cos xdy]

where C'is the plane triangle enclosed by the linesy = 0,x = w/2andy = %az

Solution:

inf2, 1}

(0, 0} [ (2, 0)

The given integral is in the form §, Mdx + Ndy where M = (y — sinx) and

N = cos x By green’s theorem, we have

7( (Mdx + Ndy) = / / <3N )dazdy

[(y — sin x)dx + cos zdy]
c

=7 ry=2
= / / (—sinx — 1)dydx
=0 y=0

L —/2(sina:—|—1) [y](2,7m dx
0

2 [z
——/ x(sinx + 1)dx
™ Jo
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— _E {[;13(—(:05:13—|—w)](%r - /02(1) X (— cosm—l—a:)da:}

7

(Using Integration by parts)

__2 { E(_ cosg n g) _ 0] - /03(1) X (— cosz + w)dw}

Il
|
3N
——
uk\ﬁw
|
— N
|
@,
3 =
N
_I_
—~
o[
(V]

o
| e — |
H/_/

Problem 1.10.6. Apply Green’s theorem to evaluate |, c [(2:1;2 — yz) dr + (332 + yz) dy},

where C' is the boundary of the area enclosed by the x-axis and the upper -half of

the circle %2 + y? = a?

Solution::

By Green’s theorem

/C [(sz — yz) dx + (a:'2 + y2) dy}

= //A {% (a:2 + y2) — gy (2:32 — y2)] dxdy

=2 / / (x + y)dxdy, where A is the region given in the figure
A
Changing to polar coordinates (r,68), we have * = rcosf, y = rsin@ and

dxdy = rdrdf. Also r varies from O to a and @ varies from O to 7
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Integral = 2/ / r(cos @ + sin ) - rdOdr

/ rdr X / (cos 0 + sin 0)d6O
0
(r
3

=2 > [sin @ — cos 0],

a3
= E X [(sinm — cosm) — (sin0 — cos 0)]
PN (1+1) = da’

3 3

1.11 Area using Green’s Theorem

Problem 1.11.1. Apply Green’s theorem to prove the area enclosed by a plane curve

is 3 [, xdy — ydx

Solution: We have Green’s theorem that

/de+Ndy—// (BN )dmdy e (1)

Now taking M = —y and N = x, in equation (1) it gives
| (vda+ @y = [[ 1= (~D)dedy

:2//dwdy
R
1

éij{wdy—ydw://dwdy --+(2)
C R
The RHS of (2) represents the area of the region R bounded by the simple closed

curve C.

1
.". the area enclosed by a plane curve = > / xdy — ydx|.

Problem 1.11.2. Using Green’s theorem find the area of the ellipse % 3 —|— y =1

Solution: The given ellipse is in the form
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__|(o.k)

[Drb.}

The parametric form of equation of the ellipseis* = acos 0,y = bsin 0

Then dr = —a sin 0d0 and dy = b cos 0d0O
1
A= > j{a:dy — ydx

1 2w
= 5/ (acos0)(bcos8dO) — (bsin ) (—a sin 0dO)
0

1 2w
= Eab (cos®6 + sin® 6)do
0

1
= —ab (2
Jab (2m)
= mab

Problem 1.11.3. Find the area between the parabolas y* = 4x&x? = 4y with

help of green’s theorem in a plane. (VTU Model 2018)
Solution:
=4y - y:l'_'/‘“
- W
(4, 4)
C. ~ /i
_/)/ / x=4
4 S G
S =
(0. GJO
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For intersection points, substitute
y? = dxory = 24/z inx? = 4y
= 2 =4 %X 2Vx
= z* = 64z
=z (2> —64) =0
=>x=0, andx =14
Whenz =0, y¥> =4x 0=y =0

Whenz =4, y> =4 x4=>y =4
Hence the Points of intersection are (0, 0) and (4,4). On C; : z% = 4y
2edr =4dy = dy= %a:da:

and x varies from 0 to 4.

I = / xdy — ydx
22
_/ x - —mda: — —dx
0 4
4 /x?
= / — —) dx
0 2 4
4.2
= / —dx
o 4
1 [237*
-2
64 16
~ 4.3 3
On Cy:y*=4x .. 2ydy=4de = do = jydy

and y varies from 4 to 0.
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I, = xdy — ydx
C,
0,2
(Y
— Z duy — . —yd
. 4 y—vy 2yy
0 /.2 2
[(2-9)
4 \ 4 2
0 2
4 4
4
1, 1y 16
= _ ydy_—— —
40 4 30 3
Required 1 16+16 16
equiredarea = — |— + —| = —
. 213 3 3

If (x, y, z) are the coordinates of a point in space, then the equation z = f(x, y)
or f(x,y,z) = 0 represents a surface S. If S has a unique normal at each of its
points whose direction depends continuously on the points of S, then the surface S
1s called a smooth surface. Surface integral is a generalization of a double integral.
In a surface integral the integrand is integrated along a curved surface.

Consider a vector function F defined over a surface S. Let P (x,y,2) be a point on
the surface S and let 72 be the unit outward normal to the surface S at P. Then the
normal surface integral of F* over S is denoted by [ sF.dSor [[(F-ndS.
Other types of surface integrals are [[ (V X F) - adS and [ fdS

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 1 Page 56

1.13 Evaluation of a Surface Integral:

A surface integral is evaluated by reducing it to a double integral by projecting the
given surface S onto one of the coordinate planes.

Let R be the projection of S onto the zy -plane. Then,
dS — dxdy

|72 - k|

dxdy
//F ndS—//F ')
|7 - k|

where 71 is unit outward drawn normal to S.

Then,

In a similar way the surface integral can be evaluated by projecting S’ onto the yz

-plane as R; and xz -plane as R as follows :

— . _ dydz
//F-ndS = F-n =
S R1 |’fL' Zl

- - dxdz
//F-ﬁdSz F-n —
S R, |7 - 7]

Note : Suppose the velocity of a fluid in xyz space is described by the vector field

F(x,y,z). Let S be a surface in xyz space. The amount of the fluid flowing through
the surface per unit time is called the flux of fluid through the surface. For this
reason, the surface integral = [, S(ﬁ - 1v)ds is often called the flux integral.

If [f S(ﬁ - A)ds = 0, then F is said to be a solenoidal vector point function.

1.14 Stokes Theorem

If S is a surface bounded by a simple closed curve C' and if F any continuously

differentiable vector is function then

/ﬁ-d?://curlf-ﬁds:// (Vx ﬁ)-ﬁds
C S S

Problem 1.14.1. Using Stoke’s theorem evaluate fC F-deorﬁ = (:132 + yz) 11—
2xyj taken round the rectangle bounded by the lines x = +a,y = 0&y = b
(VTU-Junel7)
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Solution:: Let ABC' D be the given rectangle as shown in figure.

C y=b B
x=—aqa x=a
D o »y=0 A X
CurF =V X F
i ik
= 9 2 0
ox dy 0z

2+ y? —2zy O
— §(0 — 0) = §(0 — 0) + k(—2y — 2y)

= —4yk
n ==k
dxd
s = Aw J = dxdy
|72 - K|

/CurF - ds) = / (—4y)dxdy
y b a
= —4/ / ydxdy
0 —a
b a
= — 4/ x| ydy
0 —a

= —4(2a) /Ob ydy

2
o]
2 0

= —4ab?

Problem 1.14.2. Evaluate fc zydx + xy?dy by stoke’s theorem where C is the
square in the xy plane with vertices (1,0)(—1,0), (0,1), (0, —1)

Solution:
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B|(0, 1)

| \A
{-1.0) \ 11.0)

oY(o, -1)

According to stoke’s theorem we have

/ﬁ-d?://curlﬁ-ﬁds
C S

curl F =V X F

Now,

= (y* — =) k,

Further ds =

A

|7y -
curl F - Ads = / y:—x da:dy
S
It can be clearly seen from the figure that —1 < & < 1and —1 < y < 1 Now,

1
//curlﬁ-ﬁdSZ/ / y —x dyda:
S =—1Jy=—1

1 a3 1
x=—1 L 3 y:—]_
_|G+3)-=a+n]e
== — — — I £Zr
r=—1 3 3

2 1
[
3 r=—1

2 4
25(14‘1)—(1—1):5
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Problem 1.14.3. Using Stoke’s theorem Evaluate fc F' - dR for the vector field
F = (2z—vy)i+yz%j —y?zk over the upper half of surface of *> +y?>+22 = 1
bounded by its projection on the xy plane

Solution::
N S
/ F.dr = / / curl F' - ndS (Stoke’s theorem)
c S
C is the circle: % + y* = 1,z = 0(zy -plane )
Here unit normal vector to the surface of the sphere ¢ = x? + y? + 22 = 1is
given by
. Vo
n=-—
Vol
V¢:3(w2+y2+z2)z+£(w2+y2+z2)3+£(w2+y2+z2)k
ox oy 0z

= 2xt + 2y) + 2zk
V| = VA(x? + y2 + 22)
=Vv4 (@ +yP+2%)=1)

— 2
2wi + 2yj + 22k
P ZJ”L R . - 2k
N - k| =z
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dxdy dxdy
ds = — =
|70 - K| z
7 J k
— o) (o) 0
Now curlF = Fio 3y 52

2¢ —y —yz? —y3z
= (—2yz +2yz)i +0j + k

=k
— dxdy
/curlF-nds=//z-
S z
:// dxdy
R

— areaofcircle C : 2> +y> =1

=T

Here R is the projection of S on xy -plane

1.15 Question Bank : Module 2-Vector Calculus

1.15.1 Question Bank :The Gradient, Divergence and Curl :

l.

2.

3.

Find grad¢ where ¢ = 3x%y — y322 at the point (1, -2, -1) (VTU Jan 2017)
If F = V(xy322) find divF and curlF at (1,-1,1) (VTU Model 2018)
Find divF and curlF where F = V(x3 + y2 + 23 — 3zyz) Is F irrota-
tional?

(VTU Model 2022, Jan 2020, June 2019, July 2017, Jul 2015. Jul 2013,
Jan 2008, Aug 2002)

JMF =(x+y+1)i+j— (x+y)k, then show that F.curlF =0 (VTU

Jan 2014, July 2013)

IV =@ X7 PT.w = %(V X V) or curlV = 2@ where 0 is a constant

vector.

(VTU Jan 2015)
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10.

1.

12.

13.

14.

15.

16.

17.

If 7 = i + yj + zk, and |7| = 7, find graddiv (3) (VTU Jan 2015)

Ifp =22+ y? + 22, and F = x2i + y2j + 22k, then find grado, divF

and curlF.

(VTU July 2014) Ans: 2xi + 2yj + 2zk, 2z + 2y + 2z, 0.

I F = 2zy324 + 3x2y?24j + 4224323k, find ) V- F (i) V x F (VTU

Jan 2014)

. divF and curlF at the point (1,2,3) if F = grad(zdy + y3z + 23z —

x?y?2?) (VTU 2007)

Find the divergence and curl of the vector V = zyzi+3z2yj+(xz2—y?2)k
at the point (2,-1,1)
(VTU Jan 2017)

If F = z%yi + y2z) + 2%xk, find Curl(Curl ﬁ) (VTU Model 2022)

If ® = x3y®23, then find V® at (1,2, 1)
Ans: 241 4+ 123 + 24k

If V = 3zzi + 2vyj — yz2k, find divV
Ans: 3z 4+ 2x — 2yz.

fV = yzt + 3xzj + zk, find curlV
Ans: —3x1 + yj + 2zk

If® = 2% — y? — 22 — 2, find grad® at (1,-1,2)
Ans: 27 + 25 — 4k

If F = xy?i + 2x%yzj + 3yz2k, then find div(curl F)
Ans: 0

If F = (3z%y — 2)1 + (23 4+ y*)j — 22322k, then find grad(divF) at
(2,—1,0)
Ans: —61 + 245 — 32k
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18. If F = 3xyz2i — 422yj — xy?zk , then find V(V - F) at (—1, 2, 1)

Ans: —162 + 73 + 12k
If A = x?yi — 2xzj + 2yzk, find curl(curl A).

19.
Ans: 2(x + 2)j
20. If A = x%yi + xzj + 2yzk, find curl(curlA) at (1,1,1)
Ans: 4j
21. If ¢ = 2 + y? + 22, and F = x%i + y2 + 22k, then find grado, divF

and curlF. (VTU July 2014)
Ans: 2x1 4+ 2y + 2zk, 2x + 2y + 2z, 0.
Find divF and curlF at the point (1,2,3) if F = z?yzi + zy>2j + zyz2k

22.
Ans: 12,51 — 1635 + 9k
23. divF and curlF at the point (1,2,3) if FF = 3x% + 5xy%j + bxyz3k
Ans : 278, 5(27t — 545 + 8k)
24. fV = g, show that div(V) = 2 and curl(V) =0

25. Find curl(grad f) given f(x,y,2z) = x®> + y*> — 2
Ans: 0
Find curl(curlﬁ’), given A = z2yi + y2zj + 22yk (VTU 2003)

26.
Ans: 2(x + z)j + 2yk

_ =27
r4

27. prove that V (7%)

prove that Vr = %F = f
(VTU Model 2018)

28.
Find divF and curlF where F = V (xy32?)

29.

AJIET, Mangaluru
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1.15.2 Question Bank :Angle between two surfaces :

I.

10.

Find the angle between two surfaces €2 + y? + 22 =9 & z = x> + y?> — 3
at the point (2, —1, 2)
(VTU Model 2022, June 2019, July 2017, Dec 2010, Jul 2009)

. Find the angle between two surfaces £2 +y? + 22 =4 & z = 2>+ y2 — 13

at the point (2, 1, 2)
(VTU Model 2018)

Find the constants a & b so that the surface ax? — byz = (a + 2)x is
orthogonal to the surface 4x%y + 23 = 4 at the point (1, —1, 2). (VTU
Model 2018)

. Find the angle between two surfaces xlogz = y? — 1, x%y = 2 — z at the

point (1,1,1)

Find the unit vector normal to the surface xy322? = 4 at the point (—1, —1, 2)

Ans :——(—i — 3j + k)

. Find the unit vector normal to the surface 2y + y2?z + z2x = 5 at the point

(1,—1,2)
Ans : —Zi_j%5k

. Find the unit vector normal to the surface 2 4+ y? 4+ 22 = 3 at the point
(1,1,1) Ans ; itk

V3

. Find a unit normal to the surface zy?z> = 1 at the point (1,1, 1).

Ans : i+20+3k

V14
Find the angle between two surfaces 2 + y?2 + 22 =9 & z = 22 + y?> — 3
at the point (2, —1, 2) (VTU Dec 2010, Jul 2009)
. 1( 8
Ans : cos < 3 m)

Find the angle between the directions of the normal to the surface z?yz = 1
at the points (—1,1,1) and (1, —1, —1). Ans: 0 =
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11. Show that the surfaces 5x? — 2yz — 9 = 0 and 4x%y + 23 — 4 = O are
orthogonal at the point (1, —1, 2).

12. Find the unit vector normal to the surface 3 4+ y3 4+ 3zyz = 3 at the point

(1,2, —1) Ans: %

13. Find the angle between two surfaces xlogz = y? — 1, %y = 2 — z at the
: . -1 (=L

point (1,1,1) Ans : cos (m)

14. Find the constants a&b so that the surface 522 — 2yz — 9z = 0 may cut the
surface ax? + by3 = 4 orthogonally at (1, —1, 2)
Ans:a = —6,b = —10

1.15.3 Question Bank :Directional Derivative :

1. Find the directional derivative of 4xz3 —3x2y?z at (2,-1,2) along 2 — 37 +6k.

(VTU Jan 2020, Model 2018, Jan 2015) Ans : %

2. Find the directional derivative of zy® + y23 at (2, —1, 1) in the direction of
the vector ¢« 4+ 25 + 2k
( VTU July 2017)

3. Find the directional derivative of ® = z?yz + 4x2? at (1, —2, —1) in the
direction of the vector 22 — 3 — k  (VTU Aug 2005, Aug 2004, Mar 2000)

4. Find the directional derivative of f = xy? + yz3 at the point (1,2, —1)
in the direction of the normal to the surface xlogz — y* = —4 at the point
(—1,2,1). (VTU Feb 2004)

5. In which direction the directional derivative of x?y 23 is maximum at (2, 1, —1)
and find the magnitude of this maximum. (VTU Jan 2009, Dec 2008) Ans :

—44i — 45 + 12k, 44/11

6. Find the directional derivative of ® = x?yz + 4xz? at (1, —2,1) in the
direction of the vector 22 — 3 — 2k (VTU 2007) Ans : 33—7
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7.

10.

1.

12.

13.

14.

15.

Find the directional derivative of ¢ = x?yz + 4xz? at the point (1, —2, 1)

in the direction of the vector 22 — j — 2k (Model 2022)
Ife = ¢ + 5 , then find the directional derivative at (1, —1, 1) in the direction
ofa=1—27 +k Ans : 2\/_
Find the directional derivative of f = xy? + yz? at the point (2, —1,1) in
the direction of 2 + 27 + 2k Ans : _11
Show that the directional derivative of ® = x3y?z is maximum along the

direction of 92 + 337 + k at (1,2,3). Also find magnitude of maximum.
ns: V| 1,2,3) = 4(95 + 3j + k) and [V®| = 491

In what direction from (3, 1, —2) is the directional derivative of ¢ = x?y?z4

maximum? Find also the magnitude of this maximum.
Ans : 96(i + 35 — 3k), 9619

Find the directional derivative of ¢ = x?yz + 4x2? + xyz at (1, 2, 3) in the

. . . . . 86
direction of 22 + 3 — k. Ans : 7

Find the directional derivative of f = x? — y? + 222 in the direction of 47 —

27 + k. Also calculate the magnitude of the maximum directional derivative.
Ans: \/_ v 164

Find the directional derivative of V - V@ at the point (1, -2, 1) in the direction

of normal to the surface *yz = 3z + 22, where ® = 2z?y?z* Ans: 1222

Find the directional derivative of ¢(x,y, z) = x? — 2y* + 422 at the point

(1,1, —1) in the direction 2¢ — 5 — k Ans : %

1.15.4 Question Bank :Solenoidal and irrotational vector fields

I.

Find ‘a’ for which F = (z 4 3y)i + (y — 22)j + (x + az)k is solenoidal.
(VTU Jan 2017)
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2. Prove that i;i’;”z is both solenoidal & irrotational. (VTU Model 2018, Model
2014)

3. Find the constants a, b, c such that the vector field
f: (x+2y+az)i+ (bx — 3y — z)j + (4 4 cy + 22)k is irrorational.
(VTU July 2014)

4. Find the value of the constant a such that the vector field
F = (axy + bz3)i + (322 — cz)j + (3x22 — y)k is a conservative force
field. Hence find a scalar function ® such that F = V& (VTU June 2019,
Model 2018)

5. Find the constants a, b, ¢ such that the vector field f = (x+y+az)i+
(x 4+ cy + 2z)k + (bx + 2y — z)j is irrorational. (VTU July 2017).
Also find ® such that F = V& ( VTU Jul 2015)

6. Find the value of the constant a such that the vector field
F = (azy — 2%)i + (a — 2)x%j + (1 — a)xz2k is irrotational. Hence find
a scalar function @ such that F = V& ( VTU Jul 2014)

7. Prove that F' = (y2—224-3yz—2x)i+ (3xz+2xy)j+ (3vy—2x2+22)k
1s both solenoidal and irrotational. (VTU Jan 2016)

8. Find the constants a and b such that FF = (axzy + 2%)1 + (3% — 2)j +
(bxz? — y)k is irrotational. Find @ such that F = V& (VTU Jan 2020,
July 2014, Jan 2014, Jun 2012, Feb 2005)

9. Show that F = (22 — yz)i + (y% — zx)j + (22 — xy)k is irrotational and
hence find its scalar potential. (VTU July 2015, Jan 2013)

10. If €@ = x%¢ 4+ y?j + 2%k and ¥ = y=zi + zxj + xyk Show that & X Tis a
solenoidal vector.
(VTU July 2017)

11. A vector field is given by A = (x2 + xy?)i + (y2 + x2y)j, show that the
field is irrotational and find the scalar potential. (VTU July 2017)
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Show that F = (y2 — 224 3yz — 2:13) i+ Brz+2xy)j+ (3xy —2x2+
2z)l% 1s both solenoidal and irrotational. (VTU Model 2022)

Define an irrotational vector. Find the constants a, b and ¢ such that F = (amy — z3)

1s irrotational. (VTU Model 2022)
Prove that F' = 3y*z2¢ 4+ 423225 — 3x2y>k is a solenoidal vector .

Find a for which F = (z + 3y)i + (y — 22)j + (x + a2)k is solenoidal.
(VTU Jan 2017)

Find the value of m if A = (x + 2y)i 4+ (my + 4y)j + (5z + 6x)k is a

solenoidal vector. Ans: m = —10

Find the value of @ if F = (ax + 3y + 42)i + (x — 2y + 32)j + (3z +

2y — z)k is a solenoidal vector. Ans:a =3

Find the value of ‘a’ if the vector F = (22%y + yz) i + (xy® — xz2?) j +

(axyz — 2x%y?) k is solenoidal. Ans: a = —6
Prove that 773 is both solenoidal & irrotational .

Prove that F' = (y2—224-3yz—2x)i+(3xz+2xy)j+ (3zy—2x2+22)k
1s both solenoidal and irrotational. (VTU Jan 2016)

Prove that »™r is solenoidal iff n = —3 and irrotational for all n.

Show that F = (6xy + 23)i + (322 — 2)j + (3222 — y)k is irrotational.
Find ® such that F = V& (VTU Aug 2003) Ans ® = 3z%y + 223 — yz

Show that F' = (2 + yz)i + (4y + zx)j — (6z — xy)k is both solenoidal
and irrotational and also find its scalar potential ® Ans:

<I>::132—|—2y2—3z2+33yz

Show that F = (y + z)i + (z + x)j + (& + y)k is conservative and also
find its scalar potential. Ans: ® = xy + yz + zx
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25.

26.

27.

28.

29.

IfVP® = (y? — 2x22 — 1)1 + 2zyj + 2x2zk, find $ Ans :
<I>=wy2—i—w2z2—x—i—c

Show that F = (2zy? + y2)i + (2z2y + zz + 2y2?)j + (2y%z + zy)k
1s a conservative force field and find its scalar potential.

Ans: ® = z%y? + y?22 + zyz + ¢
Prove that F = (—22 + yz)i + (dy — 22x)j + (2xz — 42)k is solenoidal.

Show that F' = (y2 — 22 4+ 3yz — 2z) i+ (3zz+22y)j+ (Bwy — 2wz +

2z)k is irrotational and solenoidal.

Determine the constants a and b such that the curl of vector
A= (2xy + 3yz)? + (:132 + axz — 4z2) 7 — (3zy + byz)k is zero.
Ans:a =3,b =38

1.15.5 Question Bank :Line Integrals, workdone

. Find the total work done in moving a particle in the force field F' = 3xyr —

5z] + 10xk along the curve x = t? + 1,y = 2t%,z = t3 fromt = 1 to
t =2 (VTU June 2019)

— o —
If F = xyi+yzj + zxk, Evaluate fc F'.dr. Where c is the curve represented
byx=t,y=t3z=1t,-1<t<1 (VTU Jan 2020)

. Find the total work done by the force F' = 3x2i + (2zz — y)j + zk, along

r=ty="42z=3 (VTU Model 2018)

. Find the total work done by the force represented by F = 3xyr —yj +2zxk

in moving a particle round the circle =2 + y? = 4 [VTU-2010]

. Find the work done in moving a particle in the force field F = 3z2% + (2xz —

y)j + zk, along [VTU-17]

(1) The straight line from (0,0,0) to (2,1,3). (VTU Model 2022)
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10.

1.

12.

(ii) The curve defined by 2 = 4y,3x3 = 8z fromxz = 0to x = 2

IfF = 3xyi — y*j. Evaluate [ F.dR where C is the curve in the xy-plane

y = 2x2 from (0, 0) to (1, 2). [VTU 2010]

IfF = (3z% + 6y)i — 14yzj + 20xz%k , evaluate [ F.d# from (0,0,0) to

(1,1,1) along the curve givenby x = t,y = t2, 2z = t3 [VTU 2001]

. A vector field is given by F' = sinyi + (1 4 cosy)j. Evaluate the line

integral over a circular path given by 2 + y? = a?,z = 0 [VTU Jan 2018]

. If Cis a simple closed curve in the xy-plane not enclosing the origin. Show that

[ F.dR = 0 where F = (g;‘;;;‘) [VTU Jan 2018]

IfF = (5wy — 6:132) i+ (2y — —4x)j, evaluate [, F . d7 along the curve
C : y = x3 in the xy - plane from the point (1,1) to (2,8)  (VTU Model
2022)

Evaluate [, F.d¥where F = (z? — y?) i+ (xy)j, where c is the arc of

the curve y = 3 from (0, 0) to (2, 8) Ans: 82

If F = x2i + zy7j, Evaluate Jc F . d7 from (0,0) to (1,1) along (i) the line
y = x (ii) the parabola y = v/« Ans: (1) % (ii) %

1.15.6 Question Bank :Greens Theorem

l.

2.

3.

Using Green’s theorem, Evaluate ¢ (x* + y*)dx + 3x?ydy, where C is the
circle 2 4+ y? = 4 traced in the positive sense. (VTU Model 2018)

Using Green'’s theorem evaluate ¢ (xy + y?)dx + x*dy, where C is rounded
byy=xandy = 22 [VTU- Model 2022, Jan 2020, Jan10,Dec 11, June 17]

Using Green’s theorem evaluate §, (3x? — 8y?)dx + (4y — 6xy)dy, where
C is the boundary of the region enclosed by y = v/ & y = 2 [VTU July
2018]
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4. Find the area between the parabolas y?> = 4x and x? = 4y using Green’s
theorem in a plane. [VTU: — June 2018]

5. Find the area between the parabolas y? = 4x & x2? = 4y with help of green’s
theorem in a plane. (VTU Model 2018)

6. Apply Green’s theorem to evaluate fc [(3:13 — 8y2) dr + (4y — Gmy)dy},
where C is the boundary of the region boundedby x = 0,y = 0,z +y =1
(VTU Model 2022)

7. Using green’s theorem, evaluate | (x?ydx + x*dy), where cis the bound-
ary described counter clockwise of the triangle with vertices (0, 0), (1, 0), (1, 1).

.5
Ans: 5

8. Employ Green’s theorem in a plane to show that the area enclosed by a plane

curve c is % fc xdy — ydx and hence find the area of the ellipse Z—z + g—z =1

Ans: ab sq.units

9. Find the area of the asteroid € = acos®0, y = asin® 0 by employing

2 .
green’s theorem. Ans : 3’;" sq .units

10. Using Green’s theorem, Evaluate [, (xy — «?) de + x?ydy, where c is the

closed curve formedby y = 0,z = 1&y =« Ans ;;_21

1.15.7 Question Bank :Surface Integrals, Stokes Theorem

1. Using Stoke’s theorem, evaluate fc F.dR , where F = yt + z7 + xk and C
is the boundary of upper half of the sphere 2 + y? 4+ 22 =1 (VTU Model
2018)

2. Evaluate fs F.dS where F = 4xi — 2y%j + 22k, s is the surface bounding
the region 2 + y? = 4,2 = 0&z = 3 [VTU-Junel7]
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3. Verify stoke’s theorem for F = (2 + y?)i — 2y taken round the rectangle
bounded by the lines x = Fa,y = 0&y = b [VTU-Model 2022, Jan 2020,
June 2018, June 17]

4. 1fF = 2xyi + yz?j 4+ xzk and S is the rectangular parallelepiped bounded
byr=0,y=0,z2=0,z=2,y=1,z = 3evaluateff81*:".nd§ [VTU-
June 2018]

5. Use Stokes theorem to evaluate | F.dR , where F = 2z — y)i — yz2j —
y?zk over the upper half surface of 2 + y? + 22 = 1, bounded by its
projection on the xy-plane. [VTU Jan 2018]

6. Using Stoke’s theorem, evaluate ¢, F . d7, where F = (z* + y?) — 2zy,
taken around the rectangle whose vertices are (a, 0), (a, b), (—a, b), (—a,0).
(VTU Model 2022)

7. Evaluate fc xydx + xy?dy by stoke’s theorem where c is the square in the x

-y plane with vertices (1,0)(-1,0)(0,1)(0,-1)- Ans : g

8. Using Stoke’s theorem Evaluate fg F.dR for the vector field FF = (2 —
y)i + yz2j — y?zk over the upper half of surface of 2 + y? + 22 = 1

bounded by its projection on the xy plane Ans: 7

9. Using Stoke’s theorem Evaluate [ (ydx + zdy + xdz) where c is the curve

of interaction of %> 4+ y%2 + 22 = a?&x + 2 = a

10. Using stoke’s theorem evaluate [ [(x + y)dx + (2z — z)dy + (y + z)dz],
where C is the boundary of the triangle with vertices (2, 0, 0)(0, 3,0)&(0, 0, 6)
Ans: 21
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Mathematics II for EE Stream (BMATE201)
Module 2 - Vector Spaces and Linear

Transformations

2.1 Vector Spaces

Let F' be a set. A vector space over F', is a non-empty set V' togeth
addition and scalar multiplication) such that for each u, v € V ther
and for each @ € F and u € V there is a unique element «
conditions:

I.G)u+ (v+ w) = (u—+v) + w, forall u, v, w
(i)u +v =v + u, forall u,v € V (commutativi
(ii1) There exists an element 0 € V such that ©
identity element)

(iv) For each u € V/, there exists a uni lement —u € V suchthatu+(—u) =0 = (—u)+u

(Existence of additive inverse) ﬁ

II. There is an external composi called scalar multiplication. i.e Vaa € F' and
u €V = a-u ¢ V Inotlierwords V is closed with respect to scalar multiplication. III. The two
compositions, ie. vector multiplication satisfy the following postulates,
Va,b € F and v, w
@ (a+b)-v=
(iDa-(b-v) = (ab)-v
(ii)a - (v

(iv)1-(v) =
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2.1.1 Vectorsin R™ : —

The set of all ordered triples (a, b, ¢) of real numbers is called Euclidean 3-space and is denoted

by R?® & the set of all n-tuples of real numbers, denoted by R™, is called Eudidean n-space.

Eg:- The ordered pair (2, —3) belongs to R?; it is a 2-tuple of dimension two.

The ordered triple (7, 3, 6) belongs to R3; it is a 3-triple of dimension three.

2.1.2 Examples or Problems

1) Prove that the set of all vectors in a plane over the field of real numbers is a
respect to vector addilion and scalar multiplication.
Sol:- Let V' denotes the set of all coplanar vectors and R be the field of real

.. The elements of V" are the ordered pairs (x, y) where z,y € R.

V={(:c,y):w,y€R}

I) (V, +) is an abelian group. i) Associativity:- We know t lugv,w e V
(u+v)+w=u

i1) Commutativity:- We know that for all u, v €

iii) Existence of additive identity for every vector u € V*then exists a zero vector 0 € V such that
u+0=0+u = u.
iv) Existence of additive inverse: Kor ector u € V there exists a vector —u € V such that

ut (—u) = (—u) + u =

IT) Scalar multiplic in V.1 ,v € Vand o € R we have
a(u +v) = au + av
ii) Foru € Vanda,b € e have

(a 4+ b)u = au + bu.
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iit Foru € Vanda,b € R, we have
a(bu)

iv) Foru € V and1 € R, we have

1u u.

Thees set V' of coplanar vectors satisfies all the properties of vector addition and scalar multiplication
.. 'V is a vector space.
2) Prove that the set C' of all complex numbers (the set of all ordered pairs of rem a

vector space over the field R of all real numbers where vector addiction is defined

(1, x2) + (Y1,¥2) = (1 + Y1, T2 + y2) . forall (z1,x2) Y2
and scalar multiplication is defined by
a(xy,x2) = (dry, axs), forall a € R
Soln:- We observe that C'is closed under vector addition and undegscala tiplication.

L. (i) Associativity: For all (z1, x2) , (y1,Y2) » (21, 22) ; “
Forall (x1,%2), (Y1, Y2) 5 (21, 22)

(1, x2) + [(y1,Y2) + (21, 22)]

= (501 Y1, T2 + yz) + (z1, Zz)

= [(z1,x2) + (Y1, Y2)] + (21, 22)
(ii) Commutativity: For all (1, x € C.we have

(zdy x2) + (y1, = (1 + Y1, T2 + Y2)
= (41 + T1,y2 + z2)

= (y1,Y2) + (x1, x2)
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(iil) Existence of identity: For (1, z2) € C, there exists (0,0) € C such that
(1 + x2) + (0,0) = (1 + 0,22 + 0)
= (@1, %2)
(04 0) + (z1,22) = (0 + 21,0 + z3) = (%1, x2)
(1, x2) + (0,0) = (1, z2) = (0,0) + (1, x2)
(iv) Existence of inverse: For any (21, z3) € C. there exists (—x1, —x3) € C such that
(1, x2) + (=21, —22) = (0,0) = (—x1, —X2) + (21, T2) .
Thus C' is an abelian group with respect to vector addiction.
II. Properties of Scalar multiplication in C'. (i)
a[(z1,z2) + (Y1, ¥2)] = a (1 + Y1, T2 + Y2)
= (a(z1 +y1),a(z2ty

= (ax; + ay;, axs + ay

(@ +b) (z1,T2) =

= a (x1,x2) + b (1, x2)

Thus (a + b) (x1,x2) = a (z1, @ b(x1,x r all

eC&a,b€e R.

(1, a (bxy, bxy) = (abxy, abx,)

)) = (ab) (z1,z2)
@iv) 1. (x1, x2) = (1, Ta)ior all (1, x2) € C.

Thus the set

Hence C'is a
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3) Show that the set V' of all real valued contineeous functions of « defined on interval [0, 1] is a
vector space over the field R of real numbers with suspect to vector addition and scalar multiplication

defined by

(f1 + f2) x = fi(x) + fz(x), forall f1,f2 €V

(af1) x = afi(x), forala € R, f; € V.
Soln: - L. (i) Associativity: Let f;, f2, fs € V be arbitrary

[(f1 + f2) + fs] (2) = (f1 + f2) (%) + fs(x) \0
= [fi(z) + fa(z)] + f3(z)

= fi(@) + [fa(z) + fa(2)] @

= fi(z) + (f2+ f5) (x)

= [fi + (fo + f3)] ()

(fi+ fo)+fas=fr+ (f2+ f3)-

(i) Commutativity: Let f;, fo € V be arbitrary.

or a function f, the function -fid defined by (—f1) () = —fi(x), is
(=l (z) = f(@)+(=f1) (z) = fi(z) = fi(z) = 0 = O(z)

= o(x). Thus the set V' is an abetian group under addition.
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II. Properties of Scalar Multiplication in V.
(i) For f1, f2 € Y and a € R, we have

[a (f1+ fo)lz = a[(f1 + f2) (z)]
a[fi(z) + f2(2)]
afi(z) + afx(x)
(afi)z+ (af2)zx
= (afi+af:)x

a(fi+ f2) =afi +af

(ii) For f; € Vanda,b € R. 0
[(a +b)f1] () = (a + b) f1(x)
= afi(z) + bfi(z) @

=(afr)xz+ (bfr)x
= (af1 +bf1) (z)
(a+b)fi=afi +bf1
(iii) For f; € V anda,b € R,

[a (bf1)] 2 = a[(bf

gers is a vector space o
(, a real number).

Soln: Let of all matrices of type mxn.
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I. (M, +) is an abelian group.
(i) Associativity: Let A = [asj],..... » B = [bij],,«n s C = [Cijl,,xn D€ three matrices belonging
to set M.
(A+ B) + C = [[ai] + [bi;]) + [Cj]

= [aij + bij] + [c]

= [(ai; + bij) + (cij)]

= [ai; + (bij + cij)]

= [a] + [bi; + ¢4y

= [ay] + ([bi;] + [Cy])

=A+ (B+CO).

(i) Commutativity: Let A = [a4],,..,, and B = [by], . . be two matrices belon

A + B = [a;;] + [bi;] = [ai; + byj]

= [bi; + aij]

= [ijlinscn 1 @il nn

= B + A.
(iii) Existence of Identity: Let A = [a4],,.,, € M itrary. now that a Zero matrix (null
matrix) of type m X n also belongs to the set M and is .Now, A4 0 = [a;;] + [0] =
[ai; + 0] = [a;] = A.
Similarly,, 0+ A = A.

(iv) Existence of Inverse: If A = [a;j, ., belongs to the set M, then —A = [—ayj],,..,, also

belongs to the set M. Now,

Similarly, et M is an abelian group under addition.

II. Properties of Scal icati M. (i) Let A = [a;;] and B : [b;),,.,, € M and

mXxn
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o € R, then
a(A + B) = a([ai;] + [bij])
= aa;; + by
= lec[ai; + byj)]
= [ - a;j + a - byj] [ Multiplication is  distributive in R]
= [a-ai] +[o-by] aA+aB

(ii) Let A = [a;;] € M and a,b € R, then

m>n
(a+b)A = (a+b)[ay]

= [(a + b)aj;]
=la-ai; +b-ay]
= alai] + blai]
= aA + bA.

(iii) Let A = [a;;], . € Manda,b € R then

a(bA) = a (bla;])

= a ([bai;])

- ]ﬁ] = [ay] = A.
and hence M is a vector space over R.

2.2 Subspaces

A non-empty subs of a yector space V (F') is said to form a subspace of V' if W is also a

vector space over F' with the' $ame addition and scalar multiplication as for V.
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Eg:- Let

wW; = {(a,0,0) : a € R}

Wy = {(a,b,0) : a,b € R}
Here W} is a subspace of W,. Also W; and W5, are subspace of R3.

2.2.1 Necessary and Sufficient conditions for a subspace
Theorem 1: W is a subspace of V' (F') iff
1) W is non empty. i1) W is closed under vector addition.
i.e‘v’wl,wz € W = w1 +’LU2 € Ww.

iii) W is closed under scalar multiplication. i.e Va € Fandw € W = a - w

Theorem 2 : W is a subspace of V' (F) iff

i) W is non empty.

i)Va,b € Fandv,w e W =a-v+b-weW. b
2.2.2 Problems

1) Show that W is a subspace of V' (R) where W i#{ f
Soln:- Since 0 € W as 0(9) = 0.
So W is non empty set.
Let f,g € W.
ie. f(9) =0andg(9) =0
then Va,b € R

9) + b.4(9) = a.0 + b.0 = 0

is a subspace of V(R).

2) Show that Wis as here W = {f: f(2) = f(1)}

Soln:- 0 € Wi 2) =0'= 0(1). Hence W is a non empty set.
Let f,g € W then f(2) = f(1) and g(2) = g(1)
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then Va, b € R.
(a-f+b-9)(2)=a-f(2)+b-g(2)=a-f(1)+b-9g(1)

=(a-f+b-9)1)
Hencea:-f+b-g e W.
So by theorem 2, W is a subspace of V' (R).

R}, a, b, c being real numbers. Show that W is a subspace of V.
(OR)

3) Let V. = R3 be the Euclidean 3 space. Let W = {(z,y, 2) : ax + by + cz = 0; x, y,: &

Show that any plane passing through the origin is a subspace of R3.

Soln:-Letu = (x1,Y1,21) , v = (@2, Y2, 22) be any two elements of W where 4, , 21,22 €

R.
Then ax; + by, + cz; = 0 and axy + by + czo = 0.
Fora € R,
au +v = a (1, Y1, 21) + (T2, Yz, 22)
z

au + v = (ax1, oy, az1) + (T2, Yo,

= (ax1 + T2, 0y1 + Yo, @ (1)
where ax; + T2, ay; + Y2, ¥21 + 2 € R.

Now
a(ax; + x3) +b(a
a (axy + by; + cz1) + (axs

a(0) +0 = 04 (2)

From (1) and (2), we have q

oau+veW.
Thus, W is a subspace of V'
4). Let V be the vector space squafe matrices over R. Determine which of the following are

subspaces of V.

QW =

(i) W =
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(i) W = {A: A €V and A is singular }
(VW :{A: A€V, A2 = A}

T T
Soln : :- (i) Let A = e ,B = 2 Y2 be any two elements of W.

3
$
>

C . ry b
which is a matrix of the type
z 0
azxy + bra, ay: + byz,az;

0 zZ9 0
If a,b € R then

+b .
.aA+bB e W.

Thus, W' is a sub-space of V.

B L1 0 o
ii) Let A = ,B = ents of W.

0
Ifa,b € R, then

which is a matrix of t

ax; + bxz,ay, + by € R.
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0
Let A = B be two square matrices.

00 01
Since |A| = 0 and |B| = 0, therefore A, B € W.

If a,b € R are non zero, then

10
aA + bB =a +b

00

a 0
0 b

a 0
Also, |aA; + bA,| = = ab # 0, as none of a and b is zero.
0%bdb

G,A]_ -|— bA2 ¢ W.
Thus, W is not a subspace of V.
10
(iv)Let A = so that A% =

Now

A+ A=

(A+A)?* =

=A+ A—
. (A + A) is not a member of the set W.
=> W not closed under addition.

Hence W is not a sub-space of V. ﬁ

5 W o0
dz? ' d v=

2
T2 — T2 4 2y, =0

dxz?

Department of Mathema A J Institute of Engineering and Technology, Mangaluru




Mathematics II for EE Stream (Subject Code - BMATE201)

Let a, b € R be arbitrary.

d? d
5—— (ay; + by2) — T— (ay1 + by2) + 2 (ay: + by2)
dzx2 dx
d? d

d? d
5@ (ay1) — 7% (ay1) + 2 (ay1) + 5@ (by2) — 75 (by2) + 2 (by2)

&y, fdy,
dx? dx

d? Y2

=a |b
dzx?

dy>
7T— + 2
A + 2y

+2y1] +b {5

a-0+b.0=0.
Thus ay; + by, is a solution of (1) & so ay; + by, € W. . W is a subspace of

Linear Combination
Let V' be a vector space over F' and let v, vs ... v, € V. Any vector of the fo

a;-v1+as-v2+...4+a,-v,inV, where a; € F'is called a linear combi @

Linear Dependence
Let V' be a vector space over F'. The vectors v, vs . .. v, are said to i ly dependent over F,

if 9 scalars ay, as . ..a, € F notall zero but linear combination
ieal-v1+a2-v2+..

but all @; # 0, where z € IN.

Linear Independence
Let V' be a vector space over F'. The S V1, Vs . . . Uy, are said to be linearly independent over

F,if dscalars aq,a3...a, € F

a, - vy + as- n = 0 = alla; = 0 wherez € N

Linear Span
Let S be a subset of, over F'. The set of all linear combinations of vectors in S is

called a linear span of is dénoted by L(.S).
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Let V' be a vector space over F'. The set of vectors {v1, vz . ...v,} is called a basis of V/, if
(1) v1,v2 ... v, are linearly independent,
(i1) v1,v2 ... v, span V. ie. each vector of V' can be Uniquely expressed as linear combination of

V1yV2 e eeygUp.

Dimension of a vector space V' : —
Number of elements in a basis of vector space V' is called the dimension of V' and is denoted
dim V.

If V' contains a basis with n elements then the dim V' = n.

Note: 1) The vector space {0} is defined to have dim 0 , since empty set ¢ isfin and
generates {0}.
.. dim{0} = Number of elements in ¢) = 0 [Since no element is in ¢]

2) When a vector space is not of finite dimension, it is said to be of infinite di

Problems

1) Express the vector V' = (1, —2, 5) as a linear combinationfof rsvy = (1,1,1), v, =
(1,2,3),v3 = (2, —1,1) in the vector space R*(R,

Soln:- Let v = a1v1 + asvs + aszvs;a,a2,a3 € R

(1,-2,5) = as(1,1,1) +

(1,-2,5) = (a1 + a2 + 2as,a1 + as,a; + 3az + as)

Equating the corresponding elements, wg, get

a; + az + 2a3 = 2a2ﬁ=—2;a1+3a2+a3=5

Solving above equations, we g
’ a2 = 3, ag = 2

Hence (1, —2,5) = 1) 1,2,3) +2(2,—1,1).

2) Write the vector v ,9) as a linear combination of the vectors u; = (2,1,3),us =

(1,—-1,1), nother method of solving)
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Soln:- Let y = xu;, + yus + zug
(1,3,9) =«(2,1,3) + y(1,—1,1) + 2(3,1,5)

= 2z4+y+3z=1;, z—y+2=3; 3y+y+5z2=9
Consider Az = B.

S
g

o

3%

q

&
&
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Augmented matrix.

. Rank[A] = Rank|

[A: B] =

Rl (—)RQ

[A: B] =

R, — Ry — 2R,
R; — R; — 3R,
1 -1
[A:B]=|0 3
0 4
R; — R; — R,

-1

1
[A:B]=|0 3
0 1

= 3 = Number of unknowns.
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.". The system of linear equations is consistent and possesses a unique solution.

r+y+z2z=3; y+z=>5—-2z=-20

(1,3,9) = —12(2,1,3) — 5(1, —1,1) + 10(3, 1, 5).
3) Write the vector v = (4,2, 1) as a linear combination of the vectors u; = (1,—3,1),us =
(0,1,2),us = (5,1,37).
Soln:- Let v = zu; + yus + zug
(4,2,1) = z(1,-3,1) + (0,1, 2) + 2(5,1, 3)
= x+0y+5z=4
—3z+y+z=2

r+2y+37z=1

Ax = Bwhere A =

Rank[A] = 2 # Rank[A : B] =
Since Rank[A] # Rank[A :
Hence the system of linear e

i.e solution does not exist.

.. v cannot be express

4) For what value of k ) the vector v = (1, —2, k) can be expressed as a linear combina-

)and vo = (2, —1, —5) in R*(R).

Soln: (1,—2,k) is a linear combination of v; = (3,0, —2) and vy =
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(2, —1, —5); therefore there exist scalars a and b such that
v = av; + b,
(1,—2,k) = a(3,0,—2) + b(2,—1, —5)
(1,—2,k) = (3a + 2b, —b, —2a — 5b)
Equating the corresponding elements,
3a+2b=1, —2a —5b=k
3a+4=1 —2(—1) —5(2) =k
a=—1 2-10=k
k= -8.

5) Find a condition on a, b, ¢ so that w = (a, b, ¢) is a linear combination of u

v = (2,—1,1) in R3 so that w € span(u,v).

Soln:-
Letw = xu + yv
(aa b, C) = w(l? -3, 2) + y(2, -1,1

1+2y=a;—-3zx—y=b2x+y =

Consider [A : B] =

R, - R> + 3R,

R3—>R3 1
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Rs — R3 + 3R>

1 2:a
. — . b+3a
[A * B] - O 1 . T

. Bc—a+3b
0 0: Sc-atsh
Rank [A] = 2
The system of linear equations will be consistent if rank[A : B] = 2
So, 3¢=44% — 0 = a — 3b — 5¢ = 0.

i.e. w is linear combination of v and v if

a—3b—5c=0.

3 —1
6) Express the matrix A = i ces as a linear combination

of

Soln: LetA = a1B + a>C + azD;ai,a2,a3 € R

3 —1 1 1 1 -1
=ax + + as
1 -1 0 0 O

+az+az a;+az —as
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Solving the above equations,
a; = 2,0,2 = —1,0,3 = 2.
1 =

A=2B—-C —2D.

3 —1
=2

1 2 0

which is the required linear combination of A.

2 0
7) Express the matrix as a linear combination of the matrices A =

4 —5

00 2 3
C
2 1 0 5
Soln:-

2 0
Let = a,
4 —5

a,as2,a3 € R.

2 0 0+ 0+ 2a3 —3a; + 3a
4 -5 2a; + 2a+ as

2=2a3 =>az3=1

a = 2as

0= —3a; + 3az — 2

0= —3a; + 3a3 =

of = 2ay + 2a-

4:20,1+20,2 0,2:]_

2:2a3:>a3:1

2=2a3 =>a3=1
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Buta; = 1,a2 = 1, a3z = 1 do not satisfy eq (4) Thus equations (1). (2): (3) have no solution.
Hence, the given matrix cannot be expressed as a linear combination of A, B, C.

Note: * Two vectors v; and v, are linearly dependent af one of them is a multiple of the other.

Eg:- Determine whether or not the vectors v, , v are linearly dependent.

)v, = (1,3,9) v = (2,4,1). — No vector is the multiple of the other hence v; & v, are not
linearly dependent.

ii)v; = (3,4) vy = (6,8). = vo = 2v; hence vy and v, are linearly dependent vectors.

8) Determine whether the vectors v; = (1,2,3),v2 = (3,1,7) and v3

early dependent or linearly independent.
Soln: xv, + yvs + zv3 =0
x(1,2,3) +vy(3,1,7) + 2(2,5,8) = (0,0,0)
r+3y+2z2=02x+y+5z=0;3x + 7Ty + 82
1 3 2
Let Act =0where A= |2 1 5
3 7 8
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R3—R3—5R>

1 -1
00 4
Rank [A] = 3 = Number of unknowns. = Homogeneous system of linear equations poss
unique solution. x = 0,y = 0, z = 0. So vectors v, V2, V3 are linearly independent. é
9) Determine whether the vectors v; = (1,9,3)v, = (2,5,4) and v3 = (O, N

dependent or linearly independent.

Soln:- Vectors vy, v2, v3 are linearly dependent as linearly independent set of vect
Zero vector.

10) Determine whether the vectors v = (1,4, 9)vy = (3,1,4) and v
dependent or linearly independent.

Soln:-

TV, + Yyvs + zv3 =0

z(1,4,9) +y(3,1,4) + 2(9, 3,12)

r+3y+92=0; 4dxr+y+ 3z
Consider Az = 0. Where

1 3 9
A=14 1 3 Ry, - R, — 4

ﬁ

&
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1 3
00O

Rank[A] = 2 < 3 (Number of unknowns).

So one unknown is constant and hence not always zero.
So the vectors are linearly dependent.

[OR]

vectors v1, V3, v3 are linearly dependent.
11) Determine whether or not each of the following forms a basi§, x 2,1), 22 = (1,3,7), x5 =
(1,2,2) in R3.
Soln: - Three vectors in R? form a basis iff they are line dent.
x(2,2,1) +y(1,3,7) + z(1, ,0)

2c+y+2=0; 2x+3y+2z= x+ Ty + 2z =0.

&
&
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Let AX = 0 where

Ro—Ro—2R,

R; — Rs — 2R,

1 7
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Rank [A] = 3 = Number of unknowns. So unique solution and solution is

Hence vectors @1, €5, 3 are linearly independent and hence form a basis.

12) Let W be the subspace of R®, spanned by
1 =(1,2,-1,3,4), 2z, = (2,4,—2,6,8),x3 = (1, 3,2,2,6)

Ly = (1, 4, 5, 1,8), Ly = (2, 7, 3, 3, 9).

Find a subset of vectors which forms a basis of W. \Q

Soln:

&
&
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1 2 -1 3
00

0 2

0
01 3
6
03 5

Ry, — R, — 2R3, Ry — Rs — 3R3

1 2 -1 3

o1 3 -1

4
o0 0 O0 O
2
0

00 O O
00 —4 0 -5

Number of nonzero rows = 3.
. dim W = 3 and {1, x3, x5} forms a basis in W.

13) Let V is a vector space of polynomials over R. Find a basis and dimension of the subspace W

of V, spanned by the polynomials.
= + 5.

&
&
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Soln:

Ry — R, — 2R, R; — R; — 2R,

R; » R;— R, R,— Ri+ R,

(1 24 1| Q
s \

1 1
0 O
0 O

1
0
0
0

0
SO
R, —» Ry, — 2R,
Nonzero rows of Echelon matrix forms basis.
Number of non Zero rows = 2
o.dim W = 2 and {x, 2} forms a basis in W. @

2.3 Linear Transformations

Let V and W be any two subspaces over ing“l" from V to W is called a linear
transformation if,

v, v2 €V

ﬁl) + T (v2)
ii)Va € FandVv € V

Tga -v) = a-T(v)

Problems
1) Show that the funéti 2 — R3given by T(z,y) = (z + y,x — y,y) is a linear

transfomation.
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Soln :- Let u = (@1,¥y1) ;v = (2, y2) be two vectors belonging to R2.
S T(u+v) =T (21 + 2,91 + Y2)
= (x1+ 22+ Y1 + Y2, T1 + T2 — Y1 — Y2, Y1 + Y2)
={(x1 +y1) + (@2 + y2), (x1 — Y1) + (2 — ¥2) , (y1 + ¥2)}
= (1 + Y1, T1 — Y1, y1) + (T2 + Y2, T2 — Y2, Y2)
=T (u) + T(v)
Fora € Rand u € R?, we have
T(au) =T (ax1,ay;)
(axy + ayi,ax; — ayy,ay;)
a(x1+ Y1, €1 — Y1, Y1)
aT (u)
.. T is a linear transformation.
2) Which of the following functions are linear transformation?
)T : R® — R3 defined by T'(x,y, 2) = (y, —x, —2)
ii) T : R® — R? defined by T'(x,y, 2) = (2 — 3y, Ty + 22).

Sol:- i) Letw = (@1, Y1, 21) s v = (T2, Y1, 22) € R3 be arbj
T(u) =T (x1, Y1, 21) —T1

)
T(v) =T (z2,Y2,22) = Z2)

T(u+v) =T (x1 + x2, z1 + 22)

= (y1 + Y2, —T1 — T2, —21 — x2)

=(y1, —1, —ﬁ) + (y2, —x2, —2)
L(v)

T (ax1,ay:,az1)

Also, for any scalar a € R,

= (a’yla —aly, _azl)
a (yl’ —1, _zl)

aT(u)
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Hence, T’ is a linear transformation.
ii)
Letu = (x1,Y1,21) and v = (2, Yo, 22) € R? be arbitrary.
T(u) =T (x1,Y1,21) = (221 — 3y1, Ty1 + 22)
T(v) = T (x2, Y2, 2) = (2T2 — 3Yy2, Ty2 + 222)
S T(u4v) =T (1 + 2, Y1 + Y2, 21 + T2)

= (2931 + 2x5 — 3y1 — 3y2, Ty1 + Ty + 221 + 222) &

= {(2x1 — 3y1) + (22 — 3y2) , (Ty1 + 221) + (Ty2 + 222)}

= (2x1 — 3y1, Ty1 + 221) + (222 — 3y2, Ty2 + 222)

=T(u) + T'(v)

Also, for any scalara € R
T(au) = T (ax1, ay;,az;)
= (2ax1 — 3ayy, 7ay; + 2az;) =a (2331@ 1)

= aT(u).
Hence, T is a linear transformation.
3)LetI : V(R) — Va(R)beamapping f(x) = ( . Sh t f is alinear transformation.
Soln:- 1)
fxi+x)=(3

= (3x; + 3z,

(32131 -|— 53.'31) —|— (32132, 51132)
@Y (2

= (3(a-z),5(a-x))
= (3ax, 5ax)
= a(3zx, 5x)

=a- f(x)

4) Show that mapping f : Vo(R) — Va2(R) defined by f(x,y) = (x 4+ 6,y + 2)
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is not linear.

Soln:
fx1+xz2y1 +y2) = (1 + 22+ 6,91 +y2+2) — (1)
F (1, y1) + (22, 92) = (21 + 6,91 + 2) + (T2 + 6,y2 + 2)

=(x1+ 22+ 12,91 +y2 +4) — (2)
Equation (1) # Equation (2).

Hence f is not a linear transformation.

2.4 Kernel of 7' and Image of T’

Let T be a linear transformation from V to W.
Kernel of T orker(T) = {v €V : T(v) = 0,0 € W}.

Remark:- Kernel of 7" is also known as null space of 7'

Image of T" or Img(T) = {w € W;w = T'(v) for some v €
2.4.1 Algebra of Linear Transformations

Sum of linear transformations

LetTy : U —- VandT; : U — V be ations where U and V are two vector
spaces over R. We define the sum of 17 and 75 by T, : U — V,suchthat (T + To) u =
Ty (u) + Tz (), u € U,

Scalar multiplication of Line
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Composition (Product) of two Linear transformations:

Let U, V, W be three vector spaces over R. We define T571}, called the composition or produc

of Tz and T3, by (T2T7) (u) = T (T1(u)).

T>T; is also denoted by (13 o T1).

Problems: 0
1) Let the linear transformations Ty : R® — R? such that Ty (z,y,2) = (4z,3y d

T, : R?> — R? such that Ty(z,y) = (—2x,y). Compute Ty T> and T5T}.

Soln: - As the range of 75 is not contained in the domain of 17, .-. T7T5 is not dgfine
Now, T5T} is defined as the range of I3 is contained in the domain of 75.
LT (x,y,2z) = Ty (Ti(z, y, 2))
= Tp(4x,3y — 2z)°

2) Illustrate with the help of an example that there exist linea ions Ty : R? — R? and
T, : R? — R? such that T,Ty; = 0 but Ty T, # 0.
Soln : - Let us define T} : R> — R2 by

Ti(z,y) =

& T, : R*> - R?by Ty(z,y) = (x,0)
. T1T5 and T5T, both are defined.

(Ti(z,y)) = T2(0, 4x)

2) (z,y) = Th (Tz(z, y)) = T1(x,0)
= (0,4x) # 0(z, y)

T, T, # 0.
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2.4.2 Matrix of a Linear transformation

LetT : U — V be the linear transformation, where U and V are vector spaces over R. Let
B = {u;,uz....u,}and B’ = {vy, vy ... vy} be ordered basis for the finite dimensional vector
spaces U and V respectively. Since T" (u1) , T (ug) ... T (u,) € V and {v1,vs...v,,} spans
V', each T (u;) can be expressed at a linear combination of the vectors vy, Vg ..., Up.
LetT (u1) = a11v1 + @212 + « o .« + +@m1Vm
T (u2) = @12v1 + G22V2 + + + * + G2V,
T (u,) = @1,V1 + Q2pV2 + « « .« + Qp Vs, Where a;; € R.

The coefficient matrix of this system of equations is

a1 az; as:

a1z Q22 Aasgs

aip QA2p, QA3n **°* Qmp

The transpose of this matrix is a matrix representation of ", called matri h t to ordered
basis B and B’. It is denoted by [T" : B, B’] .
Problems

it
1) Find the matrix representing the transformation 7" : , by

T (z1,%2) = (31 — T2, 221 + 42, 5Ty — 6T2) ¢'standard basis of R? and R3.
Soln: - The ordered standard basis of R? is

B ={(1,0), (0,1)} and that of R" is

B’ ={(1,0,0),(0,1,0),(0,0,1)}.

VA (:cl, wz) = (3$1 T3, 2x, + 4:132, 5y — 61132)

,0) +2(0,1,0) + 5(0,0,1)

_1(17 0, 0) + 4(0a 1, 0) + (_6)(0’ 0, 1)

—1

Hence, matrix of t

resenting the transformation T' : R® — R? defined by T'(z,y,z) =
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(x +y + 2,2z + 2,2y — z, 6y) relative to the standard basis of B3 and R*.

Sol: - We know that ordered standard basis of R® is B = {(1,0,0), (0,1,0),(0,0,1)} and R*
is B’ = {(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)}

Since T'(x,y,2) = (x + y + 2,22 + z,2y — z,6y)

T(1,0,0) = (1,2,0,0)

T(0,1,0) = (1,0, 2, 6)

T(0,0,1) = (1,1, —1,0) &
Lete; = (1,0,0,0),e; = (0,1,0,0),e3 = (0,0,1,0),es = (0, 0&

T(1,0,0) = (1,2,0,0) = le; + 2e, + Oes + Oey

T(0,1,0) = (1,0,2,6) = 1le; + Oes + 2e3 + Gey
T(O, O, ]_) = (]_, ]_, —1, 0) = 161 + 162 — 163 + 064
Matrix of T relative to B and B’ is transpose of matrix of coefficients in ab tem Of equations

11 1

2 0 1
ie, [T:B,B]= .

02 —1

06 0

2.4.3 Change of coordinates or change of Basis Tr on Matrix

Let By = {uj,uz...,u,} beabasis of ector space V and By = {v1,v2...v,}

be another basis of V. Then, each element in B5 cal pressed as a linear combination of the

&
&

Department of Mathem: A J Institute of Engineering and Technology, Mangaluru

vectors in basis Bj.




Mathematics II for EE Stream (Subject Code - BMATE201)

Let
= a11U1 + a12Uz + -+ - + a1pU,

= a21Uy + Q22U2 + - - + A2,U,

= Qp1U1 + Gpa2U2 + + -+ + AppUy,

V1 ai;; Qa2

Then the transpose of the matrix of coefficients in above system of equations is said n

vz a21 a22 o o o o o o
Up Qnp1 Qp2 **° ***App Un :
to be the t

matrix or change of basis matrix from the old basis B to the new basis Bs. It is (o) and

written as a
Ay, Q2pn Q

Since the vectors in By are linearly independent, so the i ible. Its inverse P’ is the

transition matrix from the basis By to the basis B;.

Problems:- 1) Consider the following basis of R? ;

E = {ei1,e2} = {(1,0),(0,1)} an N uz} = {(1,3),(1,4)}

(a) Find the change-of-basis matrix P from the usual basi§ E to S.
(b) Find the change - of -basis matrix m S back to E.
(c) Find the coordinate vector [v] —3) relative to S.

Soln: (a) Since E is the usual

(b) Find P!
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(c) Let [v]s = P~1[v]g we have [v]g = [5,—3]"

4 -1 5 23

[v]s = P~ v]p =

-3 1 -3 —18

2) The vectors u; = (1,2,0),us = (1,3,2),us = (0,1, 3) form a basis S of R3. Find:
a) The change of basis matrix P from the usual basis E = {e;, €2, €3} of R? to the basis S.
b) The change of basis matrix @ from the above basis S back to the usual basis E of R3.

Soln: - (a) Since E is a usual basis of R3.

(b) Find P!
7 -3 1
P'=|_6 3 -1

4 -2 1
3) Find the co-ordinates of vector (1, 1, 1) relative to basis (1,1, 2

Sol:-

Solving (4) and (5). we ge
.. Coordinates of (1,1 lative

of the g rectors relative to the basisy; = (1,1,2),y> = (2,2,1),y3 =
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2.5 Rank and nullity of a linear Operator

Rank of T : — Dimension of the lmg(T") is known as rank of 7.

Nullity of T : - Dimension of the Ker(7") is known as nullity of T".

2.5.1 Rank-nullity theorem

is a finite dimensional then rank(7")+ nullity of (7") = dim(V).

Problems:

Let V and W be vector spaces over R and let T" be a linear transformation from V' to .. If
1

1) For the linear transformation T : R? — R3? suchthat T' (z1, 2) = (€1 — T2

):

find a basis and dimension of its range space and its null space. Also verify thatran nullity
(T) = dim R?.

Sol: - 1) To find null space of T and its dimension:

By definition, null space = N(T') = {u € R?> : T(u) = 0 € R?

Letu = (x1,T2) € R? be an arbitrary element of null space.

T(u) =0 @
T (il:l, m2)

ﬁ:

:0,582:0.

On solving the above equations, et

Thus, the only member @fnull sp erovector € R
ie N(T) = {0}.

. Nullity of T = dim(

d it ts dimension:
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The range space consists of ordered triples (€1 — @2, 2 — ®1, —x1) for (1, z2) € R? such that
T (1, x2) = (x1 — T2y T2 — T1, —X1)
Let v be any element of R(T).
Thus there exist (x1, x2) € R? such that v = T (z1, x2)
= (z1,22) = x1(1,0) + 22(0,1)
= x1€; + T2ey where e; = (1,0),e3 = (0, 1)
T (x1,x2) = T (x161 + x2€2)
=x1T (e1) + z2T (e2) — (2)
T(e;) = T(1,0) = (1 — 0,0 —1,—1) = (1, -1, —1)

T (e;) = T(0,1) = (0 — 1,1 — 0,0) = (—1,1,0)
Putting the values of T (e1) , T (e2) in (2)

T(mth) = 331(1, -1, _1) + 332(_1, laO)

v=uwax(1,—1,—1) + x2(—1,
Since v € R(T) is arbitrary.
(iii)) Let a(1, —1, —1) + b(—1,1,b) = O fora, b € R.

— (0’

=>a—b=0,b—a=

Thus {(1, —1,—1),(—1,1,0)} is linearly independe

.. Itis a basis set of R(T").

.. Dimension of R(T") = 2

Also dimension of R? = 2

. Rank N (T") + nullily( = dim R2.

2) Find a linear transformati 3 whose range is spanned by the vectors (1, 2, 3), (4, 5, 6).

Soln:- We know that { dard basis of R3, where e; = (1,0,0),ez = (0,1,0),e3 =

Since R3 is a three dime 1 vector space and {e1, ez, €3} is a basis of R3, there exist a unique
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linear transformation 7" such that
T (e1) = (1,2,3)
T (e2) = (4,5,6)
T (e3) = (0,0,0)
Also R(T) is spanned by {(1, 2, 3), (4,5,6)}

ieby {(1,2,3),(4,5,6),(0,0,0)} orby {T' (e1),T (e2), T (es)}

Now, for each (z1, 2, ¢3) € R3.

(wla T2, :133) - xl(l’ Oa 0) + 332(07 1, 0) + 583(0, O’ 1) \0

= x1€e; + T2e2 + T3€3

T (CEl, o, 133) = aclT (61) + l‘zT (82) + CL'3T (83)
=x.(1,2,3) + x2(4, 5,6) + 3(0,0,

= (x1 + 4x2, 221 + 5x2, 321 + 6

which is the required linear transformation.

3) Verify the Rank-nullity theorem for the T' : R® — R3 define (z, 9 2) = (x¢ + 2y —

zZ,Yy+2z,¢+y— 2z2)
Soln:- To find the basis of nullity of T
Letv = (z,y, 2) € R? such that Nullity of T = {

On solving above equations

Thus {(3, —1,1)
To find the basis of range of

, 1)} generates R®
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= {T(1,0,0),7(0,1,0),7(0,0,1)} generates range
= {(1,0,1),(2,1,1),(—1,1, —2)} generates range of T’

To find the basis of range, consider a matrix.

1 01
P=12 01
-1 1 -2

R, - Ry, — 2R,
R3—)R3—R2

Rs — R3 + R-»

Thus {(1,0,1), (0,1, —1)} form a basis of Range of T' & dim( Range of T)

. Rank(T) 4+ Nullity(T) =241 =3 = dim (

Hence rank-Nullity theorem verified.
4) Verify the Rank-Nullily theorem for the T : R®* — R? defined
z,x + 22).

2.6 Inner Product Spaces and Orthogon

2.6.1 Inner Product Space

Let V' be a real vector space. Suppose to each pair of)vectors u, v € V there is assigned a real
number, denoted by (u,v). This func is called inner product on V' if it satisfies the following
axioms:

(i) Linear Property: (au; + bu

(ii) Symmetric Property: (u

(iii) Positive Definite Pro : ;and (u,u) = 0if and only u = 0.
Norm of a vector

An inner product, is non tive for any vector wu.

Jull = v/, w) or [Jull* = (u,u)
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This non negative number is called the norm or length of is w.

* Every non- zero vector v in V' can be multiplied by the reciprocal of its length to obtain the unit
vector ¥ = ﬁv, which is a positive multiple. This process is called normalizing v.

Orthogonalily

Let V' be an inner product space. The vectors u, v € V are said to be orthogonal and w if said to be
orthogonal to v if (u,u) = 0.

Problems

1) Consider vectors u = (1,2,4),v = (2,—3,5), w = (4,2, —3) in R3. Find

a) (u - v)

b) (u - w)

¢) (v - w)

d ((u +v) - w)

e) |lull

f) [l

Soln: a) (u - v) = 2 — 6 + 20 = 16

b (u-w)=4+4—12=—4
){(v-w)y=8—6—15=—13

d (v +v) w)=(3,-1,9) - (4,2,—-3) =12 —
Ollull = VETEFE = yITAFT6 =
f)llvll = vV4+9+25 =38

(a) find <fa g) and (.f’
(b) find || f|| and ||

(c) normalize f and g.
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Soln: : (a)
< f,9) = /1(t +2)(3t — 2)dt = /1 (3t + 4t — 4) dt

< f,g) =t + 2t —4t), = —1.

(£, h) =/01(t-|-2) (t* —2t —3)dt =

o8y = [+ D+ 2de=slf] =

(9,9) = /0 (3t — 2)(3t — 2)dt = 1; |lg]| = /1

(c) Since || f]|| = @ and g is already a unit vector,
1 fe 3
I£1I° /57

1
——_g=3t—2.
llgll

f (t + 2)

4) Let M = M, 3 with inner product, (A, B) = tr (BT A) and

1 2 3
b

456
(©) [|A]l and || B
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© [|A]I? = (A, A) =377, >°% | aZ,, the sum of the squares of all the elements of A.
|A|? = (A, A) =92 + 82 + 72 + 6%+ 5%+ 42 =271 = ||A|| = V2T1
IB||* = (B,B) =1* + 2° + 3% + 4> + 5> + 6> = 91 = || B|| = V91
5) Verify the vectors u = (1,1,1),v = (1,2, —3) and w = (1, —4, 3) in R? are orthogonal or
not.
Soln: (u,v) =14+2—-3=0,(u,w)=1—44+3=0,(v,w)=1—8—9=—16

Thus w is orthogonal to v and w, v and w are not orthogonal.

&
&
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Module 3

Laplace Transforms

Let f(t) be a real-valued function defined for all ¢ > 0 and s be a parameter, real or
complex. Suppose the integral fooo et f(t)dt exists (converges). Then this integral
is called the Laplace transform of f(¢) and is denoted by L[ f(t)].

Thus

Lif@®) = | e F(b)ae ®
0
We note that the value of the integral on the right hand side of (1) depends on s.

Hence L[f(t)] is a function of s denoted by F(s) or f(s) Thus,
L{f(t)] = F(s) (2)

Consider relation (2). Here f(t) is called the Inverse Laplace transform of F'(s)
and is denoted by L™1[F(s)] Thus,

L7 [F(s)] = f(t)
Suppose f(t) is defined as follows :
fl(t)v 0<t<a
ft) =4 fo(t), a<t<b

\ fs(t), t>0b
Note that f(t) is piecewise continuous. Then Laplace transform of f(t) is defined

as

L) = [ eiwde+ [ e e+ [ et
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NOTE: In a practical situation, the variable ¢ represents the time and s represents

frequency. Hence the Laplace transform converts a problem in the time domain into

the frequency domain.This makes the problem much easier to solve.

3.1 Laplace Transform of Standard Functions

Sl. | Laplace Transform
No.
1 |L{1} =1
> | L{e"} = L
3 | L{sinat} = 51>
4 | L{cosat} = 51>
5 | L{sinhat} = 7
6 | L{coshat} = 3°—
7| L{t"} = "o
where 'm + 1)
n!, nis an integer
n I'(n), nisanon- integer

3.2 Basic Properties

The following are some basic properties of Laplace transforms:

3.3 Linearity property:

For any two functions f(t) and g(t) (whose Laplace transforms exist) and any two

constants a and b, we have

Llaf(t) + b(t)] = aL[f(t)] + bL[(t)]|

Dr. Shantha Kumari.K.

AJIET, Mangaluru
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Problem 3.3.1. Find the Laplace Transforms of €?* + 4t3 — 2sin3t + 3cos3t

Solution : Let f(t) = €2 + 4t3 — 2sin3t + 3cos3t then
L{f(t)} = L{e*} + 4L{t*} — 2L{sin3t} + 3L{cos3t}

1 3! 3 S
= +4= -2 +3

Problem 3.3.2. Find the Laplace Transforms of Sin2tsin3t

Solution : Let f(t) = Sin2tsin3t

(Recall sinAsinB = COS<A—B);608<A+B>)

then

p{r@y =1

= %L {cos(—t) — cos(5t)}

cos(2t — 3t) — cos(2t + 3t) }
2

= %L {cos(t) — cos(5t)} (.- cos(—t) = cost)

1 S S
2 0s241  s2425
Problem 3.3.3. Find the Laplace Transforms of sin 5t cos 3t

Solution : Since, .
sin 5t cos 3t = E[Sin(E’)t + 3t) + sin(5t — 3t)]

1 . .
= E[Sln 8t + sin 2t]
Therefore, N
L(sin5tcos3t) = L {g[sin 8t + sin 2t] }

— %{L(sin 8t) + L(sin2t)}

1] 8 2
:§[s2+82+s2+22]
_ 5(s*416)
(824 64) (s2 4 4)
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Problem 3.3.4. Find the Laplace Transforms of sin t sin 2t sin 3t

Solution: 1
sin Asin B = E[cos(A — B) — cos(A + B))]

cos Asin B = %[Sin(A + B) — sin(A — B)]
. f(t) = sin t sin 2t sin 3t

= sint E[cost — cos 5t]

= E[sin tcost — sint cos 5t]

= i[sin 2t — sin 6t + sin 4t]

= i[sin 2t + sin 4t — sin 6t]
Therefore,
L(sintsin 2tsin 3t) = i L[sin 2t + sin 4t — sin 6¢]
1 2 4 6
1|212 2516 136
Problem 3.3.5. Find the Laplace Transforms of cos t cos 2t cos 3t

Solution : We have cos t cos 2t cos 3t
= — cos t(cos 5t 4 cost)

[cos S5t cost + cos> t}
1 1
E(cos 6t 4 cos 4t) + 5(1 + cos 2t)
1
(cos 6t + cos 4t) + Z(l + cos 2t)

[1 4 cos 2t + cos 4t + cos 6t]

B =R ENEN =N -

Therefore,
L(costcos 2t cos 3t) = E[L(l) + L(cos 2t) 4+ L(cos 4t) 4+ L(cos 6t)]
11 S s S
:Z ;+32+22+s2—|—42+s2—|—62

Problem 3.3.6. Find Laplace Transform of sin® t
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Solution :
1 — cos 2t>

L (sin®t) :L< >

1
= 5L(1 — cos 2t)

_1(1 S )
T 2\s s244

Solution: we know that cos 3A = 4cos® A — 3 cos A

3 3 1
cos® A = ZcosA—l—;cosSA

Problem 3.3.7. Find L (cos® t)

1
hence L (cos®t) = ZL(S cost + cos 3t)

_1( 3s n S )
C 4\s24+1 s249

Problem 3.3.8. Find L(sin(2t + 3))

Solution:
L(sin(2t 4+ 3)) = L(sin 2t cos 3 + sin 3 cos 2t)

= cos 3L(sin 2t) + sin 3L(cos 2t)

= (cos 3) 2 1 + (sin 3)

s2 44
3.4 Shifting Rule

Let a be any real constant. If L[f(t)] = F'(s) Then
Le"f(t)] = F(s — a)

Here we note that the Laplace transform of e f(t) can be written down directly by

changing s to s — a in the Laplace transform of f(t).

Problem 3.4.1. Find L {e~3*(2cos5t — 3sin5t) } (VTU Jan 2017)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution : Let f(t) = 2cos5t — 3sin5t Then
F(s) = L{f(t)}
= L{2cos5t — 3sin5t}
= 2L{cos5t} — 3L{sin5t}

s 1
vl s
By shifting rule we have
Lle"f(t)] = F(s — a)
. L {e **(2cos5t — 3sin5t)} = F(s — (—3))
= F(s + 3)

s+ 3 1
=2 —3
{(34'3)24‘25] [(3‘|‘3)2 +25]
Problem 3.4.2. Find L.T. of e** cos® t

Solution : Let f(t) = e?** cos®t = e?* - 1/2(1 + cos 2t)

L(f(t)] = % L (€*) + L (e cos 2t)]

17 1

= _ ——{—{L(cos2t)}3_>5 2]
2 |s—

“3limat el

_2 s — 2 82+4 s—s—2

1 [ 1 s — 2 ]

“2ls-2 24518

Thus L (e? cos?t) = %[Si2+szi432+s}

Problem 3.4.3. Find L (€% sin” 4t)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution :
L (e3t sin? 4t) =L (sin2 4t) o ss 3

<1 — Ccos 8t>
Ll
2 s—s—3

%(L(l) — L(cos8t))s_s_3

1/1 S
T2 (5_ s2+64>8%_3

1/ 1 s—3
:§<s—3_(s—3)2+64)

Problem 3.4.4. Find L(cosht cos 2t)

(5o

= —L e cos 2t + e~ cos2t)

Solution :
L(cos htcos2t) =

=N

= 5 [L(cos 2t) 551 + L(cos 2t) s 511]

1 (=) R )
_2 s?+4 s—s—1 s? +4 s—s+1

1 s—1 s+ 1
T2 ((3—1)2+4+ (s—|—1)2—|—4>
Problem 3.4.5. Find the Laplace transform of the following functions.
(i) e tcos? 3t (ii) et sin® 2t (iii) v/tet

N[ =N

Sol : (1) Consider
1 4 cos 6t
L (cos’3t) = L (%)

= %[L(l) + L(cos 6t)]

1]1 s
25{24_32—1—62]
s2 4+ 18
s (s% 4+ 36)
(s+1)>+18
(s+1)[(s+ 1)? + 36]

Dr. Shantha Kumari.K. AJIET, Mangaluru
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(i1) We have
sin® A = 3(3 sin A — sin3A)
Hence 1
sin® 2t = Z(3 sin 2t — sin 6t)

L (sin® 2t) = i[?»L(sin 2t) — L(sin 6t)]

_1 2 6
4 s2 422 §2 4 62
48

 (s244) (s? + 36)
By using shifting Rule, we get, s — s —

L {e3t sin 2t} =

48
[(s = 3)* + 4] [(s = 3)* + 36]

(iii) Now
L(Vt) =

Hence L (\/zet) = L?,

3.5 Multiplication by t"

L{ (@)} = (—1)" 2 F(s)

In particular

L{EF(9)} = (~1) 5 F(5)

L{ZF(1)} = (1) 5 F(s)

Problem 3.5.1. Find L {tsint} (VTU July 2014)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Solution :
Let f(t) = sint
1
Then F'(s) =
s2+1

By wing L{££(£)} = (~1)-5 F(s)

L {tsint} = (—1 )—[ =

s24+1
= (Vg2
2s
(32_|_]_)2

Problem 3.5.2. Find L [e~'t cos t]

Solution :
Let f(t) = tcost

F(s) = L{f(t)}
= L[t cos t]

LA N
_ [32 +1— s(28)]

[s2 +1]°
{32 +1— 232]
[s2 + 1]
_ s2—1
[z 1)
—1
L [e_tt cos t} S— ‘8_> 1
[82 1]2 ( + )
(s+1)2—1

s+ 1)2+1)
Problem 3.5.3. Find L (te=?" sin 3t)

s2+4+1

)

Dr. Shantha Kumari.K.
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Solution:
L (e *(tsin3t)) = L(tsin3t)s_sqo

—d .
= { = (L(sin 3t) }s—s12

~{a )]
B ds 32+9 s—s+2

_ {(s2+9)0—3(2s)}
(82 + 9)2 s—s542

B 6(s + 2)
((s+2)*+9)°
Problem 3.5.4. Find L {e™?"t cos 2t }. (VTU Sept 2020)

SOl :
F(t) = cos2t
L[F(t)] = L][cos 2t]
S
s2 44

L[t cos 2] = d[ i ]

F(s) =

ds | 82 +4
B (s> +4) (1) — s(2s)
(s2+4)°
(8% + 4 — 25?2
(1 47
S22 4
(5% + 4)°
S? — 4
(82 + 4)2 s—s542
B (s+2)>—4
(s +2)2+4P

L [e_ztt CcoSs Zt] -

Dr. Shantha Kumari.K. AJIET, Mangaluru
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3.6 Division by t

If L{f(t)} = F(s) then

L{%Q}:prwms

Problem 3.6.1. Find L | <"+ | (VTU June 2015)

Solution : Let f(t) = e* — e, Then
F(s) = L{e™ — e~}
1 1

we have L {@} = [ F(s)ds

eat_e—at fo’e 1 1
c| S = - ds
t s s—a s+a

= [log{s —a) —log(s + a)]°

= log

= log

= log

s —a
= log ]

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Problem 3.6.2. Find L (M) (VTU August 2022, Jan 2017, Jan 2016, Jan
2013, Jan 2010, July 2008)

SOlution : Let f(t) = cosat — cosbt

Then F(S) = L(f(t)) — Szj_a2 - szj—bz

we have L {@} = /:o F(s)ds

cosat — cosbt S
L — / — dS
t s 824+ a? s2 4+ b2

1 2, oy 1 2 | p2
— _ilog(s —|—a)—§10g(s —i—b)]
(* +a*) |
0],
s? (14 a?/s?) |
2 (1 Fb2/57)

(1 + az/sz) 4
_log 1+ b2/32)]

o @}

S

og

1
N | =
! et

log

S

S

log1 — log <Ez2++;23>]

o (2]

(= + a?)

N[ = N = N | = N | =

Problem 3.6.3. Find L { E‘t;i”t} (VTU July 2013, 2009 S)
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Sol : Let

-1

> 1 N . 1
:/8 S2+1ds . L(sint) = 21

-1 |o©

sin t}

= tan s!s

T
= [— — tan_l}
2

= cot s

{ e tsint
| ibd
t

} = cot™'s }s—)(s—l—l)

Problem 3.6.4. Find the Laplace transform of (i) vV e*(t+3) 1 e=2t sin 3t (ii) te 3! sin 4t
(iii) (1 — cost) /t (Model 2019)
F(t) = Vet(t+3) 4 e 2 sin 3¢
1/2
— [64(t+3)} + e ?tsin 3t
Sol: let — 2(t43) 4 o2t gipn 3¢
— 216 4 e=2tgin 3t
F(t) = e*.e% + e *sin 3t
L[F(t)] = €°L [¢*] 4+ L [e~* sin 3t]

=3t el
=e

s—2 82+93—>s+2
e’ " 3
s—2 (s+2)2+49
eb 3

+ 2
s — 2 s“+2s+4+9
eb 3

s—2+32—|—2s—|—13

L{f(t)] =

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Litsindt] = (—1)'~ [L]

s2 4+ 16

- [ (s2 4 16) (0) — 4(2s)
B (s2 +16)°

T —8

(i) L[sin4t] = i — m]
- 8s
Litsindt]| = ——
(s2 + 16)

8s

L [6_3tt sin 4tj| = [m]
s—s+3

_ _ 8(5+3)
T [(543)2+16)?

Problem 3.6.5. Find L [1=<3]

Sol:Let f(t) =1 — cos3t
f(s)=L[f(t)] = - —
We have the property: L@ = [ f(s)ds
I [1=conit] fs e M} ds

1.€.,

0
= log 1— log m = log 52+

L [l—c:s3t] — log { z+9}

Problem 3.6.6. ) Find the Laplace transform of : (i) 3!+ (4t+5)3 (ii) te~4! sin 3t
(Model 2019)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Sol :(1)
3t + (4t + 5)°
f(t) = 3"+ (4t + 5)°
£(t) = €°5(3) 4 (42)% + 5% + 3(4t)2s + 3(4t)(5)?
f(t) = et 1 643 + 125 + 240t% + 300t
f(t) = e8It 1 643 + 240t% 4 300t + 125
Lif®)] = L [e“"g?’)t} + 64L [t3] + 240L [2] + 300L[t] + 125L[1]

6 2 1 1
+64.— + 240— + 300 - — + 125.—
s4 s3 s2

— log 3 S
F(s) = +384+480+300+125
8= s —log3 s4 83 s2 S
ii)
L[sin 3t] = 219
d 3
L[tsin3t] = (—1)—
[¢sin 3t] = ( )ds Lz_|_9]
B (s> +9) (0) — 3(2s)
| (s2+9)°
[ —6s ]
(29’
6s
Litsin3t] = ———
(249
At . 6s
L [e t sin St] = —2]
(32 + 9) s—s+4
’ 6(s+4)
((s +4)2 +9)*
6(s+4)

L [e““t sin 3t] = (5% 1 85 1 25)2

3.7 Periodic functions

A function f(t) is said to be a periodic function of period T' > 0 if f(t) =
f(t+nT) wheren = 1,2, 3, - The graph of the periodic function repeats itself

Dr. Shantha Kumari.K. AJIET, Mangaluru
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in equal intervals.
For example, sint, cost are periodic functions of period 27 since sin(t+2nmw) =

sint, cos(t + 2nm) = cost.

Laplace Transform of a periodic function:

If a function f(t) is Periodic with period T" > 0, so that f(t + T') = f(t), then

LUFOY = ;o | (bt

Problem 3.7.1. If f (t) = t2 is a periodic function with period 2, then find L{ f (t) }.

Solution : Here f(t) is a periodic function with the period T' = 2.

Hence
1

L{f(t)} = —— / e~ f(t)dt

1 —st e st —st72
= t? — 2t 2
1—e 2| —s s2 i —33]0
B 1 ‘46—23 2(2) 6—23 N 28—23 0 e0
1—e2| —s s2 —s3 —s3
B 1 [—4e7 2%  4e7 25 2e7 2 2
Cl1—e2| s S +;
E, 0<t< 3
Problem 3.7.2. If L{f(t)} when f(t) = and f(t + a) =
—E, ;<t<a

f(a) Show that L{f(t)} = %tanh (22) (VTU July 2016, Model 2015, June
2014, Dec 2010, June 2011),

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Sol : Given that f(t 4+ a) = f(t) Hence f(t) is a periodic function with period

p=a
L(f(t)) = %/0 ==t f () dt

1—e

1 a/2
= / e *'Edt +/ e *'(—E)dt
1 — e 9 /2
1 —st —st
= — E/ tdt — E/ Stdt
1— e 9 /2
E e—st a/2 e—st
- |(5), (=),

E 2 —sa —sa/2
P (—e™2 4 1) + (e7 —e*2)]

E
— __ ,—sa/2 __ _sa/2 —sa)
s(l—e—as) (1 e e + e
E
— 1 — —2sa/2 —sa)
s (1 — e9%) ( © TR
E —sa\ 2
= - ]_ — 2
s(l—e2) (14 esa/?) ( € )
E <1 — e_zsa>
s (1 + e—sa/2)
E (1 — e_28a> e
( + e~ sa/2) 4

t, 0<t<a

Problem 3.7.3. If f(t) = , where f(t + 2a) = f(t),

2a —t, a <t<2a
show that L{ f (£)} = Ztanh (%) (VTU Model 2022, Mar 2022, Jan 2021, Jan
2017, July 2016, June 2015, Dec 2014, July 2014, Dec 2011, July 2008)
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Solution : The given function is a periodic function with period 2 a

S L(f(}) = ﬁ/ﬂ " et p(tydt

. 1 ¢ —st 2 —st
_—/O e f(t)dt—|—/a e~ F () dt

1 — e—2as

1 a 2a
S — [ / e 'tdt + / e *'(2a — t)dt]
1 — e—2as 0 a

- [(5) -], feamo (55) -

1 —ae 32 e3¢ q 1 N e—2as N a _as_e—as
= - - —e
1 — e2as s 52 52 52 s s2
1 1 — 2e % 4 e 208
o 1 — e—Zas 82
2 2a
1 — e 28 e—st
_ ( ) — (=1
82 (1 + e—as) (1 _ e—as) 82 .
1 — e @8
- s2(1 4 e%9)

1(1—e ez
52 (1 + e—29) ez

—as

as
1 ez —ez2

—as

— =
S ez + ez

1 as
= —tanh | —
s2 2

Problem 3.7.4. Find the Laplace transform of the square-wave function of period a

given by

1, 0<t<a/2
F&) =g
-1, a/2<t<a
(VIU Model 2022)
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Solution: Period of the function, T = a

. 1 T
LIFO) = || | e rtpa
1L —e 0
| 1 ] : ¢ Py,
= |— e *'dt — e 'dt
|1 —e*] | Jo a
_ r 1 . _e—st % e—st a
|1 —emas | —5 o —S8 |a
1 1[ e3¢ 1 e % e 2%
= |7 e | | T + -+ -
|1 — e 23] S S S S
1[1-2e73 e
s 1 —e a3
1] (r—eE)
s | (1 + e_%s) (1 — e_%s)
e
s (1 + e_%s)

Problem 3.7.5. Find the Laplace transform of full wave rectifier f(t) = Esinwt,0 <
t < Z having the period ”. (VIU August 2022, July 2019, Jan 2019, Jan 2018,
July 2017,Dec 2011)
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Solution : Solution: 1T = g
1 T
LIf )] = |—— / et F(t)dt
_]_ — B_ST 0
E 7 (/s _ . .
= 75 / e *''sin wtdt
_]_ h— e_j_ 0
E 7 e—st . =
= 73 (—ssinwt — w cos wit]g
1 —e v | |82+ w?

< /eat sin btdt =

E

at

2 1 b [a sin bt — b cos bt])
a

we v + w

1 —e «

|

82 4+ w?

|

s

1+e o«

ol

| 82 4 w2

™8

1—e w

=

Problem 3.7.6. If f(t) = t%;0 < t < 2and f(t + 2) = f(t) fort > 2, find

HAr}.

Solution: Here, f(t) = t%;0 < t < 2 is periodic function with period 2 .

)=

1

1

(1 —e2%9)

1 2
= m / tze_Stdt

/2 e St f(t)dt
0

—st —st _St>] 2
0

—S
_48—28

- (53) (55

2e 28

83

T (1= e 2)

S s2 s3

_26—23

s3 (1 — e29)

(232 +2s4+1— 628)

s3 (1 — e?s)

(282—|—28—|—1—628);8>0
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3.8 Unit Step functions

In many Engineering applications, we deal with an important function H (t — a)

defined as follows:

0, ift<a
H(t —a)oru(t—a)=

1, ift > a

where a is a non-negative constant.
This function is known as the unit step function or the Heaviside function. The
function is named after the British electrical engineer Oliver Heaviside. The function

is also denoted by u(t — a). The graph of the function is shown below:

Note that the value of the function suddenly jumps from value zero to the value 1
as t — a from the left and retains the value 1 for all £ > a. Hence the function
H (t — a) is called the unit step function.

Transform of step function

e—as

L{u(t—a)} = —

Proof :
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L{u(t—a)} = /000 e *'u(t — a)dt

=/ e‘St(O)dt—}—/ e *'1dt
0 a

‘e—st]C>o
L —S la

r e a8
= |0 —

L —S8

e a8

Second Shifting Progerty :
Lf(t —a)H(t —a)] = e “L{f(¢)}

Problem 3.8.1. Evaluate L {€*~ u(t — 1)}

Solution : Let the given function be in the form f(t—a)u(t—a), where f(t—a) =
et landu(t — a) = u(t — 1)

Thena =1, f(t—a) = f(t—1) =el™! = f(t) = €'

we have L(f(t — a)H(t — a)] = e **L{f(t)}

“L{eu(t—1)} = e L{f(t)}

= e °L{t}
s —1
1, 0<t<1 o _
Problem 3.8.2. Express f(t) = — T in terms Heaviside’s unit step
t, t>1
function and hence find its Laplace transform. (VTU Model 2019)
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Sol - ft) =1+ (t—1u(t—1)
= L[f(t)] = L[1] + L[(t — V)u(t — 1)]
letg(t—1)=t—1 L[1] = 1

gt) =t
Lig(t)] = L[t]
9(s) = -

S.Llg(t — 1)u(t —1)] = e °g(s)
L[t —1)u(t—1)] = e‘s%

—S

e

(1) = F(s) :§+ S

Problem 3.8.3. Express f(t) in terms of unit step function and hence find the Laplace
(

2, 0<t<2

transform. f(t) = < 4t, 2 <t <4 ( VTU July 2017, June 2014, June 2015,

8, t>4.
\
June 2011, Jan 2010)

Solution:  f(t) = t* + (4t — t*) u(t — 2) + (8 — 4t)u(t — 4).
Lif(t)] =L[t*] + e L[4t +2) — (t +2)°] + e **L[8 — 4(t + 4)]
=L[t’]+e *L[4—t’] —4e L[t + 2]
2 .. [4 2 12
—ste [;‘51‘% [;+;[

7

1, 0<t<1
Problem 3.8.4. Express f(t) = { 2t, ifl < t < 2 in terms of unit step func-

3t2, t> 2

\
tion and hence find its Laplace transform. (VTU July
2016)
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Solution:  f(t) =1+ (2t — 1)u(t — 1) + (3t* — 2t) u(t — 2).
Lif(t))=L[1)+ e *L2(t +1) — 1] + e **L [3(t + 2)* — 2(t + 2)]
= L[1] + e *L[2t + 1] + e **L [3t* 4+ 10t + 8]

1 . [2 1 ., [6 10 8
=;+e — T | te ST T

s2 s 3 2 ' s
sint, 0 <t <mw/2 o
Problem 3.8.5. Express f(t) = in terms Heaviside’s
cost t>m/2
unit step function and hence find its Laplace transform. (VTU Model 2019)
SOL:

f(t) =sint 4 [cost — sint|u(t — w/2)

L[f(t)] = L[sint] + L[cost — sint]ju(t — w/2) — (1)
let g(t — w/2) = cost —sint

g(t) = cos(t + w/2) — sin(t + w/2)

— —sint — cost

L[g(t)] = —L[sint] — L[cos t]
_ 1 S
als) == Lz+1+82+1]

o Llg(t — 7 /2)u(t — 7 /2)] = e/ . g(s)
—7/2s 1 S
. [32+1+32+1]
(1) = F(s) = - — e /28 [ ! + i }

s2+1 s24+1 8241
Problem 3.8.6. Using unit step function, find the Laplace transform of f(t) =
(sz'nt, o<<t<m
§ sin2t,w <t < 2w (VITU Mar 2022, Jan 2017, 2004)

sin3dt,t > 27
(
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Solution: f(t) = sint+ (sin 2t —sin t)u(t — 7) 4 (sin 3t —sin 2t)u(t — 27).

L[f(t)] =L[sint] + e ™ L[sin2(t + 7) — sin(t + 7)] + e *"*L[sin 3(t + 2m)
=L[sint] 4+ e ™ L[sin 2t + sint] + e ?"*L[sin 3t — sin 2t]

L 2+1]+_2m[3 2
— e e — .
s2+1 1s24+4  s241 s24+9 5244
(
cost, 0<t<m
Problem 3.8.7. Express f(t) = < 1, T < t < 27 interms of unit step func-
\sint, t > 2w

tion and hence find L(f(t)).
(VTU August 2022, July 2018, Jan 2016,July 2013, Jan 2008, July 2008, 2007)

Solution: f(t) = cost + (1 — cost)u(t — mw) 4+ (sint — 1)u(t — 27)

L[f(t)] =L[cost] + e ™ L[1 — cos(t + )]
+ e ?™ L[sin(t + 27) — 1]
=L[cost] + e ™L[1 + cost] + e *™*L[sint — 1]

S A 1 S o 1 1
— +errs _+ —|—€ s — .

s2+1 s 8241 s24+1 s
3.9 Inverse Laplace Transforms

Let L[f(t)] = F(s). Then f(t) is defined as the inverse Laplace transform of
F(s) and is denoted by L™ [F'(s)]. Thus

L7I[F(s)] = £(¢)

. Linearity Property :
Let L™'[F(s)] = f(t) and L~'[G(s)] = g(t) and a and b be any two constants.
Then

L™ '[aF(s) + bG(s)] = aL '[F(s)] + bL™'[G(s)]
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Table of Inverse Laplace Transfirms :

Sl. | Inverse Laplace Transform
No.
UL (2=
) L1 1 = eat
-1 1 —_ p,—at
3 L sra(=¢© a
—1 a _
4 L (= stnat
5 L—1 32_|1_a2 — swazat
-1 s _
6 L rar (= cosat
7 | L7 5%t = sinhat
-1 1 _ sinhat
8 L s2—a2 |~ a
9 |L7'{ 525t =coshat
— TI'(n+1 n
10 | Lt {Iet >} _¢
11 | L7 {5} =& when n is an integer
-1 1 _ t'n.—l
12 | L7 {&}= o8
13 | L7 {&}= % when n is an integer

Solution : )
Let F(s) = > 338 +4
S
s2 3s 4
g I
1 3 4

RO R H LA

— 1 — 3t + 22

Problem 3.9.1. Find the inverse Laplace transform of 82_3—38"'4
S
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3.10 Evaluationof L= {F(s — a)}

We have, if L[f(t)] = F(s), then L[e® f(t)] = F(s — a), and so
L7[F(s — a)] = e f(t) = e"L[F(s)]

Sl. | Inverse Laplace Transform
No.

1 | L7t m = e¥sinbt
2 | L7t % = e%cosbt
3 | L7 goapmp [ = € sinhbt
4 | L1 % = e coshbt
5 | L7 ﬁ = e (51—_11)1

Note : To find inverse Laplace transform of a given function F'(s), we have to
do some algebra to get F'(s) into a form suitable for the direct use of the above

table. For this, we use a method called completing the square.

Problem 3.10.1. Find the inverse Laplace transform of % (VTU 2008)
Solution :
s+ 2
Let F(s) = y
s2 —4s + 13
s+2 (by adding and subtracti f half of th
= adding and subtracting square of half of the
(s2—4s+4—4) +13 Y acdins &
_ s+ 2
(s—2)249
(s—2+2)+2 . .
= adjusting the numerator to get the form that are in the Inverse
(s—2)2+9
_(s=2)+4
B (s—2)24+9
(s —2) 4

T G-22+3 22+

4
— e?*cos3t + geZtsin3t

Problem 3.10.2. Find the inverse Laplace transform of (2s—1)/ (s* + 2 s 4+ 17)
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Sol :

(2s—1)/(s+2s+17) =(2s—1)/((s+1)*+4*) = (2(s+1) —3)/ ((s+ 1
1 2s —1 i [2(s+1) -3

L [32+2s+17]_L {(s+1)2+42]

_ ot [23 — 3}
s2 44
1
—etlaL | ° —3L—1< )}
) { Lz + 4} 5+ 42

2s — 1
Thus L1 [ 5 ]
s2 4+ 254+ 17

4 3 .
=e 2cos4t—zsm4t .

Problem 3.10.3. Find L' [823_3;;7_3] (VTU July 2014, June 2012, July 2009)

v 1 8547 | 1 -1 [B3(s—1)43+47
Solution: L {32_323_3} =L {(3—1)2——1—3}

:L_l{(sg—(sl)zl—)22 R (5—11)02—22}
S Py R ()

= 3e’ cosh 2t + 5 Sinh 2te!

3.11 Inverse Laplace Transform by Partial Fraction Expansion

This technique uses Partial Fraction Expansion to split up a complicated fraction into

forms that are in the Laplace Transform table.
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Problem 3.11.1. Find inverse Laplace Transform of % (VTU Jan 2016)

Solution :
4s + 5

(s — 1)%(s + 2)

Let F(s) =

By using Partial Fractions
4s + 5 A B C

5—102(6+2) s—1 (=12 (11
S 45+5=A(s—1)(s+2)+ B(s+2)+C(s —1)?
s=1— B=3

1

1
s=0 — 5=2A+B+C = 5:2A-|-3-|-5 —
3 1
3
1+(s—1)2+(s

; + 1)
R e R (vl R eyl

1
t t —2t
= —e + 3te” — —e
3 3

. F(s) = E

Problem 3.11.2. Find the Inverse Laplace transform of %

. s+1 _ A B C _
SOL: Let oeiory = soit oome T o S H1 = A(s—1)(s+2)+B(s+
2) +C(s—1)2Put s=1 . B= %Put s=-2 . C= _?1
Equating the coefficient of s2 on both sides
Wehave 0 = A+4+C . A= %Now,

Lq[w—i;é+zj
] o e el

1
9
:let + EetL_l [i] _ le—zt
9
1
9

3 52 9
2 1
t t —2t
e +—-e -t— —e
3 9

~1 s+1 1l 2, 1 o
o) e

9 3
Dr. Shantha Kumari.K. AJIET, Mangaluru
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Problem 3.11.3. Find L™ | G2026545 | (VTU Model 2022, July 2017, Dec
2011, June 2011, 2007)

SOl: s> —6s>+11s — 6 = (s — 1)(s — 2)(s — 3)
So by partial fractions {8338625;—ﬁi_]+__s5—6} =4+ B 4 C

on solving We get A = 1/2, B = —1,C = 5/2 ( Get these values yourself)
B 252 — 65+ 5 o 1 » 1 B 5
L =1L — +— L + L
§3 —6s2+11s—6 2(s —1) (s — 2) 2(s — ¢

= 1/2e' — e ™ + 5/2e*

3.12 Inverse Laplace Transforms using the formula L {@} =
[° F(s)ds

From Laplace transforms, we have L {@} = fsoo F(s)ds. This formula can
be used to find the Inverse Laplace Transform f(t) provided [~ F'(s)ds can be

evaluated easily and its inverse Laplace transform can be conveniently calculated.
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Problem 3.12.1. Evaluate L™ { s |
t oo
_ /oo $
o s (82 + a2)2
I | 1 1

“leiml, it e

0 1 —1 ]
] 2 (s% 4+ a?)
1 1
2 (s% 4+ a?)

taking inverse L.T. on both sides

()2 i)

_ 1 s2nat
2 a
stnat
L f(@) =t

3.13 Inverse Laplace Transforms of logarithmic, tan ! and cot ™!

functions

We have 4
L{tf(t)} = ——F(s)

tf(t) = L1 {—%F(s)}

L {—LF(s)}

iy =

Problem 3.13.1. Find L™ log (*£}) (VTU July 2013)
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Solution :

1
let F'(s) = log (8 + 1)
S—

= log(s + 1) — log(s — 1)

d d
—F(s) = — (log(s + 1) — log(s — 1))
ds ds
1 1
s +1 s—1
d 1 1
——F(s) = —
ds s—1 s+1
Taking inverse L.T. on both sides
d 1 1
R
ds s—1 s+1
£ ot
LY {—4F(s)
. f(t) — { ds }
t
el — et
Tt
B 2sinht
ot

Problem 3.13.2. Find the inverse Laplace transform of (i) {s(s+1) } (i) {(s + 1)/ (s* + 6s

log{(s + a)/(s + b)}] (VTU Model 2019)
Sol :
1
f(s) = s+ 1)
let ; — é 4+ — (1)

s(s+1) s s4+1

1=A(s+1)+ Bs — (2)
whens =0 whens = —1
1=A(0+4+1) 1=B(-1)

A=1 B = —
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1 1 —1

is(s—}—l) :S+S—|—1
1 1 1
i ey R P R P

L f(s) =1—e

. fit)y=1—e
il s +4
F(s) = s24+6s54+9
s +1
~ (s+3)?
_ 5+3-3+1
 (s+3)?
(s+3)—2
+{(3) (S+?)2+3)_2
L [s2—|—6$—|—9} =L { (s + 3)2 ]
O e

- e )
f(t) = e *[1 — 24]

B s+ a
o= 108 (05)

f(s) =log(s + a) —log(s + b)

(iii)

differentiate w.r.to s, " 1

s—l—a_s—l—b

x’'y = ve on both sides

£ == |

f(s) =

s+ a s+ b
, 1 1
—f(s)_s—i—b_s—l—a
—17_ g _r—1 1 _r-1 1
i [

Dr. Shantha Kumari.K. AJIET, Mangaluru
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tf(t) — e—bt _ e—at

—bt at

_e_
t

F(&) =2

Problem 3.13.3. Find (i) L~ { 252, (i) L7 {(s + 5)/ (* — 65 + 13) } (i)
L~ [cot™'{s/a}]

Sol: 35 + 2 35 4 2
S S
let = =
et f(s) s2—s—2 (s—2)(s+1)
3s + 2 A B

G2+ s—2 st1 W

3s+2=A(s+1)+ B(s—2) > (2)

whens =2 whens = —1
= 3(2)+2=A124+1) =3(-1)+2=DB(—-1-2)
8 —1 = B(-3)
8=3A= A= —
3 B=1/3
3s + 2 8/3 1/3

W= e rn s—2 s+1
e [ e

(s—2)(s+1) 3 s—2 s+ 1
-1 8 5 1
L7f(s)] = S + e

f) = % (Se21t + e_t)
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(1) st 5

s2 —6s+13
s+5
s2 —2(s)(3) + 32— 32+ 13
s+5
(s —3)2+4
(s—3)+3+5
T (s—3)214
(s—3)+8
f(3)2(8_3)2_|_(4 3)+8
5 —
[ s+ 8
s
[ s 8
_82—|—4+S2—|—4

1
3t ) -1 3 8L-1 {
° { [32+22]+ 2+ 22

3t 1.
e cos2t—|—8-§sm2t

f(s) =

— €3tL_1

o e3tL—1

= e3*(cos 2t + 4 sin 2t)
(iii)
f(s) = cot™'(s/a)

diff writ S 1 1
4 — y —
f(s) 14 (s/a)? a
multiply with -1
—f(s) = -
a? 4+ s?

Taking inverse laplace on both sides

L -f ) =1

] Litf(6)] = —f(s)

s?2 + a?
tf(t) = sinat L7 =f'(s)] = tf(t)
sin at
6 ==
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3.14 Evaluation of L~'[e~?*F(s)] using Second Shifting Theo-

rem

We have, if L[f(t)] = F(s),then L[f(t —a)H(t — a) = e **F(s), and so
L'[e"*F(s)] = f(t — a)H(t — a)

Problem 3.14.1. Find the inverse Laplace transform of ~—— s 3)2

sol: L1 {(s 13)2} = 3L (5) = e¥(t) = f(t)
Now, L' ((5 3)2> F(t — 2)u(t — 2)

Thus, L~ (m) = {3t (t — 2)} u(t — 2).

Problem 3.14.2. Find the inverse Laplace transform of L~ L’Z = 4}

This is in the form e_asF(s) whose inverse transform is f(t — a)u(t — a)
Here a = 7 and F'(s) =

32+4
. f(t) — {5214} — s1r;2t
. e~ TS B 4 B
L [82+4] = f(t — m™)u(t — m)

= %sin 2(t — w)u(t — m)
= %sin 2tu(t — )
3.15 Convolution Theorem

If L-Y{F(s)} = f(t) and L7'{G(s)} = g(t), then
L {F(5)G(s)} = / F(u)g(t — u)du

(s2+a?)(s2+b?)
Model 2019, Dec 2014, June 2012, Dec 2011, June 2010, July 2007)

Problem 3.15.1. Using convolution theorem evaluate L~ ( s ) (VIU

Solution : Let F'(s) = 2+a2) and G(s) = (Szj_bQ)

Then f(t) =171 {ﬁ} = cosat and g(t) = 17! {m} = cosbt
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From convolution theorem, we have

LHF@GE)} = [ fwalt - wdu

v (Graeem)
(52 + a%) (5% + b2)
t
= / cosau cosb(t — u)du
0

t
= / cosau cos(bt — bu)du
0

/t cos(au + bt — bu) + cos(au — bt + bu)d
= u
0

2
cos(A + B) + cos(A — B)>
2

(using cosAcosB =

/t cos[(a — b)u + bt] + cos[(a + b)u — bt] du

0 2

[

2
1
2
1
2
1
2
1
2
1

[sin[(a — b)u + bt] sin[(a + b)u — bt]r
L (a — b) (a+b) 0
[sin[(a — b)t + bt] sin[(a + b)t — bt] sinbt sin(-
I (a —b) (a +b) a—b> (a +
[stnat — sinbt  sinat + sinbt]
_|_
i a—> a+b
[(sinat — sinbt)(a + b) + (sinat + sinbt)(a — b)]
I (@ —b)(a+b)
[asinat — asinbt + bsinat — bsinbt + asinat — bsinat

a2_b2

:2asinat — 2bsinbt]

L a2_b2

a? — b2 :|

2
_ [asinat — bsinbt
L

. —1 S
Problem 3.15.2. Find L™ ( zrSerys
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Sol : We have L1 (ﬁ) = cosat, L1 (

.". By convolution theorem

R (e

t1
= / —sinaucosa(t — u)du
0

a
1

a
t

1 1
32+a2> = _sinat

t
= —/ sin au cos(at — au)du
0

= — [ [sinat + sin(2au — at)]du

ZCLO

2a 2a

2a 2a

Problem 3.15.3.

s24a2 ) T a

1 , 1 t
= — |usinat — — cos(2au — at)

0

1
= — |tsinat — — cosat + — cosat| = —tsinat
2a 2

Sol : We have t~1 ( 1 ) L sin at .. By convolution theorem

e - G

—sin at) = — (sin at * sin at)

a

1 t
= — [ sinausina(t — u)du
a? 0
1 t
= —— [ 2sinausin(at — au)du
20,2 0
t
= —— [ [cos(2au — at) — cos at]du
20,2 0
1T t
= —— |—sin(2au — at) — ucos at]
2a2 |2a 0
B L.
= —— |—sinat + —sinat — tcos at
2a? | 2a 2a
1

= ~—;[sinat — at cos at]

2a

-1 1
Problem 3.154. L (W)

LCtF(S) = (.521—+1) and G(S) = (sil)

Then f(t) = f(t) = L L;H] — sint

(VTU Jan 2018,Jan 2015, Dec 2010)
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and g(t) = L™ [S%J =X

From convolution theorem, we have

L {F(s)G(s)} = / £ (u)g(t — w)du

L1t ( ! ) = / sin ue!~“du
(s—1)(s2+1) 0
t
= et/ e “sinudu
0

e ¢
— pt :
=e [—(— sin u — cos u)]
2 0

at
( / et sin btdt — —- [a sin bt — b cos bt

a? + b?
et
= 4 le~!(—sint — cost) + 1]
1

— — (&' — sint — cost
o )

Problem 3.15.5. Find L~ (W) by using Convolution Theorem. (VIU
July 2017, July 2016, Dec 2014, Jan 2014, Jun 2011)

SOl :

1
Let F(s)=s2+4, G(S):s—l
— 71 —
f(t) =1L [82+4]_COS2t
g(t):L_ll ! ]:e]t
s—1
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From convolution theorem, we have

LF@GE)} = | fwglt—wdu

L1 ( 5 ) =/ cos 2uetttdu
(s —1)(s2+4) 0
t
= et/ e' cos 2udu
0

at
( / e cos btdt = — [a cos bt + bsin bt])
a? + b2

;| €e” . t
= e' |—(cos 2u + 2sin 2u)
5 0
¢

e
=< [e’(cos 2t + 2sin 2t) — 1]

Problem 3.15.6. Find the Laplace transform of %, using convolution theo-

s24-2545)
rem. (VTU Model
2019)
2 2
F == G e
() (s +1)2 44’ () (s+1)2+4

. 2 2 .

Sol: = L_I[F(S)] = L_l |:(S T 1)2 i 4] = e_tL_l [m] = e_t sin 2t
= f(t)
2 2
LYG(s)]=L! =e 'L7! = e 'sin2t = g(t

L t(t) = e tsin2t g(t) = e 'sin2t
WKT L[ f(s) - g(s)] = f(t) * g(t)

0 ] = [ gt — wa

t
= / e % sin 2ue” "% sin(2t — 2u)du
u=0
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t
= / e’ sin 2ue™ " . e¥sin(2t — 2u)du
u=0

t
= e_t/ sin 2u - sin(2t — 2u)du
u

ot
= 2 sin 2u sin(2t — 2u)du
e—t ut—O
= — cos(2u — 2t + 2u) — cos(2u + 2t — 2u)du
2 Juzo
= [cos(4u — 2t) — cos 2t]du
u=0

et t t
= {/ cos(4u — 2t)du — cos 2t/ 1du}
0

sm(4u —2t)1°*
= — tcos 2t
2 u=0

{ sin 2t sin 2t
2

— t cos 2t}

sin 2t
[ — t cos 2t]

3.16 Solution of Differential Equations using Laplace Transforms

method

Laplace transform technique is employed to solve initial-value problems. The solu-
tion of such a problem is obtained by using the Laplace Transform of the derivatives
of function and then the inverse Laplace Transform. The following are the expres-
sions for the Laplace transform of derivatives.

L{f'(t)] = sL{f(t)} — f(0)
L{f"(t)} = s"L{f(t)} — s£(0) — f(0)
L{f"(t} = s’L{f(t)} — s°f(0) — sf'(0) — £"(0)

L{f™(t} = s"L{f(t)} — s" ' £(0) — s"2f'(0) — s"2£"(0) — - -- F*~1(0)

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 3 Page 43

Problem 3.16.1. dt2 y 4+ 4 4+ 4y = e ', y(0) =0,y'(0) =0 (VIU July 2016,
June 2014, Model 2015, Dec 2011, June 2010)

Solution : Given,
d?y L4 dy + 4 »
— =e
dt? v=

Taking Lalace transform on both sides

L{y" ()} +4L{y' (1)} + 4L{y(1)} = L{e™"}

(s*L{y(1)} — sy(0) — 4/'(0)) + 4 (sL{y(t)} — y(0)) +4L{y()} = %

Substituting y(0) = 0,y’(0) = 0

(L{y(t)}) + 4 (sL{y(t)}) + 4L{y(t)} = i

(s*+4s+4)L{y(t)} =

1
v = i@ 1 as 1)

1
 (s+1)(s+2)2
by using partial fractions we get
1 1 1

s+ 1

L{iy(t)} = — —
ly(®)} s+1 s4+2 (s+42)2
Taking Inverse Lalace transform on both sides
y=et—e 2 _ e 2

Problem 3.16.2. SOlve y"” + 4y’ + 3y = e %, y(0) = ¢/(0) =1 (VIU 2013,
2011, 2008)

SOl : SOI : Taking Laplace transform on both sides of the given equation, we have
L[y"(t)] + 4L [y'(t)] + 3L[y(t)] = L [e”"]
ie. {s*Ly(t) — sy(0) — /' (0)}

+ 4{sLy(t) — y(0)} + 3Ly(t) = ﬁ

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 3 Page 44

Using the given initial condition, we obtain

9 _ 1
(s —|—43—|—3)Ly(t)—s—1—4_8_|_1
(32_|_4s—|—3)Ly(t):(s+5)-|—(8+1)
s’ +6s+6
(s +1)(s +8)Ly(e) = 2
_ B s?2+6s+6
LEO) = e
R s +6s+6
V0 =2 | G 3 9)

Let (si;r)g‘zj—&) - sfl + (sf1)2 + (s$3) Multiplying by (s 4 1) (s + 3), we get

s2+6s—|—6=A(s—|—1)(s—|—3)

4+ B(s+3)+C(s+ 1)2
Equating the coefficient of s2 on both sides of (1), we get
7
1=A+C <A=Z)
Hence,

B [(ss—ﬁ)gisiﬁs)]

2 () 7 e 2 5s)
= -—L + —L — | — —-L
4 s+ 1 2 (s+1)2 4 s+ 3

7 1 3
cy(t) = —et “te t — —e 73,
y(t) 1€ 15 y

Problem 3.16.3. Solve % 4+ 2% — 3y = sint, y = % = O0whent =0 (VIU
Jan 2017, July 2016)

SOI1 :Given y” + 2y’ — 3y = sint,
Taking L.T. on both sides We get,
(s>L{y(®)} — sy(0) — 3'(0)) + 2 (sL{y(¥)} — y(0)) — 3L{y ()} = =5
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i.e. s°Y (s) +25Y (s) —3Y(s) =
1
s24+1

s2+1

= (s 4+ 2s—3)Y(s) =
1
(s24+1)(s—1)(s+3)

=Y (s) =

Using Partial fractions,
1 _ As + B C D

(32+1)(s—1)(s—l—3)_(32—|—1)+s—1+s—|—3

1=(As+B)(s—1)(s+3)+C (s

1 1
Y(s) =Tl L 2
(s24+1) 8s—1 40s+3

1 1 1

y(t) = LYY (s)] = 7o cost — ~ sint + —e’ —

8

2—|—1)(s—|—3)—|—D(82
D =

= (try it)
—— i
40 Y

1

e 3¢,
40
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Question Bank-Module 1- Laplace

Transforms

Laplace transform of Elementary functions

Find the Laplace Transforms of the following functions.

1) e + 2t" — 3sin3t + 4cosh?2t
D) (%57)°
. 2
(42
4) 3t

5) (sint — cost)?
6) Cos?2t
7) sint sin2t sin3t

8) Evaluate L{cost cos 2t cos 3t}

Shifting Rule

1. Find L {e~3*(2cos5t — 3sin5t) }

(VTU June 2010)

(VTU Jan 2020)

(VTU Jan 2020)

(July 2014)

(VTU Jan 2016)

(VTU June 2011)

(VTU Jan 2017, Jan 2013)

(VTU Jan 2021)

(VTU Jan 2017)

2. Find the Laplace transform, (i) e~%(2 cos 5t — sin 5t) (ii) cosh? 3t (VTU

August 2022)

46
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)

. Find L{e~?'sin3t + e'tcost} (VTU Jan 2016) Ans :

Find L {e~3%¢*} (VTU July 2016)
. Find L {e%t*} (VTU Jan 2017)
Find L {e~3 sinbtsin3t} (VTU Dec 2011, 2006)

3 s(s—2)
(s+2)249 + (s2—25+2)2

. Find the Laplace Transform of stn2t cos3t

. Find L {e*cos?t} (VTU 2012, 2006)

Find the Laplace Transform of e tcos?3t (VTU Jan 2010)

Multiplication by t, t2,...

[E—

10.

1.

12

Find L {tsint} (VTU July 2014)
. Find L {tsinat} (VTU Jan 2010)
. Find L {tcosat} (VTU Jan 2019, Jan 2020)
. Find L {e~?" cos 2t} (VTU Sept 2020)
Find L {t*sinat} (VTU Dec 2010)
. Find L {te~?**sin4t} (VTU Feb 2022, July 2016, Jan 2008)
. Find L {t?e~%sin2t} (VTU July 2016)
. Find L {te 'sin3t} (VTU June 2011)
Find L (t?e~*tsint) (VTU Model 2015)
Find L (te~*sin3t) (VTU June 2015)
Find L (te~'sin4t) (VTU July 2008)
Find L (t*e*cosh3t) (VTU Jan 2015)

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 3 Page 48

13. Find L (e t'sin6t + tcos3t) (VTU July 2017)

14. Find L (te~*sin?3t) (VTU July 2017)
Division by t
1) Find the Laplace Transform of eat_te_at (VTU June 2015)
2) Find L (%) (VTU June 2012)
3) Find L {t"t} (VTU 2009, 2013)
4) Find L (=) (VTU Model 2015)
5) Find L (£29t) (VTU Jan 2019)

6) Evaluate L (€222l—cosst) (VTU Mar 2022, July 2018, Jan 2017, July 2016)

7) Find L (€2sat—cosbt) = (VTU August 2022, Jan 2017, Jan 2016, Jan 2013, Jan

2010, July 2008)

8) Find L {‘T"t} (VTU July 2013, 2009 S)

9) Find L {1=<2=3t} (VTU 2006)

10) Find the Laplace transform of te~* sin 2t + w (VTU Model 2022)

11) Find L {2t 4 <es2tocosdl 4 gingt} (July 2019, July 2017, VTU 2004)
12) Find L {te? 4 <0s22cos8t | ggint} ( VTU Jan 2018)
13) Find L {1=¢2%t} (VTU July 2016)
14) Find L {tcoszt + 1—;‘“} (VTU July 2019)

15) Find the Laplace transform of (i) e3¢ sin 5¢ cos 3t (i) 1_tet (VTU Model
2022)
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Laplace Transform of a periodic function:

E, 0<t<a

1) Find L{f(t)} when f(t) = where the period is 2a
—FE, a<t<2a

(VTU Sept. 2020, July 2017,June 2015, June 2014, June 2011)

E, 0<t<

a
— 2

2) If L{f(¢t)} when f(t) = and f(t + a) = f(a) Show

—E, ;<t<a
that L{f(t)} = Ztanh (%) (VTU July 2016, Model 2015, June 2014, Dec
2010, June 2011),

t, o<t
3) Find Laplace transform of the function f(t) = where
T—t, w<t<2mw
f(t+2m) = f(t) (VTU July 2018, June 2012)

4) Find the Laplace transform of full wave rectifier f(t) = Esinwt,0 <t < =
having the period Z.  (VTU August 2022, July 2019, Jan 2019, Jan 2018, July
2017,Dec 2011)

t 0<t<a

5 If f(t) = , where f(t + 2a) = f(t), show that

2a —t, a<t<2a
L{f(t)} = tanh (%) (VTU Model 2022, Mar 2022, Jan 2021, Jan 2017,
July 2016, June 2015, Dec 2014, July 2014, Dec 2011, July 2008)

t, 0<t<lmw
6) If f(t) = , where f(t 4+ 2mw) = f(t), show that
2n —t, w<t<2mw
L{f(t)} = Stanh (%52) (VTU July 2019)
t, 0<t<1
7) A periodic function of period 2 is given by f(t) = . Find
2 —t, 1<t<2
L{f(®)}. ( June 2015)
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o . o Esinwt, 0<t<Z
8) A periodic function of period <7 is defined by f(t) =

0, Tt <2
where FE and w are positive constants. Find L{ f(t)} (VTU Jan 2017, July
2016, Jan 2013)

1, te]o0,a) y .
where the period is 2a. Then Show that L{ f(t)} =
—1 t € |a,2a)

ttanh (%) (Jan 2020)

9) If £(t) =

10) Find the Laplace transform of the square-wave function of period a given by

B 1, 0<t<a/2
f(t)_{—l, a/2<t<a

(VTU Model 2022)
Unit Step functions
1) Find L [(e!™! — sin(t — 1)) u(t — 1)] (VTU Dec 2010)
T—t, 0<t<m
2) Express f(t) = in terms of unit step function and hence
sint t>w
find its Laplace transform. (VTU July 2018)
(
1, 0<t<1

3) Express f(t) = < t, if1 <t < 2 interms of unit step function and hence

2, t>2
find its Laplace traﬁsform. (VTU Jan 2021,Sept 2020, July 2019, July 2016,
June 2015, Model 2015, Dec 2014, Jan 2014, Jan 2013, Dec 2011)
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4) Express f(t) in terms of unit step function and hence find the Laplace transform.
(

2, 0<t<2

f(t) =94t, 2 <t < 4 (VTUJuly 2017, June 2014, June 2015, June 2011,

8, t>4.
\
Jan 2010)

2, 0<t<3

5) Express f(t) = in terms of unit step function and hence

4, t> 3
find its Laplace transform. (VTU Dec 2011)
2t, 0<t<m
6) Express f(t) = in terms of unit step function and hence
1, t>m
find its Laplace transform. (VTU Jan 2013)

(sint, 0<t<

w3

7) Express f(t) = < in terms of unit step function and hence

Lcost, t> 3

find its Laplace transform. (VTU July 2017, June 2010, June 2011)
4
cost, 0<t<m . _
8) Express f(t) = ﬁ in terms of unit step function and hence
\sz’nt, t>m
find its Laplace transform. (VTU Jan 2019)

2

cost, O0<t<m
9) Express f(t) = <1, m < t < 27 in terms of unit step function and

sint, t> 2w
\
hence find L(f(t)).
(VTU August 2022, July 2018, Jan 2016,July 2013, Jan 2008, July 2008, 2007)

(

1, o0<t<1
10) Express f(t) = ¢ 2t, if1 < ¢t < 2 in terms of unit step function and hence

3t2, t> 2
\
find its Laplace transform. (VTU July 2016)
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p

t—1, ifl<t<?2
11) Express f(t) = (3 —t¢, if2 <t < 3 in terms of unit step function and

0, otherwise.
\
hence find L(f(t)). (VTU July 2013)

’

sint, 0 <t<m
12) Using unit step function, find the Laplace transform of f(t) = < sin2t,w < t < 2w

sindt,t > 27
(
(VTU Mar 2022, Jan 2017, 2004)

13) Express the following function in terms of unit step function and find its Laplace
transform

cost, 0 <t<m
f(t) = cos2t,m <t < 2m (VTU Model 2022, July 2014, Dec 2008)

cosdt,t > 2w
\

14) Express the following function in terms of unit step function and find its Laplace

transform(
sint,0 <t < §

f(t) =qcost,Z<t<m (VTU July 2019)
1,t > m
\
15) Express the following function in terms of unit step function and find its Laplace
transform
2,1 <t<?2
f(t) = (VTU Jan 2017, July 2016)
4t,t > 2
2 Ho<t<1
16) Express f(t) = g ifl<t< g in terms of unit step function and
cost t> 3
hence find its Laplace transformation. (VTU Jan 2020)
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17) Express the following function in terms of unit step function and hence find its

Laplace transform
(

1, 0<t<1
Fit) =42t 1<t<?2
3t, 2<t<3

\

(VTU Model 2022)

Inverse Laplace Transforms

1) Find the inverse Laplace transform of (i) % (i1) m (VTU Model
2022)
. —1 2s+1
2) Find L (w> (VTU Jan 2021)
3) Find L1 (5425 (VTU Jan 2019)
4) Find L1 () (VTU Jan 2018)
5) Find the inverse Laplace transform of 52_52—55“ (VTU Dec 2010)
6) Find L~ (ﬁ) (VTU June 2012)
7)FmdL—1(f:%ﬁé> (VTU June 2020)
S
8) Find inverse Laplace Transform of % (VTU Mar 2022, Jan 2016)
: -1 s
9) Find L (m) (VTU Jan 2020)
-1 2s—1
10) Evaluate L (2515 ) (VTU Jan 2013, Dec 2011)
11) Find L~ | 2542, (VTU Jan 2013, june 2010)
12) Find L~ { 22 0 (VTU Sept 2020, Jan 2017, Dec 2008)
- 1 +5
13) Find L {Tm} (VTU July 2019)
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14) Find L1 | 558 ( VTU Model 2015)

15) Find L~ | G257 | (VTU July 2014, June 2012, July 2009)
: _ 7s+4 1

16) Find L1 { Tt o g Lo (VTU July 2016)
: -1 s—2

17) Find L { 572215 | (VTU July 2008)
. -1 s+1

18) Find L (m> (VTU July 2009)

19) Find L1 ((jf)) (VTU June 2011)

20) Find L1 (ﬁ) (VTU Jan 2017, July 2016)
~ 1 1

21) Find L™ (smmdars) ) (VTU Dec 2010)

22) Find inverse Laplace Transform of 4545 (VTU Jul 2016, Dec 2010)

(s+1)%(s+2)

23) Find L™ [ngigjﬁj_ﬁ} (VTU Model 2022, July 2017, Dec 2011, June 2011,

2007)
24) Find L {m} (VTU Jan 2010)
25) L! ({#ﬁ_@} (VTU August 2022, Jan 2015)
26) Find the inverse Laplace transform of (S_?st_f‘;;zg_ 3 (VTU Jan 2014)
27) Find L~ { s } (VTU Jan 2008)
28) Find L { i (VTU 2003)
29) Evaluate L™ [log ( - )ﬂ (VTU Sept 2020, July 2017, June 2011, 2008)
30) Evaluate L—1! [cot‘ ( )} (VTU July 2009 )
31) Evaluate L™! [cot™! (3)] (VTU Jan 2020 )
32) Evaluate L~ [log (gjm (VTU July 2013)

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201 : Module 3 Page 55

33) Find L™ [5252 55 4 log(359)] (VTU July 2018)
34) Evaluate L™ |log (%2 )] (VTU Dec 2008)
35) Evaluate L~ :%log (i;) (VTU July 2016, 2008)
36) Evaluate L™ | Hlog (5% ) (VTU Jan 2021)
37) Evaluate L™ [log (1 + % )] (VTU Jan 2008)
38) Evaluate L' [cot™(s)] (VTU Jan 2005)
39) Evaluate L™ [ } (VTU July 2008)
40) Evaluate L~ [36‘321;’;6 ] (VTU June 2015, 2000)
41) Evaluate L[4 4 log(5£7)] (VTU July 2019)

Convolution Theorem

Using convolution theorem evaluate

1) L1 ((s2+a2§2(82+b2)) (VTU Dec 2014, June 2012, Dec 2011, June 2010, July
2007)
-1 1
2) L (m) (VTU Model 2022)

2

3) L~ (m) (VTU Jan 2021, Sept 2020, July 2019, Jan 2013, Model 2015,
2010)

4 L~ ( . +4)> (VTU July 2017, July 2016, Dec 2014, Jan 2014, Jun 2011)
1

5) L~ <<s 5D (VTU July 2019)

6) L™ [( +a2)} (VTU Jan 2019, July 2016, June 2011)

7L | ) (VTU July 2013)
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8) L1 (ﬁ) (VTU Jun 2015)
9) L1 (m) (VTU July 2014)
10) L1 m (VTU Model 2022, Mar 2022, Jan 2017, Jan 2013, Jan 2010,

July 2009, Dec 2008)

11) L1 ﬁ (VTU July 2016, June 2015)
12) L} (ﬁ) (VTU Jan 2018 Jan 2015, Dec 2010)
13) L <m> (VTU July 2018, July 2008)
14) L! (ﬁ) (VTU Jan 2020)

Solution of Differential Equations using Laplace Transforms method

1) Solve by using Laplace transform method y"” () +2y” (t) —y’(t) —2y(t) = O.
y(0) = ¥’(0) = 0and y”(0) = 6 (VTU August 2022)

2) y” + k?y = 0 where y(0) = 2,4’(0) =0 (VTU Jan 2019 )

) dt2 ill_g +4y = e, y(0) =0,9'(0) =0
(VTU Feb 2022, July 2019, July 2016, June 2014, Model 2015, Dec 2011, June
2010)

4) y" — 3y’ +2y = 0,y(0) = 1,4'(0) =0 (VTU Sept. 2020)
5)y"—vy' =0,y(0) =y'(0) =3 (VTU Jan 2020)
6) & o+ 4 ¢ + 8y = 0 withy(0) = 2,9'(0) =0 (VTU July 2016)
7) L4 4 59 | 6y = 0 with y(0) = 2,y(0) = 1 (VTU July 2014)
8) L, + 2% 1y =tet withy(0) = 1,y'(0) = —2 (VTU Jun 2015)
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9) (D3 — 3D* + 3D — )y = 2t26tay(0) = 1,9'(0) = 0,y"(0) = —
(VTU June 2012)

10) vy + 2y" —y' — 2y = Owherey = 1
2017, July 2013)

W —2 =94t =0 (VTU July

11) y” + 6y’ + 9y = 12t%2e3 with y(0) = 0,%’(0) = 0 (VTU Jan 2016, Dec
2010)

12) y” — 6y’ + 9y = t2e3 with y(0) = 2,4y’(0) = 6 (VTU July 2016)
13) y"” — 3y’ + 2y = 4t + &3, y(0) = 1,9'(0) = —1. (VTU Jan 2013)
14) y" — 3y’ + 2y = 4t + 12e~ %, y(0) = 6,9y’(0) = —1.  (VTU July 2017)
15) ?12152 — 2d“" + x = e, given that £(0) = 0 and z’(0) = —1 (VTU July 2017)

16) fl;tz - 2d“’ + x = €', given that T = 2, dz dt = —1att = 0 (VTU Model 2022,

Jan 2016, June 2011)
17) y” + 4y’ + 3y = e~t, y(0) = y(0) = 1 (VTU 2013, 2011, 2008)
18) y” — 3y’ + 2y = 3, y(0) = 1,9’(0) = —1 (VTU Model 2022)
19) y"” — 3y’ + 2y = €3, y(0) = 1,9’(0) =0 (VTU July 2018, July 2010)

20) y” — 3y’ + 2y = 2€%, y(0) = y’(0) = 0 (VTU July 2019, July 2018, July
2010)

21) y” — 3y’ + 2y = €*,y(0) = 1,9'(0) =0 (VTU Jan 2010)
22) y" + 4y’ + 3y = et y(0) =y’ (0) =0 (VTU Jan 2021)

23) y"" 4+ 2y"” — y' — 2y = 0 given y(0) = y’(0) = 0and y”(0) = 6
(VTU Jan 2017, June 2014, Dec 2011)

24) 4 o+ 2 — 3y = sint,y = dy — Owhent = 0 (VTU Jan 2017, July 2016)

25) 4 o Yy 1 3 L+ 2y = 2t? + 2t + 2 under the conditions y(0) = 2, y’(0) = 0
(VTU June 2015)
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26) CfT’!zJ + 5‘;_?; + 6y = 5e2t y(0) = 2,y'(0) =1 (VTU July 2014)
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Module 4

Numerical Methods I

Syllabus

Importance of numerical methods for discrete data in the field of Mechanical
Engineering

Solution of algebraic and transcendental equations: Regula-Falsi and Newton-Raphson
methods (only formulae). Problems. Finite differences, Interpolation using New-
ton’s forward and backward difference formulae, Newton’s divided difference for-
mula and Lagrange’s interpolation formula (All formulae without proof). Problems.
Numerical integration: Trapezoidal, Simpson’s (1/3)rd and (3/8)th rules(without
proof). Problems.

Self-Study: Bisection method, Lagrange’s inverse Interpolation.

Applications: Finding approximate solutions to solve mechanical engineering prob-

lems involving numerical data. (RBT Levels: L1, L2 and L3)

4.1 Forward and Backward Differences

The differences Y1 — Yo, Y2 — Y1, Y3 — Y29 e e v v s Yn — Yn—1 When denoted by
Ayo, Ayy, Ay, ..., Ay, 1 are respectively, called the first forward differences

where A is the forward difference operator.
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Thus the first forward differences are

AYr = Y41 — Yy, 7 =0,1,2,3,...

The difference of first forward differences is called second forward differences. i.e,
Azyr = AyY,y1 — Ay, 7=0,1,2,3,...
Similarly, the other higher order differences namely the third; fourth, etc. are ob-

tained and tabulated. Such a tabular arrangement is called forward difference table:

In general,
Ay, = A"y, — A"y,
defines the n™ forward differences.
Following table shows how the forward differences of all orders can be formed.

The Forward Difference table :

a |y Ay | A%y A3y T ATy ASy
T {11}
Ao
I M A"M.
A Ay
@ | Y2 Ay Ay
._‘l_f,l-_’ A'iﬂl _\'I_',hl
3 ya Aty Alyy
-\H:s —\.':.’a':
ry| A%y
Ay
] Un
The differences Y1 — Yo, Y2o— Y15+ e e v v s Un
Yn—1 When denoted by Vy;, Vya, ..o ... Vy,, respectively are called first back-

ward differences where V is the backward difference operator.
Similarly, we define higher order backward differences as,
Vyr =Yr —Yr—
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Backward Difference Table :

e |y [ Vy [V [ Vo [V [ Wy
€T | o l
Vi
1| V2 _
Ve v'{y'i
Ty | Y2 V3ys Vi
Vys Ty Voys
x| Vs Viys
Vs Viys
w4 | Y V2ys
Vs
Xg | W5

4.2 Interpolation:

If Yo, Y1, Y2, - - - s Yn be the set of values of an unknown function y = f(x) cor-
responding to the values of x : xg, X1, X2, . . . y X5, the process of finding the values
of y for any given value of x between xy and x,, is called interpolation. Also the

process of finding the values of y outside the given range of « is called extrapolation.

4.3 Newton’s Forward Interpolation Formula [NFIF]

Lety = f(x) be afunction which takes values yo = f (xo) ,y1 = f (2o + h) ,y2 =
f (ko 4+ 2h) ,...,y, corresponding to various equi-spaced values of & with spac-

ing h, say xg, 1 = X9 + h,xs = x9g+2h,...,x, = o + nh.

Suppose, we wish to evaluate the function y = f(x) for a value «, = x¢ + ph

where p is any real number, then for any real number p,

p(p—1 pp—1)(p— 2
y(CL‘p)=y0—l—pAy0—|—%A2y0—l—( 3)'( )A3 0
—1)(p—2)(p—3
+p(p )(p4' )(p )A4y0+...

This formula is mainly used for iilterpolating the values of y near the beginning of

a set of tabular values.
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4.4 Newton’s Backward Interpolation Formula [NBIF]

The value of y = f(x) at x, = x,, + ph is approximately given by

p(p+1 pp+1)(p+ 2

y($p):yn+pvyn+—( o1 )szn+ ( 3)'( )V3
+1)(p+2)(p+3

L+ VP +2)PFI) G,

4!
This formula is mainly used for interpolating the values of y near the end of a set

n

of tabular values (second half).

4.5 Step by step working procedure for the problems :

Stepl: We construct the difference table in accordance with the interpolation for-

mula.

Step 2: We compute the value of p where p = =22

tion formula, ¢ being the first value of «, h being the step length, and

in case of forward interpola-
p = 2" in case of backward interpolation formula, x,, being the last value of x
and h being the step length.

Step 3 : The value of p along with the value of the finite differences is substituted in

the Interpolation formula which results in the value of y at the desired value of .

Problem 4.5.1. The population of a town in the decimal census was as given below.

Estimate the population for the year 1895
year 1891 1901 1911 1921 1931

Population(in thousands) | 46 66 81 93 101

Solution:: Here x¢ = 1891,h =10, x, = 1895

__ ZTp—To __ 1895—1891 __
= DpP=—F— = — =04

The difference table is given by
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1891 II\‘ | “
1901 66 . -5 | [_ZI
1911 81 3 s [-3]
1931 101 i | ‘
—1 —1 — 2
y(zp) = yo + pAyo + p—(pQ, ) Ay, + 2P ;,(p ) Ay,
—1 — 2 -3
P2V =D o,
0.4)(0.4—1
y(1895) = 46 + (0.4)(20) + (0-4)( 5 )(—5)
0.4)(0.4 —1)(0.4 — 2
L ODO1-DO1-37)
(0.4)(0.4 — 1)(0.4 — 2)(0.4 — 3)
-3
+ 1 (—3)
= 54.8528 thousands

Problem 4.5.2. Given f(40) = 184, £(50) = 204, £(60) = 226, £(70) =
250, f(80) = 276, f(90) = 304, find f(85) using suitable interpolation for-
mula. [VTU:
Junel2/Janl6]

Solution:: Here we have to find y at x = 85 since the value x = 85 is in the second
half of the table near x = 90, NBIF is appropriate and the backward differences are

tabulated as below.

20
50 204
22

3
(o)

4
0 250
28

so| (304 ki@

(;} o =]
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We have Newton’s backward difference interpolation formula

1 +1)(p+ 2
y(ay) = o+ pVys + PO Doy POFIEED) G

PP+ )(P+2)(P+3)

n

+ i Yo+ ...
Here, x,, = 90, h = 10, Vy,, = 28, V?y,, = 2,x, = 85
Ty, — Ty
P="
85 — 90
p: T — —0.5

(—0.5)((—0.5) + 1)
21

2 = 289.75

y = 304 + (—0.5)28 +

Thus f(85) = 289.75

Problem 4.5.3. In the following table, values of y are consecutive terms of a series

of which 23.6 is the 6th term.
x:| 3 4 5 6 7 8 9

y: |48 84 145 236 362 52.8 73.9
Find the first and tenth terms of the series.

Solution:: To find first term (i.e. y when *x = 1), let us use Newton’s forward
interpolation formula.
Here, ¢y =3, h=1, z,=1

p = _:cp;wg = -2

y Ay &y &y aly

9.1 0.5

12.6 0.5

16.6 »

=] -2 - en - ] L
-
-
@
5]
(-]
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-1 _1 _
y(zp) = yo + PAyo + %Azyo + p(p 3)'(1) )A3

+p(p—1)(p—2)(p—3) dyo 4

4!
Y(1) = 4.8+ (— 2)><36—|—(_ )(_)

Yo

(2.5) +

(DD

= 3.1
To obtain tenth term, we use Newton’s Backward interpolation formula

z, =9,h=1,z2, =z, + ph =10
100=9+p=p=1

+1

p(p + 1)(p +2)(p + 3)

4!

p(p+1)(p+2) v3
3!

n

“Yn + -

(4 5) + 1(2 )(3)(0 5)

=73.94+21.1 +4.54+ 0.5 =100

Problem 4.5.4. From the following table find the number of students who have ob-

tained (a) less than 45 marks (b) between 40 and 45 marks. [VTU- Julyl5/Janl7]
marks 30 —40|40—-5050—60|(60— 70|70 — 80

No. of students | 31 42 51 35 31

Solution: : Let us first prepare a new table with the following data :

x: marks 40 | 50 60 70 80

y: No. of students with marks < x | 31 | 31+42=73 | 73+51=124 | 124+35=159 | 190

Now We shall first find y45, number of students with marks less than 45.
xo = 40, h = 10, x, = 45

o+ hp =40+ 10p =45 = p =.5

Mariks less than |
[i

70 159 -4

80 190
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By Newton’s forward difference formula,

—1
y(xp) = Yo + PAyYo + Mﬁyo

21
N p(p — 13)!(19 — 2)A3y0 n p(p — 1)(194? 2)(p — 3)A4y0
a1 (s)42) 4 (.5)(.2 1) g 4 (DS —;)(.5 =2 )

(.5)(.5—-1)(.5 —2)(.5 — 3)
37
+ 4 (37)
= 47.8672 =~ 48
Hence no. of students getting marks less than 45 = 48
By given data, no. of students getting marks less than 40 = 31

Hence no. of students getting marks between 40 and 45 = 48 — 31 = 17

Problem 4.5.5. Find the cubic polynomial which takes the following values:
z: 01 2 3

f(x): 1 2 1 10

Here, h = 1. Hence using the formula, x,, = x¢ + ph , and choosing o = 0,

wegetp = 270 = 220 — g
— E_ e &
T N B =
.". By Newton’s forward difference formula,
z(x —1) A2 x(x—1)(z—2) ,
Y =% +TAY+——F—A'v + Y A%yo
—1 x(x—1)(x — 2
=14+x(1)+ ( )( 2) + ( 3)'( )(12)

— 223 — Tx? —|—633—|—1

Problem 4.5.6. Using newtons backward interpolation formula find the interpolating

polynomial from the following table and hence find f(12.5).
x| 1011|1213

y 2224|2834
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Solution::The Backward difference table is :

x | f(xz) | Vy|Viy Viy
10 | 22
2
11| 24 2 Y
) . P=2-t— 2218 _ 513
1228 2
6
13| 34

By Newton’s backward interpolation formula,

+1 +1 + 2
y(@p) = Yn + PV + %szn Ly 3)'(’” )iy,
(z — 13)(z — 13 + 1)2

y =34+ (x—13)6 +

2
y=34+6x — 78+ (x — 13)(x — 12)

y =34+ 6z — 78 + x> — 25x + 156

y=x?— 192 + 112
1s the interpolating polynomial for the data. Now
f(12.5) = (12.5)* — 19(12.5) + 112

— 268.25 — 237.5
. £(12.5) = 30.75

4.6 Lagrange’s interpolation formula and inverse interpolation

formula
Let yo = f(o)syn = f(x1),y2 = f(x2),...,yn = f(xn) be the
values of an unknown function y = f(x) corresponding to the values of x :

Dr. Shantha Kumari.K. AJIET, Mangaluru
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Lo, T1, T2y . . . y Ty, at unequal intervals then

y(w): (ZC—CUl) (w_wz)(zc—w?))(w_wn) 0
(w(o — :131))(230 — 332)) ((:Bo — :13)3) .. ( (g — a)jn)
+ (113(1 - $0))(2(Bl - 5132% EZBl — 333),) ol .((;(31 —_ w)n) 1
" (m(2 - mO))((wz — w1; sz — a::;) 9 .((wz - cxvz)n)y2 T
" (3 — x0) (T3 — 21) (wg—mz)...(mg,_mn)y?’"'_"'
+:
I (x —xo) (£ — 1) ... (T — Tp_1)

(r, — o) (T — 1) o (T, — Tp—1) k
Problem 4.6.1. Use Lagrange’s interpolation formula to find y at * = 10 given[VTU-

Janl7]
xX|5 |6 |9 |11

y 1213|1416

Solution:
LCtX0:5 X1:6 X2:9 X3:11

yo=12 y; =13 y, =14 y3 =16
Lagrange’s interpolation formula :
(x — x1) (x — x2) (x — x3)

e Ny e
* (321 - 330))((901 - 332))((331 - 33)3) '
y (T2 — o) (B2 — 1) (T2 — a3) "
y (x — xg) (x — 1) (x — x2)

(3 — 20) (x5 — @1) (T3 — 2)

Dr. Shantha Kumari.K. AJIET, Mangaluru
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When = 10
4(1)(—1)12 5(1)(—1)13

YT D=6 T (D(=3)(-5)
5(4)(—1)14  5(4)(1)16

T2 T ®0)@
= 14.666
Thus y at x = 10 is 14.67

Problem 4.6.2. Given the values
€T : 5 7 11 13 17

f(x) ] 150 | 392 | 1492 | 2366 | 5202
Evaluate f(9), using Lagrange’s formula.

Solution:
Lo = 5,€E1 = 7,€E2 = 11,:133 = 13,$4 =17

Yo = 150, y; = 392, y, = 1452, y3 = 2366, y, = 5202
Lagrange’s interpolation formula :
(x — x1) (& — @2) (x — x3) (x — x4)

Y = e (o — @2) (w0 — @s) (o — wa) ™
e e w20 1 20
r o) =) (01— 0 o 20"
* e g (o S (s o) G "
L (@) @ =) (@ - @) (@ — )

(4 — @0) (T4 — #1) (€4 — @2) (T4 — T3) "
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Puttingx = 9 anél substi)tzlting the)%iven Vall)lzbs n Lag)range’s formula, we get
9-7)(9—-11)(9 —13)(9 — 17
T =G 61613617 * °°
(9—-5)(9—-11)(9 —13)(9 — 17)
(7—=5)(7—11)(7 — 13)(7 —17)
(9—-5)(9—T7)(9—-13)(9 — 17)

X 392

1452
(11 -5)(11 — 7)(11 — 13)(11 — 17)
9—-5)(9—-—7)(9—11)(9 — 17
(O-5©0-7O-1)O-17) .
(13 —-5)(13 —7)(13 —11)(13 — 17)
9—-5)(9—-—7)(9—-11)(9 — 13
(O-5O-NE-1)O-13)
(17 —-5)(17 - 7)(17 — 11)(17 — 13)
50 + 3136 " 3872 2366 n 578 $10
3 15 3 3 Y
Problem 4.6.3. Find the polynomial f(x) by using Lagrange’s formula and hence find

f(3) for
x: |0/1 2|5

f(z):]2]3|12|147

Solution:
33020, 331:1, 332:2, 333:5
Yo =2, y1 = 3, y2 = 12, y3 = 147

Lagrange’s interpolation formula :
(x — x1) (x — x2) (x — x3)

T e
) R T
4 (T2 — xo) (T2 — Z1) (T2 — T3) :
A (x —xg) (x — 1) (x — x2)

(x3 — x0) (T3 — x1) (T3 — T2) ’
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_(x—=1)(z —2)(z —5) (x — 0)(x — 2)(x — 5)
~ (0—-1)(0—2)(0 —5) (2) + (1 —0)(1—2)(1—-05) (3)
(x —0)(x — 1)(x — 5) (x —0)(x —1)(x — 2)
(2—-0)(2—-1)(2—-5) (12) + b5-0)(0bB-=1)(5-—2)
f(x) = a3 + x? — x + 2 (on simplification)

f(3)=27+9—-3+2=35

f(z)

(147)

Problem 4.6.4. Using Lagrange formula, calculate f(3) from the following table.
X 0O/1 |2 |4|5|6

f(x)|1]/14|15|5|6/|19

Solution:: Givenxyg =0,y = 1,25 = 2,3 =4, 24 = 5,5 = 6
Yo = f(xo) =1L y1 = f(x1) =14, y2 = f (x2) = 15,y3 = f (x3) = 5,
ys = f(x4) = 6,y5 = f(z5) =19

(x —x1) (£ — x2) (x — x3) (& — T4) (x — x5)

y(@) (o — x1) (o — x2) (L0 — T3) (To — T4) (To — 335)y0
4 (x — xo) (x — @2) (x — x3) (T — 4) (T — @5) )
(1 — xo) (Z1 — x2) (1 — @3) (T1 — T4) (T1 — T5)
n (x —xg) (x — 1) (x — x3) (£ — T4) (x — x5) X
(x2 — xo) (T2 — x1) (T2 — @3) (T2 — T4) (T2 — T5)
n (x — xg) (£ — 1) (x — x2) (£ — T4) (x — x5) )
(x3 — xo) (x5 — x1) (T3 — T2) (T3 — T4) (T3 — T5)
n (x — xg) (x — 1) (& — x2) (£ — x3) (x — @5) )
(x4 — xo) (X4 — x1) (T4 — T2) (T4 — T3) (T4 — T5)
n (x — xg) (£ — 1) (& — x2) (£ — x3) (T — 24)

(x5 — xo) (25 — x1) (5 — T2) (5 — T3) (T5 — T4) ’
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Here = 3 then
7 = Grio20-n0-510-0) X !
a0 D0 X 14
+E0E G- 0G 60 X 15
o a0 X
2o X °
e De e 26 N X 19

_ 12 18 36 36 18 12
= — o X1+ 2 XI5+ 32 X5 —5 X6+ 75 X19

240
=0.05—-—4.2+11.25+3.75—-—1.8+0.95 =10
f(3) =10

4.7 Divided Differences :

Let f (x0),f (x1),f (x2),...,f (xy,) be the values of an unknown function y =
f(x) corresponding to the values of x : xg, X1, X2, . . . , X5, at unequal intervals.
The first order divided differences are defined as follows

f (2o, z1) = f@)=F(zo),

L1—Io

f (w1, 22) = %;
f (o, ws) = Hop=lied o

In general f (Tp_1,Tn) = f(m;):i(a_:?_l)

The second order divided differences are defined as follows
f (3317332) — f (3307331)

f (3307 3319332) =

T2 — Lo
f (@1, 3 wg) = S Z2 ) = I (@1, 72)
T3 — T

f (Xn—la Xn) —f (Xn—2’ Xn—l)

In general f (x,_2,Xp—1,Xn) =
Xn — Xp-—2
Similarly the other higher order divided differences are defined.
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4.8 Newton’s divided difference formula :

Newton’s divided difference formula :

y(x) = f(x) = f (xo) + (& — o) f (x0, 1)
+ (& — ®o) (x — @1) f (20, T1, T2)

+ (. — =) (x — x1) (x — x2) f (0, T1, T2, T3) - - -

+(x—x0)(x—21) ... (€ — Tp_1) f(xoy X1, T2, ..,Ty)
Problem 4.8.1. Use Newton’s divided difference formula to find £f(4) given the data
X 0 213 |6
f(x)| —4 (2|14 ]158

Solution: Here,
130:0, 331:2, $2:3, 333:6
f(zo) = —4, f(z1) =2, f(z2) =14, f(x3) =158

First order Divided Differences are give by,

fx) = f(xo) 244

f = =— =3
(XO,Xl) 1 — Io 2—0
— 14 — 2
£ (01 x2) = fz2) — f(z1) _ _ 1o
Lo — I 3—2
— 158 — 14
£ (2, x3) = fxs) = f(22) _ 48
r3 — I2 6 —3

Second order Divided Differences are give by,
f(z1,22) — f (Toyx1) 12 -3

Loy L14L = =3
f( 0y L1 2) T — To 3_0
f(CB2 ar;g)—f(wl :132) 48 — 12
f (z1, 2, T3) = ’ ’ = =9
rg — Iy 6 —2

Third order Divided Differences are give by,
f (331, L2y 383) - f (wO’ L1, w2)

r3 — Lo

f (X09X1,X2,X3) =
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Newton’s divided difference formula is given by:
y(z) = f(x) = f (2o) + (z — xo) f (w0, 21)
+ (z — o) (x — 1) f (x0, 1, T2)
+ (x — @) (x — x1) (x — x2) f (0, X1, T2, 3)
y4)=-44+4-03+(4—-0(4—-2)3+(4—-0)(4—2)(4—3)1
= 40
Problem 4.8.2. Given the values
T : 5 7 11 13 17

f(x):|150 392 1452 2366 5202 .
Calculuate f(9), using Newton’s divided difference formula.

Solution: : Here xg = 5,21 = 7,22 = 11, 3 = 13, x4 = 17
f(xo) = 150, f(x1) = 392, f(xz3) = 1452, f(x3) = 2366, f(x4) = 5202

First order Divided Differences are give by,
f(x1) — f (o) _ 392 —-150

f (xg,x%x1) = = 121
( 0’ 1) 1 — I 7 — 5
o) — x 1452 — 392
f(Xl’XZ):f( 2) = f(z1) _ _ 965
Lo — I 11 -7
— 2366 — 1452
£ (x,x3) = fxs) — f(z2) _ _ 457
3 — T2 13 — 11
xy) — [ (x 5202 — 2366
f(x3,x4)=f( 1) = f(=s) _ — 709
Ty — T3 17 — 13

Second order Divided Differences are give by,
f (:cl, :132) — f (ZC(), 213‘1) . 265 — 121 .

Loy L1, L) = =24
f( 09 L1y 2) Ts — To 11 — 5
f Loy L3) — f L1y L2 457 — 265
f (221,332,1133) = ( ’ ) ( , ) = = 32
sz — I 13 -7
f (23‘3 $4) — f (:132 333) 709 — 457
f (382’ L3, $4) = , , = = 42
Ty — o 17— 11
Third order Divided Differences are give by,
32 — 24
f (x0, %1, X2,X3) = 135 1
42 — 32
f(x1,x2,Xx3,%x4) = T 7 1
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Newton’s divided difference formula is given by:
y(x) = f(z) = f (z0) + (& — ®o) f (%0, 1)
+ (x — xo) (x — x1) f (w0, T1, T2)
4+ (x — xo) (x — x1) (& — x2) f (0, X1, T2, 3)

+ (x — x0) (x — x1) (T — x2) (T — 23) f (X0, X1, T2, T3, T4)
Taking £ = 9 in the above divided difference formula, we obtain

f(9) =150+ (9—5) x 121+ (9—-5)(9—7) x 24
+(9—-5)(9—-7)(9—11) x 1 =150 + 484 + 192 — 16 = 810
Problem 4.8.3. Determine f(x) as a polynomial in x for the following data:
xT: —4 -1 02 5
f(x): 1245 33 5 9 1335

Solution: Here
Lo = —4, f(w()) = 1245

] — —1, f(ml) =33
x =0, f(w2) =95
T3 = 2, f(w3) =9

Ly = 5, f($4) = 1335
First order Divided Differences are give by,

f (xo, 1) = - 144 = —404
f(x1,x2) = P = 041 = —28
f(wz,azg):f(w3)_f(w2):9_5:2
Ir3 — I2 2—0
f (%3, x4) = flo) ZF (@) 1385-9
ry — I3 55— 2

Second order Divided Differences are give by,
—28 — (—404) _ o4

f (CBo, L1, 5132) =

0—(—4)
f ($1,:B2,a}3) - 22__(—(__218)) =10
_ 442 — 2 _ 88
f ($2a$3aw4) = W =
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Third order Divided Differences are give by,

£ ) 10 — 94 14
TQy L1y Ly L3) = ————— = —
0y L1y L2y L3 2_(_4)
88 — 10

I (z1, T2, T3, T4) = ﬁ =13

4th order Divided Difference is given by,
134 14
f (o, 1, T2, T3, T4) = 5_—(_4) =

Applying Newton’s divided difference formula,
y(z) = f(x) = f (%o) + (x — x0) [ (20, 1)
+ (& — @o) (x — x1) f (0, T1, X2)
+ (z — @o) (z — x1) (x — @2) [ (@0, T1, T2, T3)

4+ (x — xo) (x — x1) (&£ — x2) (x — x3) f (0, 1, T2, T3, T4)

f(x) =1245 + (x + 4)(—404) + (z + 4)(z + 1)(94)+
+ (z +4)(x + 1)(z — 0)(—14) + (= + 4)(z + 1)z(z — 2)(3)
= 1245 — 404z — 1616 + (94) [z® + 5z + 4]
— 14z [z* 4+ 5z + 4] + 3z [(z® + 5z + 4) (z — 2)]
f(x) = 1245 — 404z — 1616 + 94x? + 470z + 376 — 14z>
— 70x? — 562 + 3x [w?’ — 22?4+ 52% — 10x + 4= — 8]
f(x) = 1245 — 404z — 1616 + 94x* + 470 + 376 — 14z>
— 70x? — 56x + 3z* — 62> + 152° — 302> + 12z? — 24x
=3z* —52° + 62 — 14 + 5
Problem 4.8.4. By means of Newton’s divided difference formula, find f(8) from the

following data-
x 45 7 | 10 | 11 13

f(x) | 481|100 | 294 | 900 | 1210 | 2028

Solution: : xg = 4,21 =5, x2 =7, x4 = 10, x5 = 11, xg = 13

f(xo) = 48, f(x1) = 100, f(xz2 = 294, f(z3) = 900, f(xs) = 1210,
F(xs) = 2028
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First order Divided Differences are give by,
£ ) 100 — 48 59
To, 1) = ——— =
0y L1 5 _ 4
294 — 100

7—5
£ ) 900 — 294 202
Ty, T3) = ————— =
w 10 — 7
£ ) 1210 — 900 -
T3, Ty) = =
e 11 — 10
£ ) 2028 — 1210 409
Ty, T5) = =
b 13 — 11
Second order Divided Differences are give by,
97 — 52
f(w03m19m2) = —7 — 4 =15
202 — 97
Flonens) =, 25 =
£ ) 310 — 202 -
T, T3, Ty) = ———————— =
29 L3y L4 11 — 7
409 — 310

T3, Ly, Ly) = ——— = 33
f( 39 L4y 5) 13 — 10

Third order Divided Differences are give by,
21 — 15
f (zo, 1, T2, T3) = . 1
27 — 21
f (z1, 2, T3, T4) = -5 1
33 — 27
I (x2, T3, T4, T5) = T3 _7 1

1-1

=0
11 — 4
1-1

f(w1,$2,$3,334,$5) - 13 _ 5 =0

f (331, .’132) = 97

4th order Divided Differences are give by,

f (wﬂv L1y L2y L3y 334) —

5th order Divided Differences are give by,

f ($0,$1,$2,$3,$4, $5) =0
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Applying Newton’s divided difference formula,
y(x) = f(z) = f (x0) + (& — o) f (€0, x1)
+ (x — xo) (x — x1) f (w0, T1, T2)
4+ (x — xo) (x — x1) (& — x2) f (0, X1, T2, 3)

+ (2 — ®o) (x — 1) (T — ®2) (T — 3) f (X0, T1, T2, T3, T4)
Substituting the £ = 8 and divided differences in the above equation,

f(8) =48 4 (8 — 4)(52) + (8 — 4)(8 — 5)(15)
+(8—-4)(8—-5)(8—T)(1)
+(8—4)(8—5)(8—T7)(8 —10)(0)

f(8) =48 4+ (4)(52) + (4)(3)(15) + (4)(3)(1)(1) + 0

£(8) =448

4.9 Numerical Solution of algebraic and transcendental equa-

tions:

* Algebraic equation is an equation in the form of a polynomial having a finite
number of terms.

Example: 3 — 42z — 9 = 0, z* + 23 = 80

* A transcendental equation is an equation containing a transcendental function
of the variable(s) being solved for.

Example: xe® — 2 = 0, tanx = 2x, xloge — 1.2 =0

* Numerical method of finding approximate roots of the given function is a repet-

itive type of process known as iteration process.
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4.10 Newton Raphson Method

Let the given equation be f(x) = 0
We first find an interval (a,b) such that f(a) and f(b) are of opposite signs. Then we
select a real number in (a,b) as the initial approximation to the required root.

Use the Newton Raphson formula,

. I (xn)
I’ (zn)

repeatedly, until we obtain the answer with the desired accuracy.

LTpn+1 — Tp

Problem 4.10.1. Find the positive root of x* — x = 10 correct to three decimal

places, using Newton-Raphson method.

Solution:: Let f(x) = z* — xz — 10

Let us find an interval (a,b) such that f(a) and f(b) are of opposite signs.
f(1) = —10 (Here value is -ve)

f(2) =16 —2 — 10 = 4 (Here value is +ve)

.aroot of f(x) = 0 lies betweena = 1 and b = 2.

Let us take xg = 2

Also f'(z) = 4x> — 1

Newton’s Raphson formula gives,

I’ (zn)

Put n = 0, in (*), the first approximation &, is given by,

F@o) _,_ 1)

(*)

Lp41 = Ln —

r1 = Lo —

fxo)  ~ £(2)
B 24 —-4-10
T 4ax23_1

4
=2—- —=1.871
31
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Put n = 1, in (*), the second approximation x is given by,

IR i C2Y
2 = X1 —
I (x1)
1.871
— 1.7~ TUSTD
f(1.871)
1.871)% — (1.871) — 10
= 1.871 — ( ) ( )
4(1.871)3 — 1
0.3835
= 1.871 — = 1.856
. 25.199. . . . .
Put n = 2, in (*), the third approximation a3 is given by,
e (@2)
3= T2 —
I (x2)
(1.856)* — (1.856) — 10
= 1.856 —
4(1.856)3 — 1
0.010
= 1.856 — — 1.856
24.574

Since x5 = x3 = i.856, the required root is € = 1.856

Problem 4.10.2. Using Newton-Raphson method, find the real root of the equation

x3 — 2x — 5 = 0 correct to 5 decimal places.

Solution::

f(x) = x3 — 2z — 5, f'(x) = 322 — 2

Let us find an interval (a,b) such that f(a) and f(b) are of opposite signs.
f(1) = —6 (Here value is -ve)

f(2) = —1 (Here value is -ve)

f(3) = 16 (Here value is +ve)

Hence root lies between (a, b) = (2, 3).

Let us take initial point £y = 2.5

Newton’s Raphson formula gives,
f(xn) x> — 2x, — 5

_f/(wn)?—wn_ n3w3_2 (*)

Tpnt+1 — Tp
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Put n = 0, in (*), the first approximation x; is given by,
xy — 2wy — 5

r1 = Ty —
! 0 3z — 2
2.5% — 2(2.5) — 5
= 2.5 —
3(2.5)2 — 2
= 2.16418

Put n = 1, in (*), the first approximation x is given by,
x} —2x, — 5

Ty = T1 —
2 ! 3r? — 2
(2.16418) — 2(2.16418) — 5
= 2.16418 —
3(2.16418)2 — 2
= 2.09714

Similarly, with n = 2, 3,4 in (*) we get

Ty, = 2.09714
T3 = 2.09455
Ty = 2.09455

Since £3 = x4 = 2.09455, the required root is & = 2.09455

Problem 4.10.3. Using Newton-Raphson method, find the real root of the equation

3x = cosx + 1 correct to four decimal places.

Solution: Let f(x) = 3x —cosx — 1 (1)

Let us find an interval (a,b) such that f(a) and f(b) are of opposite signs.
Note : Make sure your calculator is in radian mode

f(0) = 3(0) — cos(0) — 1 = —2, (Here value is -ve)

f(1) =3(1) — cos(1) — 1 = 1.4597, (Here value is +ve)

Hence interval (a,b)=(0,1)

.aroot of f(x) = 0 lies between 0 and 1.

Let us take g = 0.6
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Also differentiating (1) we get,
f'(x) =3 +sinx
Newton’s Raphson formula gives,
B I (zn)
I’ (zn)

3z, —cosx, —1

Lny1 = Ln

= Iy

3 + sinx,
x,sinx, +cosx, +1

= (*)

3 +sinz, o Q
Put n = 0, in (*), the first approximation x; is given by,
Tosinaxg + cosxg + 1

1 .
3 + sin xy
0.6sin6 4+ cos 0.6 + 1
= + ; + == .6071
3 + sin 0.6
Put n = 1 in (*), then second approximation is

xrisinx; +cosxy + 1

3 + sinx;
0.6071 sin(0.6071) 4+ cos(0.6071) + 1

3 + sin(0.6071)

= 0.6071
Clearly &1 = x».

Hence, desired root is 0.6071 correct to 4 decimal places.

Problem 4.10.4. Using Newton Raphson method, find a real root of  sin x + cos x

near x = T correct to 3 decimal places.

Solution: Given g = m = 3.1416
f(x) =xsinx + cosx
f'(r) = zcosx +sinx —sinz

= ICOST
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The iteration formula is,

B I (zn)
I’ (xn)
X, sin x,, + cos x,

Lpn — (*)
T, COS T,

LTn+1 — Tp

Note : Make sure your calculator is in radian mode

Put n = 0, in (*), the first approximation x; is given by,
T sin xg + cos xg

1 = g —
g COS Lo
Tsin T 4+ cos T
=7 — (. xg =)
T COS T
= 2.8233

Put n = 1, in (*),
X1 sin x; + cos xy

Lo — L1 —
1 COS I1

2.8233 5in(2.8233) + cos(2.8233)

2.8233 cos(2.8233)
similarly Putting n = 2, in (*), and calculating we get

rg = 2.7984

since x2 and x3 are same upto three decimal places, we stop the procedure and

= 2.8233 — = 2.7986

required root is * = 2.798

Problem 4.10.5. Using Newton Raphson method, find a real root of x 1og,9 x — 1.2

correct to four decimal places.

Solution: Here initial appoximation is not given.
f(x) = xlogpx — 1.2 (1)
Let us find an interval (a,b) such that f(a) and f(b) are of opposite signs.

f(1) = —1.2 (Here value is -ve)
f(2) =2logp2 — 1.2 = —0.5979 (Here value is -ve)
f(3) = 3log;y3 — 1.2 = 0.23136 (Here value is +ve)
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Hence a root of f(a) = 0 lies between a=2 and b=3
Letus take ax¢ = 2 Also,
f'(x) = xlogpx — 1.2

d
= log;o z + x——(log;o x)
dx

) n d (logea;)
=loggx +
810 dx \log.10

1
= logpx + — logpe
x

= log,, « + 0.43429

Newton’s formula gives,

. I (xn)
I (zn)
Ty logio Tn — 12
log,o ©, + 0.43429

0.43429x,, + 1.2

= (+)
0810 Tn + 0.43429

Put n = 0,, the first approximation is
0.43429xy + 1.2

"~ logy o + 0.43429
| 0.43429(2) + 1.2

~ log,02 + 0.43429
= 2.8132

LTn+1 — Tn

:wn

L1

Similarly, Putting n = 1 in (*), we get
0.43429x, + 1.2

PTo —
> logy, z1 + 0.43429

_ 0.43429(2.8132) + 1.2
 log;y(2.8132) + 0.43429
= 2.7411

Similarly, Putting n = 21n (*), we get

0.43429x, + 1.2
3

" log,, @2 + 0.43429
0.43429(2.7411) + 1.2

" logyo(2.7411) + 0.43429
— 2.7406
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Similarly, Putting 7 = 3 in (*), we get

0.43429x3 + 1.2

4 =
log,o 3 + 0.43429

0.43429(2.7406) + 1.2

~ logo(2.7406) + 0.43429

= 2.7406

Clearly, 3 = ax4. Hence, the required root is 2.7406 correct to four decimal places.

4.11 Regula Falsi Method

* Let the given equation be f(x) = 0

* We first find an interval (a,b) such that f(a) and f(b) are of opposite signs.

* First approximation to the root is given by,

L1 =

af(b) —bf(a)

(*)

f(b) — f(a)

* Find f(x1). If f (x1) # O then either f(a) and f (x1) are of opposite signs
or f (x1) and f(b) are of opposite signs.

* If f(a) and f (x1) are of opposite signs, then next approximation is given

by replacing (a, b) by (a, x;) in equation (*) on the other hand if f () and

f (b) are of opposite signs, then next approximation is given by replacing (a, b)

by (a1, b) in equation (*).

* This process is repeated until the root is obtained with desired accuracy. At each

step, the method produces a sequence of shrinking intervals which contains a

root.

* Suppose f (1) and f(b) are of opposite signs, then

. z1f(b) — bf (z1)

Lo =

f(b) — f (x1)

Same process is used to find x3, and so on.
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Problem 4.11.1. Use the Regula-falsi method to find a real root of the equation,

x3 — 2 — 5 = 0 correct to 2 decimal places.

Solution:: Let f(x) = x> — 2z — 5

F(0) = —5

f(1) = -6,

f(2) = 2% —2(2) —5 = —1 (negative)

f(3) =3%—2(3) —5 =16 (positive)

Since f(2) and f(3) are of opposite signs, a real root lies in (2, 3).

Let us take a = 2 and b = 3. The first approximation to root is &1 and is given by

af(b) —bf(a)

T TF ) - F(a)
_ 2£(3) — 3£(2)
£3) — £(2)
_ (2(16) — 3(-1))
(16 — (—1))
= 2.058

Now f(2.058) = (2.0583)3 — 2(2.058) — 5 = —0.4 (negative)
The root lies between 2.058 and 3
Taking a = 2.058 and b = 3. The second approximation to the root is given by

af(b) —bf(a)
f(b) — f(a)
_ (2.058) £(3) — 3£(2.058)

f(3) — £(2.058)
_ (2.058)16 — 3(=0.4)

16 — (—0.4)
= 2.081
Now f(2.081) = (2.081)3 — 2(2.081) — 5 = —0.15 (negative)
The root lies between 2.081 and 3

o =
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Take a = 2.081 and b = 3 The third approximation to the root is given by
af(b) — bf(a)
f(b) — f(a)
. (2.081) f(3) — 3f(2.081)
f(3) — f(2.081)
B (2.081)(16) — 3(—0.15)
N 16 — (—0.15)
Now f(2.089) = (2.089)3 — 2(2.089) — 5 = —0.0617 (negative)
The root lies between 2.089 and 3

Ir3 =

= 2.089

Take a = 2.089 and b = 3 The 4th approximation to the root is given by
o, — /() b7 (a)
f(b) — f(a)
. (2.089) f(3) — 3f(2.089)
Bl f(3) — f(2.089)
B (2.089)(16) — 3(—0.0617)

16 — (—0.0617)
x3 and x4 are almost equal.

= 2.092

Thus the required approximate root correct to 2 decimal places is 2.09

Problem 4.11.2. Use the Regula-falsi method to find a real root of the equation
cosx = xe”®, which lies in (0, 1). Carryout 3 iterations. Write the answer correct

to 5 decimal places.

Solution:: Let f(x) = cosx — xze® = 0
Given (a,b) = (0,1)
So that f(a) = f(0) = 1,and f(b) = f(1) =cos1l — e = —2.17798

The first approximation to root (i.e. 1) is given by

_ af(b) — bf(a)

I

F(b) — f(a)
 0(—2.17798) — 1(1)
 —2.17798 — 1
— 0.31467

Now f(z1) = f(0.31467) = 0.51987
i.e., the root lies between (a, b) = (0.31467,1).
f(a) = £(0.31467) = 0.51987 and £(b) = f(1) = —2.17798
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The second approximation to the root (i.e. €2) is given by

af(b) —bf(a)

f(b) — f(a)
0.31467(—2.17798) — 1(0.51987)

—2.17798 — 0.51987
= 0.44673
Now f(z2) = £(0.44673) = 0.20356
the root lies between (a,b) = (0.44673,1) f(a) = f(0.44673) = 0.20356
and f(b) = f(1) = —2.17798

The third approximation to the root (i.e. x3) is given by
af(b) — bf(a)

f(b) — f(a)
0.44673(—2.17798) — 1(0.20356)

—2.17798 — 0.20356
= 0.49402

o =

g =

After 3 iterations, the root of the equation cos x = xe® is * = 0.49402 correct to

5 decimal places.

Problem 4.11.3. Use the Regula-falsi method to find a real root of the equation,
x log g x — 1.2 = 0 which lies in (2, 3). [ VTU: Dec 2010, July 2016]

Solution:: Let f(x) = x log,ox — 1.2 Here (a,b) = (2,3) f(a) = f(2) =
2log;02 — 1.2 = —0.59794 (—we)
£(b) = £(3) = 3log,3 — 1.2 = 0.23136 (4ve)

By method of false position, we have

af(b) — bf(a)

1T TE®) — f(a)
_ 2f(3) — 3£(2)
F3) — £(2)

2(0.23136) — 3(—0.59794)
— — 2.72102
(0.23136) — (—0.59794)

Now, £(2.72102) = (2.72102) log;, 2.72102 — 1.2 = —0.01709 (—ve)

since, f(2.72102) and f(3) are of opposite sign, so the root lies between a =
2.72102and b = 3
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f(a) = £(2.72102) = —0.01709 and f(b) = f(3) = 0.23136

af(b) — bf(a)

f(b) — f(a)
2.72102f(3) — 3f(2.72102)

F(3) — £(2.72102)
2.72102(0.23136) — 3(—0.01709)

0.23136 — (—0.01709)
= 2.74021
Now, f(2.74021) = (2.74021) log,, 2.74021 — 1.2 = —0.00038 (—ve)
since f(2.74021) and f(3) are of opposite sign, so the root lies between a =
2.74021 and b = 3
f(a) = f£(2.74021) = —0.00038 and f(b) = f(3) = 0.23136

o =

_ af(b) = bf(a)

f(b) — f(a)
| 2.74021f(3) — 3£(2.74021)

£(3) — £(2.74021)
_ 2.74021(0.23136) — 3(—0.00038)

(0.23136) — (—0.00038)
= 2.74064

Now, f(2.74064) = (2.74064) log;, 2.74064 — 1.2 = —0.000005 (—ve)
since f(2.74064) = 0, we conclude that & = 2.7406 is a root correct to 4 decimal

places.

Problem 4.11.4. Using Regula Falsi Method, compute the real root of the equation
xe® — 2 = 0 correct up to three decimals places. [VTU Jan 2017]

Solution:: Here, f(x) = xe® — 2

£(0) = —2(——ve)

f(1) =1x e —2=10.718 (+ve)

Try to obtain a smaller interval.

Put x = 0.5, then f(0.5) = 0.5 X €% — 2 = —1.17(—ve)
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As the value of £(0.5) is -ve and f(1) is positive, root lies in (a, b) = (0.5, 1)
and f(a) = f(0.5) = —1.17 and f(b) = f(1) = 0.718 By method of false

position, we have
af(b) —bf(a)

f(b) — f(a)
0.5(0.718) — 1(—1.17)

0.718 — (—1.17)
= 0.8098
Now, f (z1) = £(0.8098) = 0.8098€%-809% — 2 = —0.18 (negative)
Root lies between a = 0.8098 and b = 1
f(a) = £(0.8098) = —0.18 and f(b) = f(1) = 0.718

r1 =

af(b) — bf(a)

f(b) — f(a)
0.8098(0.718) — 1(—0.18)

0.718 — (—0.18)
= 0.8479
Now, f (z2) = £(0.8479) = 0.8479 — €%84™ — 2 = —0.02 (negative)
Root lies between a = 0.8479 and b = 1
f(a) = £(0.8479) = —0.02 and f(b) = f(1) = 0.718

o =

_af(b) —bf(a)

T D) — f(a)
0.8479(0.718) — 1(—0.02)

0.718 — (—0.02)
= 0.8519
Now, f (z3) = 0.8519€%%19 — 2 = —0.0031 (negative)
Root lies between a = 0.8519 and b = 1
f(a) = £(0.8519) = —0.0031 and f(b) = f(1) = 0.718

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201: Module 4 Page 34

af(b) — bf(a)

f(b) — f(a)
0.8519(0.718) — 1(—0.0031)

0.718 — (—0.0031)
= 0.8525
Now, f (z4) = £(0.8525) = 0.8525 — €%392° — 2 = —0.0005 (negative)
Root lies between a = 0.8525 and b = 1
f(a) = £(0.8479) = —0.0005 and f(b) = f(1) = 0.718

4 =

af(b) — bf(a)

f(b) — f(a)
0.8525(0.718) — 1(—0.0005)

0.718 — (—0.0005)
= 0.8525
Now, x4 = x5 = 0.8525. Hence approximate root correct to 4 decimal of place is

,x = 0.8525

Iy =

4.12 Numerical Integration :

Letl = f; ydx, where y takes the values yg, Y1, Y24« - . s Yn forx = a9, 1, 2, ...

Let the interval of integration (a, b) be divided into n equal sub-intervals, each of
width h = b_Ta so that g = a,x1 = xg + h, 22 = 9 + 2h,...,x, =
xo+nh =0>5
xro+nh
I= / f(x)d=x
Numerical Integration is the process of glo)taining approximately the value of the def-
inite integral I = fab ydx without actually integrating the function but only using

the values of y at some points of x equally spaced over [a, b] = [, o + nh].
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4.13 Three rules to obtain the value of the definite integral:

* Trapezoidal rule :
I:g[(yOern)—|—2(y1+yz+y3—|—-..—|—yn—1)]
e Simpson’s (1/3)™ rule:
I=_[(yo+yn) +4(y1+ys+-..+yn1)

w| s

+2(y2+ya+ ...+ Yn_2)]

While using this formula, the given interval of integration must be divided into

an even number of sub-intervals(i.e. n=even)

« Simpson’s (3/8)™ rule:
3h
I= g[(yo—l—yn)+3(y1+y2+y4+y5—|—...-|—yn_1)
+2(ys+ Y6+ ...+ Yn_3)]
While using this formula, the given interval of integration must be divided into

sub-intervals whose number 72 is a multiple of 3.

4.14 Working procedure for problems:

Step 1: Given the definite integral [ = f; ydx for evaluation, first divide the inter-
val [a, b] into n equal parts (strips) of width h = (b;—a)

Step 2: Prepare a table consisting the values of x and the corresponding computed
values of y

Step 3: Substitute values from this table into the appropriate rule to obtain the ap-
proximate value of the given definite integral.

Note: Number of ordinates = n + 1 where n is the number of sub intervals.

Problem 4.14.1. Evaluate f06 % by using
(i) Simpson’s 1/3 rule,
(ii) Simpson’s 3 /8 rule,
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b—a 6—0

Solution:: Let n = 6. Hence h = =— = =~ = 1. Thus Divide the interval
(0, 6) into six parts each of width h = 1. The values of f(x) = 5 +1$2 are given
below :

T 0 1 2 3 4 5 6

f(x)| 1 ]0.5/0.2]0.1|0.05884 | 0.0385 | 0.027

=Y (Y | Y1 | Y2 | Y3 Ya Ys Ye
(i) By Simpson’s 1/3 rule,
6 1 h
| s = 5 o o) + 4 (v +ys + 95) +2 (v + )
0 1 —|— 332 3

1
= g[(l + 0.027) + 4(0.5 + 0.1 + 0.0385) + 2(0.2 + 0.0588)]

= 1.3662
(ii) By Simpson’s 3/8 rule,
6 1 3h
/ = (0 +v6) + 3 (g1 + y2 + ya + us) + 2ys]
0 1 —|— €r 8

3
= ~[(140.027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)]

= 1.3571
Actual value : Let us evaluate the integral explicitly.

6 1 4 16
/01+w2:[tan CB}O

= tan"'(6) — tan"'(0) = 1.4056
(Note : Keep the Calculator in Radian Mode)

Problem 4.14.2. Use Simpson’s 1/3rd rule to find fOO'G e " dx by taking seven
ordinates. (VT.U., 2011 )

Solution:: Divide the interval (0, 0.6) into n = 6 parts each of width h = b_Ta =
060 _ q.1.

The values of y = f(x) = e~
x 0 0.1 0.2 0.3 0.4 0.5 0.6

x? 0| 0.01 0.04 0.09 0.16 0.25 0.36
y=e¢e ¥ | 11]0.99000.9608 | 0.9139 | 0.8521 | 0.7788 | 0.6977

Yo U1 Y2 Ys Ya Ys Ys

2 .
*" are given below :
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By Simpson’s 1/3 rd rule, we have
0.6 ) h
/ e dr = g[(’yo—F’ys) + 4 (Y1 +ys + ys5) + 2 (y2 + y4)]
0

0.1

= ?[(1 + 0.6977) 4+ 4(0.99 + 0.9139 + 0.7788 + 2(0.9608 + 0.8521)]
0.1

= ?[1.6977 + 10.7308 + 3.6258]

0.1
= ?(16.0543) = 0.5351.

Problem 4.14.3. Compute the value of f01.'24 (sinx — log « + e*) dx using Simpson’s
3

sth rule.

Solution: Lety = sinx — log, * + e*, n = 6. Then h = % = 0.2

(Note : Keep the Calculator in radian mode)

The values of y are as given below :

T 0.2 0.4 0.6 0.8 1.0 1.2 1.4
y :|3.0295 | 2.7975 | 2.8976 3.1660 3.5597 | 4.0698 | 4.4042

Yo (21 Y2 Ys Ya Ys Ys
By Simpson’s g th rule, we have

1.4 3h
| wde = = w0 w) +2 (us) + 3 (91 + 2 + ya + w5)
0.2
3
= (0.2)[7.7336 4 2(3.1660) + 3(13.3247)] = 4.053
Hence fol.'; (sinz — log,  + €*) dx = 4.053.

Problem 4.14.4. Calculate the value of the integral
5.2

log xdx by

4
(a) Simpson’s 1/3 rule (b) Simpson’s 3/8 rule Compare the answers with exact

solution.

Solution::Here x¢ = 4, x,, = 5.2
Letn = 6. Then h = *==%0 = 0.2,
Taking h = 0.2, divide the range of integration (4, 5.2) into six equal parts.The

values of log @ for each point of sub-division are given below:
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X f(x) =logx = In(x)

zo = 4 £(0) = 1.3862944
xo+h =42 f(1)=1.4350845
zo+2h =4.4| f(2) = 1.4816045
zo+3h = 4.6 | f(3) = 1.5260563
zo+ 4h = 4.8 | f(4) = 1.5686159
zo 4+ 5h = 5.0 | f(5) = 1.6094379
zo+ 6h = 5.2 | f(6) = 1.6486586

[ togade = 2 (£(0) + £(6) + 47 (1) + 13) + 1(5)}

+2{f(2) + f(4)}]
— %[3.034953 + 4(4.5705787) + 2(3.0502204)]

(a) By Simpson’s 1/3 rule, we have

0.2
= ?[3.034953 + 18.282315 + 6.1004408]

= % X 27.417709 = 1.8278472.
(b) By Simpson’s 3 / 8 rule, we have
[ tog e = 21 15(0) + 1(6) + LW 4 5@) + 7@) + £B)) +276)

3(0.2)
= ——[3.034953 + 3(6.0947428) + 2(1.5260563)]

0.6
= ?[3.034953 + 18.284228 + 3.0521126]

0.6
= — X 24.371294 = 1.827847

Exact value of the integral is
52
/ log zdx = [z(logz — 1)]7?
4
= [5.2(log 5.2 — 1) — 4(log4 — 1)] = 3.3730249 — 1.5451774 = 1.8278475

Problem 4.14.5. Evaluate fow/ % sin zdx by Simpson’s rule by taking h = /20,

Compare with exact value.

Solution: :Here ©9 = 0, T, = §

Given that h = —0 n= “’”;”’0 =10
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xr

0

/20

27 /20

37w /20

47 /20

57 /20

67 /20

7w /20

87 /20

97 /20

xr

0

0.1571

0.3142

0.4712

0.6283

0.7854

0.9425

1.0996

1.2566

1.4137

Yy

0

0.1565

0.3091

0.4540

0.5878

0.7071

0.8090

0.8910

0.9510

0.9877

By simpson’s 1/3 rule,

T10 h
/ ydr = g[(yoerm)+4(y1+y3+y5+y7+y9)

0.1571

0.1571

+2 (y2 + Y4 + Y6 + ys)]

+ 2(0.3091 + 0.5878 + 0.8090 + 0.9510)]

Exact Value is
foﬁm sinzdr = (—cosxz)g P =0—(=1) =1

Thus, Simpson’s rule gives a better approximation.

X 19.0990 = 1.000150967 = 1.00015

4.15 Question Bank : Module 4 - Numerical Methods I

4.15.1 Question Bank :Regula Falsi and Newton Raphson Methods

[(0 + 1) + 4(0.1565 + 0.4540 + 0.7071 + 0.8910 + 0.9877)

1. Using Newton-Raphson method, find the real root of the equation 3x = cos -+
(VTU Model 2022)

1 correct to four decimal places.

2. Find a real root of 3 — 92 + 1 = 0in (2, 3) by the Regula-Falsi method in
(VTU Model 2022)

four iterations

3. Use Regula Falsi method to find a real root of the equation 3 — 2z — 5 = 0,
[VTU - June 2018]

correct to 3 decimal places.

4. Find a real root of xe® — cosx = 0 correct to three decimal places lying in
[VTU-Model 2018]

the interval (0.5, 0.6), using Regula-Falsi method.
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5.

10.

I1.

12.

13.

14.

15.

16.

Use the Regula-falsi method to find a real root of the equation cos x = xe”,
which lies in (0, 1). Write the answer correct to 4 decimal places. (VTU
Model 2022)

. Use the Regula-falsi method to find a real root of ®log1gx—1.2 = 0 [VTU:Jan

2020, June 2019, Model 2018, Dec 2010/July16]

. Use the Regula-falsi method to find a real root of cosxz = 3x — 1 [VTU: Dec

2012/July 13/July 15] Ans: 0.607

Use the Regula-falsi method to find a real root of ze® — 2 = 0 [VTU- Jan17]

. Use the Regula-falsi method to find a real root of xe* — 3 = 0, correct to

three decimal places. [VTU Jan 2018]

Use the regula falsi method to find the forth root of 12 correct to 3 decimal
places [VTU: Dec2015/Jan17]

Use the Regula Falsi method to find the root of the equation 2 — logigx = 7
which lies between 3.5 and 4 [VTU-June 12/Junel7] Ans: 3.7893

Find a real root of the equation 2 + 2 + 3z + 4 = O near x = —1, correct

to four decimal places using Newton- Raphson method. [VTU — Model 2018]

Use Newton Raphson method to find a real root of xstnx + cosx = 0, near
x = . Carryout the iterations upto four decimal places of accuracy. [VTU —
Model 2022, Jan 2020, June 2019, Model 2018, Dec13/Dec14/Jan15/Junel7]

Find the real root of the equation ze” — 2 = 0 correct to three decimal places

using Newton- Raphson method. [VTU- Janl17]

Using Newton-Raphson method, find the root that lies near x = 4.5 of the

equation tanx = x correct to four decimal places. [VTU- Jan 2018, Jan17]

Using Newton-Raphson method find the value of cube root of 18 correct to 2

decimals, assuming 2.5 as the initial approximation. [ VTU — Junel7 ]
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Find the real root of the equation xlog;px — 1.2 = 0 using Newton-Raphson
method [VTU — June 2018]

Compute one positive root of 2 — log,o * = 7 by Newton-Raphson method
correct to four decimal places.
Ans : 3.7892

Use Newton-Raphson method to find a root of the equation 3 — 3z — 5 = 0
Ans : 2.279

Find the negative root of the equation 3 — 4x + 9 = 0 from Regula Falsi
method. Ans: —2.7065

Find the root of the equation &3 — 5 — 7 = 0 which lies between 2 and 3 by
the method of false position. Ans: 2.7473

Find the root of the equation 4 sin x = e®, that lies between 0 and 0.5. Correct

to 4 places of decimals, using Regula-Falsi method. Ans :0.3706

Find the root of the equation ze® — 3 = 0, that lies between 1 and 2, correct

to 3 places of decimals, using the method of false position. Ans : 1.049

Use the Newton-Raphson method to find a root of the equation xe®* — 2 = 0
correct to 3 decimal places. (VTU 2005) Ans :0.853

Use the Newton-Raphson method to find a root of the equation cosx = xe”

correct to 3 decimal places. Ans : 0.518

4.15.2 Question Bank :Newtons Forward and Backward Interpolation formu-

las

Using Newton’s forward interpolation find y at x = 5 from the data

x|4(6|/8|10 (VTU

y|1/3|8]|16
Model 2022)
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2. Using Newton’s backward interpolation formula find the value of y when * =

6 from the given table
x|1| 2 |3 4 |5

yl1| =11 =11
3. Given {(40) = 184, { (50)=204, f (60) = 226, { (70) = 250, f (80) =276, { (90) =
304, find f(42) using Newton’s forward interpolation formula. [VTU Jan
2020]

(VTU Model 2022)

4. Given f(40) = 184, f (50)=204, f (60) = 226, f (70) = 250, f (80) =276, f (90) =
304, find f(42) and f(85) using suitable interpolation formulae.  [VTU: —
Model 2018, June 2018, Junel2/Jan16]

5. Given s1n45° = 0.7071, s1n50° = 0.7660, stnb55° = 0.8192, s1n60° =
0.8660 Find s2m57° using an appropriate interpolation formula. [VTU: —
June 2018]

6. From the following table of half-yearly Premium for policies maturing at dif-

ferent ages, estimate the premium for policies maturing at age of 46 :
Age 45 50 55 60 65

Premium (in Rupees) | 114.84 | 96.16 | 83.32 | 74.48 | 68.48
2018]

[VTU Jan

7. From the following table find the number of students who have obtained (a) less
than 45 marks (b) between 40 and 45 marks.

Marks 30-40 | 40-50 | 50-60 | 60-70 | 70-80
[VTU- June 2019,
No. of Students | 31 42 51 35 31
July15/Jan17]

8. From the following table find the number of students who have obtained less

than 70 marks.
Marks 0-19 | 20-39 | 40-59 | 60-79 | 80-99

No. of students | 41 62 65 50 17

[VTU —Jan 17]

9. Estimate the probable number of persons with daily income 20 to 25 Rs from

the following table.
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10.

1.

12.

13.

14.

15.

16.

Income per day(Rs) | Under 10 | 10- 20 | 20- 30 | 30- 40 | 40- 50

No. of person 20 45 115 210 115
Janl4]

[VTU:

Estimate the probable number of getting wages below Rs 35 from the following

data :
Wages (in Rs) | 0-10 | 10- 20 | 20- 30 | 30- 40

Frequency 9 30 35 42

[VTU Jan 2018]

The population of the town is given by the table. Using Newton’s forward and
backward interpolation formula, calculate the increase in the population from
the year 1955 to 1985

Year 1951 | 1961 | 1971 | 1981 | 1991 VTU
Population in 1000 | 19.96 | 39.65 | 58.81 | 77.21 | 94.61
Jan16/Junel7]

Using Newton’s backward interpolation formula find the interpolating polyno-

mial for the function given by the following data. Hence find £(12.5)
x [10]11 12|13

f(x) |22 |24 |28 | 34

[VTU - Janl7]

Using Newton’s forward interpolation formula find y at x=160 for the following

data.
X 100 150 200 250 300 350 | 400

f(x) | 10.63 | 13.03 | 15.04 | 16.81 | 18.42 | 19.90 | 21.27

[VTU: Junel3]

Use an appropriate interpolation formula to compute using the following data:
X 1.7 1.8 1.9 2.0 2.1 2.2

f(x) | 5.474 | 6.050 | 6.686 | 7.389 | 8.166 | 9.025

[VTU Model 2018]

Estimate the value of f(22) from the following available data:
x| 20 25 30 35 40 45

y 354 332 291 260 231 204

Ans : 352.22304

The following table gives the distance in nautical miles of the visible horizon

for the given heights in feet above the earth’s surface.
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17.

18.

19.

20.

21.

x:| 100 150 200 250 300 350 400

y:|10.63 13.03 15.04 16.81 18.42 19.9 21.27
Use Newton’s forward formula to find y when & = 218 ft. Ans : 15.6993

nautical miles.

Find the number of men getting wages between Rs. 10 and Rs. 15 from follow-

ing table
WagesinRs : |0 —10 10 — 20 20 — 30 30 — 40

Frequency : 9 30 35 42

Ans : 15

Estimate the value of f(42) from the following available data:
T 20 25 30 35 40 45

f(x):]354 332 291 260 231 204

Ans :219

The area A of a circle of diameter d is given for the following values :
d:| 80 85 90 95 100

A | 5026 5674 6362 7088 7854
Calculate the area of a circle of diameter 105. Ans : 8666

Find a cubic polynomial in x which takes on the values —3, 3,11, 27, 57 and
107, when x = 0, 1, 2, 3, 4 and 5 respectively. Ans:
y:a:3—2a:2+7w—3

Find the cubic polynomial which takes the following values.
x0]1]23

y|1/2/1]10

Ans: 223 — Tx2 +6x + 1

4.15.3 Question Bank :Newton’s Divided Difference interpolation Formula

l.

2.

Using Newton’s divided difference formula find £(9) from the following data
X 5 7 11 13 17

f(x) | 150 | 392 | 1452 | 2366 | 5202

[VTU Model 2022, Jan 2020]

Construct the interpolation polynomial for the data given below using Newton’s

divided difference formula.
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x| 2145|6810

y [ 10]96 | 196 | 350 | 868 | 1746
June 2018, Junel7]  Ans: f(x) = 2x® — 3x22 + 5x — 4, f(3) = 38 and

£(9) = 1256

Hence find £(9). [VTU- Model 2018,

3. Find the equation of the polynomial which passes through the points (4, — 43
) (7,83)(9,327) and (12, 1053) using Newton’s divided difference formula
[VTU- Jan17] Ans: f(xz) = 3 — 422 — Tz — 15

4. Using Newton’s divided difference formula find £(82), f(98) from the following

data
X 80 85 90 95 100

f(x) | 5026 | 5674 | 6362 | 7088 | 7854

[VTU: Decl2]

x| 4 |-1]0]2| 5

y | 124533 5|9 | 1335
Determine f(x) as a polynomial in x for the following data using Newton’s dif-

ference formula. [VTU- Janl17] Ans:
y = 3x* —5x3 +6x2 —14x+ 5

5. Given,

6. Using Newton’s divided difference formula, find a polynomial for the data :
X 3 7 19110

F(x) | 168 | 120 | 72 | 63
Hence find y at x = 8 [VTU- Jan 2018]

7. Using Newton’s divided difference formula, fit an interpolating polynomial for

the data given below and hence find y at x =2
x [ 0] 1 4 8 | 10

f(x) | -5 | -14 | =125 | -21 | 355

[VTU: Junel3]

8. Fit an interpolating polynomial for the data u;9 = 355,u9 = —5,ug =
—21,u; = —14 uy = —125 by using Newton’s general interpolation for-
mula and hence find u, Ans:

f(x) = 2x® — 17x? + 6x — 5,us = —45
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9. Using Newton’s divided difference formula find f(8), f(15) from the following

data
X 4 |5 7 10 |11 13

f(x) | 48 | 100 | 294 | 900 | 1210 | 2028

Ans: £(8) = 448, f(15) = 3150

4.15.4 Question Bank :Lagrange’s interpolation formula

1. Using Lagrange’s interpolation formula, fit a polynomial which passes through
the points (—1, 0), (1, 2), (2,9) and (3, 8) and hence estimate the value of y
when x = 2.2 (VTU Model 2022)

2. Use Lagrange’s interpolation formula to find y at x = 10 given
x| 5169 |11

y |12 13|14 |16

[VTU- Janl7]

3. Use Lagrange’s interpolation formula to fit a polynomial for the data
x | 0 |1|3] 4

f(x) |-12 {06 |12
Hence estimate y at x =2 [VTU: — June 2018, Jan16]

4. Using Lagrange’s formula find the interpolating polynomial that approximates

to the function described by the following table.
x [0]1[2] 5

fx)|2]3]12] 147

[VTU: Jan 2018, July16]

5. Using Lagrange’s formula find y at © = 4 by using the following data.
x |01 2] 5

fx)|2]3]12] 147

[VTU: June 2019],

6. The following table gives the premium payable at ages in years completed. In-

terpolate the premium payable at age 35 completed, using Lagrange’s formula.
Age completed | 25 | 30 | 40 | 60

Premium in Rs | 50 | 55 | 70 | 95

[VTU- Janl7]

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201: Module 4 Page 47

7. Use Lagrange’s interpolation formula to find f(5). Given
x |[0f1]2 3|4

fx)|3/6]11|18]|27

[VTU- July15]

8. Using Lagrange’s interpolation formula to fit a polynomial for the following

data:
x| 21017

[VTU-Model 2018]
y|1l]| 3] 4

9. Use Lagrange’s interpolation formula to find f(4) given
x 0O |23 |6

f(z) | —4]2] 14158

Ans: f(4) = 40]

10. Use Lagrange’s interpolation formula to fit a polynomial for the data
X 0 1134

f(x)| —12 (0|6 12
Hence estimate y at x = 2 [VTU: Jan16] [Ans:

f(x) = x* — 7x* + 18x — 12;(2) = 4]

11. Using Lagrange’s interpolation method, find the value of f(x) at x = 5 given

the values
X 1134 |6

f(x)|3]9/30] 132

[Ans: f(5) = 69.4]

12. Using Lagrange’s interpolation formula to fit a polynomial for the following

data:
x| 2110 17

[VTU-Model 2018]
yl1l]|3 |4

4.15.5 Question Bank :Numerical Integration

1. Evaluate dx by dividing the interval into 10 equal parts. [Ans: 1.61]

0 Az +5
(Model 2022)

2. Evaluate fo ta?) + ) by using Simpson’s (3/8)th rule, taking 7 ordinates. [VTU
June 2019]
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3.

10.

1.

12.

13.

14.

15.

Find the approximate value of f0§ v/cos 6d0 by using simpson’s (1/3)™® rule
by dividing [0, %} into 6 equal parts. (VTU Model 2022)

. Use Simpson’s (1/3)th rule to find f00'6 e " dx by taking 6 sub intervals. [VTU-

Jan 2018, Jan17]

. Evaluate fo (1 + ) by using Simpson’s (3/8)th rule taking seven ordinates and

hence deduce the value of log.2 [VTU: Jan17]

. Evaluate fo (md“" by using Simpson’s one third rule taking seven ordinates

1+a2?)
and hence find log.2 [VTU: Model 2018, July 2018, Dec13/Jan16/Jan17]

. Evaluate [ 45 2 loge.xdx taking 6 equal strips by applying Simpson’s (3/8)th

rule. [VTU : Model 2022, Jan 2020, June 2019, Junel3, Jan17]

. Use Simpson’s (3/8)th rule to obtain the approximate value of fol.';(sinm —

logx + e”)dx by considering 6 parts. [VTU: Jan 2018, Jan17]

. Using Simpson’s (3/8)th rule, Evaluate fo (ta)? + E taking 4 equidistant ordinates.

[VTU: Model 2018]

Evaluate fo (1 2) by using Simpson’s (1/3)th rule, Simpson’s (3/8)th rule
[VTU: Model 2022, Jan 2020, Dec12/Jan14]

Evaluate fo (ra?) zdz by using Simpson’s (3/8)th rule, dividing the interval into 3

1+a2)
equal parts, and hence find log.v/2 [VTU: Julyl5]
Using simpson’s 1/3 rule with 7 ordinates, evaluate f28 mdm [VTU: —
June 2018]

Evaluate |, 0% Vv stnxdx using Simpson’s %— rule by taking 10 equal parts. [VTU
Model 2019]

s

Evaluate |2 Eﬂ cosxdx using Simpson’s (3/8)th rule by dividing the interval
[ 39 2] mto 6 equal parts. [VTU Model 2019]

Evaluate fo T2 DY using Simpson’s (1/3)™" rule taking four equal strips and
hence deduct an approximate value of I1. [Ans: 0.7854]
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16. Find the approximate value of f0§ v/cos 6d0 by using simpson’s (1/3)™® rule
by dividing [0, %} into 6 equal parts. Ans: = 1.1873

17. Use Simpson’s (1/3)" rule to find f00'6 e *"dx by taking 6 sub intervals.
[VTU-Jan17] [Ans: 0.5351]

1. Use Simpson’s (1/3)" rule to find f2 fog. % dx by taking 7 ordinates. [Ans:
9.7203]

2. Evaluate fo Tox dx — by using (i) Simpson’s 1/3 rule ( ii) Simpson’s (3/8)™ rule
taking seven ordinates and hence deduce the value of log, 2 [VTU: Jan17]
[Ans: 0.6932, 0.693]

3. Evaluate fo T dx 5> by using Weddle’s rule taking seven ordinates and hence find
log, 2 [Ans. 0.3466, log, 2 = 0.6932] [VTU: Decl13/Jan16/Jan17]

4. Evaluate | 45 2 log, xdx taking 6 equal strips by applying using (i) Simpson’s
(1/3)™ rule, (ii) Simpsons 3 /8™ rule and (iii) weddles rule [Ans:
1.8278,1.8278,1.8279] [VTU: Junel3/Jan17]

5. Use Simpson’s (3 /8)* rule to obtain the approximate value of f00'3 (1 —8x%)? dx
by considering 3 equal intervals. [Ans: 0.2916]

6. Use Simpson’s (3/8)" rule to obtain the approximate value of fol_'24 (sinxz — logx + €’
by considering 6 parts. [VTU: Jan17] [Ans: 4.053]

10. Evaluate fol 11’;2

Weddle’srule. [VTU: Decl2/Jan14] [Ans: 1.3662, 1.3571, 1.3735]

by using Simpson’s (1/3)*® rule. Simpson’s (3/8)%" rule,

7. Evaluate fo " dx > by using Simpson’s (3/8)* rule, dividing the interval into 3

equal parts, and hence find log, V2 [VTU: July15]

8. Evaluate fo T + X by using (i) Simpson’s (1/3)* rule, (ii) Simpsons 3 /8™ rule
and (111) weddles rule . Compare the results with actual value. [VTU 2013]
Ans: (i) 1.3662, (i) 1.3571 (iii) 1.3735

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201: Module 4 Page 50

13. Evaluate f05 43}14_5 dx by dividing the interval into 10 equal parts. [Ans: 1.61]

14. Evaluate foﬂ sin xdx using 11 ordinates. [Ans: 2.0009]

15. Evaluate f()% v/sin xdx using simpson’s 1 /3 rule taking 10 equal parts. [VTU
Model 2019] [Ans: 1.3028]

v

1. Evaluate [2. cosxzdz by dividing the interval [—

2

[VTU Model 2019]

™ T

oL 5} into 6 equal parts.
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Module 5

Numerical Methods 11

Syllabus

Introduction to various numerical techniques for handling Mechanical Engi-
neering applications

Numerical Solution of Ordinary Differential Equations (ODEs): Numerical solu-
tion of ordinary differential equations of first order and first degree - Taylor’s series
method, Modified Euler’s method, Runge-Kutta method of fourth order and Milne’s
predictorcorrector formula (No derivations of formulae). Problems.

Self-Study: Adam-Bashforth method.

Applications: Finding approximate solutions to solve mechanical engineering prob-

lems.

5.1 Numerical solution of first order differential equations :

Consider the first order differential equation,
dy e .
1n = f(z,y), withinitial condition, y(xo) = y(0),
T
Such problems in which all the initial conditions are given at the initial point only,
are called initial value problems.
Let y(xo), y(x1),..., y(x,) be the solution values at the equidistant points xg, 1,

..., . Computation of the approximate values to these solution values is known as

2
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Numerical solution of the Differential equation.

Analytical methods, when available, generally enable to find the value of y for all
values of x. Numerical methods, on the other hand, lead to the values of y corre-
sponding only to some finite set of values of x. Moreover, analytical solution, if it
can be found, is exact, whereas a numerical solution involves some error and is an

approximate solution.

5.2 Taylors series method :

Taylor’s series is a numerical method used to approximate the value of a function f(x)
at a specific point @, by using a series of terms that are derived from the function’s

derivatives evaluated at that point.

Consider the initial value problem % = f(z,y), y(zo) = y(0) then the Taylor’s

series expansion of y(x) at x = x is given by

(ZB - w0)2y0// + (iB - w0)3y0m + (iB - w0)4

y(x) = yo + (x — xo)yo' + 21 31 a0

onV-I-"

Problem 5.2.1. Find y(0.1) for y' = x?y — 1,y(0) = 1, using Taylor Series
method.

Solution::
Giveny’ = %y — 1,y(0) = 1,y(0.2) =?
Here, zg = 0,yp = 1
Differentiating successively, we get
y =2y —1
y" = 2zy + 22y’
y" =2y + 4xy’ + z%y”
y'V =6y’ + 6xy” + x’y"”
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Now substituting, we get
Yo = ToYo — 1 = —1
Yy = 2xoyo + xjy) = 0
Yo" = 2yo + 4xoyy + Ty = 2
yo'" = 6yo’ + 6xoy) + Toyo” = —6

Putting these values in Taylor’s Series, we have
2 3
(w 4 wO) " + (w . 330) "

y(x) = yo + (x — xo)yo’ + 21 Yo 31 Yo
(x — zo)* ;v
T?Jo + ...
0.1)2 0.1)3
Y(0.1) =140.1-(—1) + ( 2') - (0) + ( 3') - (2)
(0.1)%
+ 1 - (—=6)+ ...
=1—-—0.14+0+0.00033+0+...
= 0.90031

. y(0.1) = 0.90031

Problem 5.2.2. Employ Taylor’s method to obtain approximate value of y at € =
0.2 for the differential equation dy/dx = 2y + 3e”,y(0) = 0. Compare the

numerical solution obtained with the exact solution.

Solution: We have y’ = 2y + 3e®*; xo =0,y =0

Hence y’(0) = 2y(0) + 3e° = 3.

Differentiating successively and substituting * = 0,y = 0 we get
y' =2y +3e%, y"(0)=24(0)+3=9
y" =2y" +3e% ¥ (0) =2y"(0) +3 =21

y*® =2y + 3e%, y'(0) = 2y""(0) + 3 = 45 etc.

Putting these values in the Taylor’s series, we have
2 3 4

£ X €T .
y(z) = y(0) + =y'(0) + gy”(O) + Qy”’(o) + Iy“’(ﬂ) + .-
o013 +9 2+21 3+45 i
- TTo® 67 Taoq”

LS SN LIV
=3z + —x —T —T
2 6 8
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Hence y(0.2) = 3(0. 2)+4.5(0.2)2+3.5(0.2)3+1.875(0.2)4

Exact solution : Now %

d

Its L.F. being e_s,, the solution is

ye—zw

Since y = 0 when « = 0,

Thus the exact solutionis y = 3 (e?

— /3ewe_2$daj +c = —3e

e = 3.
e”) Whenz = 0.2,y = 3 (e%* — €%?) =

— 2y = 3e” is a Leibnitz’s linear in @

- = 0.8110

T4 cory = —3e” + ce**

0.8112 Comparing (%) and (%), it is clear that (2) approximates to the exact value

up to three decimal places.

Problem 5.2.3. Solve y' = x + vy, y(0) = 1 by Taylor’s series method. Hence find

the values of y at * = 0.1 and * = 0.2.

Solution:: Differentiating successively, we get
yY=x+y vy (0)=1 [y(0) =1]
y'=1+y" y"(0)=2

Taylor’s series is

Yy = yo + (x — o) (¥') +
Here xg = 0,y = 1

y—1+w(1)+—(2)+

Thus

y(0.1) =1 + 0.1 + (0.1)* +

y(0.2) = 1+ 0.2 4 (0.2)% +

y/l
y///

= 1.1103

= 1.2427

)

(x — @g)”
2!

l4 . y// y///(O) — 2
=y "' (0) = 2, etc.

(?J”)o -+

(z )3(2)+

(x —x

0)’

3!

()()

(:y///)0 _|_ v

(0.1)% o

(0.1)®
3! +

(0.2)3 4

4!

(0.2)*

3

6
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5.3 Modified Euler’s Method :

Consider the initial value problem

Y= (@ w)s v (o) = w0,
To find y; i.e. y (x1) where 1 = x¢ + h, we proceed as follows.
Step 1: We first obtain an initial approximation for y; = y (a1) by applying Euler’s
formula y;(® = yo + hf (0, Yo)
Step 2: Since the accuracy is very poor in Euler’s formula, the formula is modified

and is given by,

(1) — yo + Z {f (o, yo) + f ($17y§0))
y? =g+ 2 [f (zo; Yo) + f (wl’y )
).

(n+1) = yo+ — { (To,Yo) + f (wl’y?))]

2
and called it as modlﬁed Euler’s formulae.

h
y® = yo + 5 {f (o, yo) + f (wl,yl

In general

Problem 5.3.1. Given that dy/dx = log,o(x + y),y(0) = 1, find y(0.1) and
y(0.2) using modified Euler’s method.

Solution: :

Given differential equation is,

do logo(z +y) = f(z,y)
with initial condition, g = 0,yg = 1 and ; = 0.1
Taking, h = 0.1, such that
r1 =x9+h =0+ 0.1 =0.1
and x2 = xg + 2h = 0 + 2(0.1) = 0.2 First Stage:
By Using Euler’s formula
¥ = yo + hf (20, 90)
— yo + h [logso (o + o))

=1+0.1[log,,(0+1)] =1 atxy =x¢9+ h=0.1
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Applying Euler’s modified formula,
n h
Yyt = yo + - {f (Tos yo) + f (wl,ZA ))]

y) = yo+ - h [ (mo,yo) +f (331, (O))} = 1.0020

yi) =yo + - h [f (o0, Yo) + f (Mayg )ﬂ = 1.0021 and

u® = v+ o [ @oru0) + £ ()] =1.0021
clearly, (3) = y§2) = 1.0021 = y; ( Improved value ) at ¢; = 0.1
Second Stage: Taking y; = 1.0021 and z; = 0.1
By Using Euler’s formula,
Y2 = y1 + hf (z1, Y1)
= y2 = y1 + h[logyo (x1 + y1)]
= 1.0021 + 0.1 [log;(0.1 + 1.0021)]

= 1.0063, at x5 = 0.2
Applying Euler’s modified formula

(n+1) =W + = {f (xla yl) + f (wZ’ yén))]
h
y2( ) = Y1+ 5 [.f (wlv yl) + f (2132, y2)]

— 1.0124
(2 _ h 1)
Y2 =y + > [f (T1,y1) + f (332,’!/2 )}
— 1.0125

And

v =y + [f (@1, y1) + f (w2, 987)] =1.0125
Clearly,

y2® = yo® =1.0125 = y,

at xo = 0.2

Hence the required value of y at x = 0.21s 1.0125 .

Problem 5.3.2. Using modified Euler’s method find y at x = 0.2 given Z—Z =
3x + 2 withy(0) = 1 taking h = 0.1. Perform two iteration at each step.

Dr. Shantha Kumari.K. AJIET, Mangaluru



Lecture Notes - BMATE201: Module 5

Page 8

Solution: : Given differential equation is,

dy Jj

— =3+ - = f(zx

d + 5 f( ay)
with initial condition, gy = 0,y9 = 1. Let x; = 0.1
Taking, h = 0.1, such that
331:$0+h:0—|—01:0.1

and 3 = 9 + 2h = 0 + 2(0.1) = 0.2

Stage 1: By Using Euler’s formula
y\” = yo + hf (0, yo)

:y0+h[3$0+§0]

= 1.05
Applying Euler’s modified formula

o a1 ()]
_10020

y? = yo + — [f (o, Yo) + f <x1’ (1))}

h Yo y§1)
:y0+5 [33304-3] + 35131+7

= 1.0667
Thus y; = y(0.1) = 1.0667

( : {f (zo, yo) + f (wlayi()))}

(5]

= Yo +

(0)
Yy
3z 1-|-L

(CNES N SRS

= Yo +

Stage 2: By Using Euler’s formula
ys) = y1 + hf (z1,91)

:y1+h[3$1+§]

=1.1

Dr. Shantha Kumari.K.
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Applying Euler’s modified formula,
n h n
yé = Y1+ 5 {f (wlayl) + f (wZ’yé ))}

<o e o]
:y1+g [3w1+%} + [3w2+%”
— 1.1671

ys) =y +g [f (1, 91) + f (“’yél)ﬂ
<o & { oot 2] o )

= 1.1675
Thus y» = y(0.2) = 1.1675

Problem 5.3.3. Using Euler’s modified method, obtain a solution of the equation

dy/dx = = + |/y|

with initial conditions y = 1 at x = 0, for the range 0x0.6 in steps of 0.2 .

Dr. Shantha Kumari.K.
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Solution:: The various calculations in this method are arranged as follows:
Old 0.2
x x4+ VYl =19 Mean slope v+
( mean slope ) = new y
0.0 0O+1=1 — 1+40.2(1) =1.2
0.2 + |/(1.2 1(1 4 1.2954
0.2 +1v(L-2) 21+ ) 14 0.2(1.1477) = 1.2295
= 1.2954 = 1.1477
0.2 + |/ (1.2295 2(1 +1.3088
0.2 IV ) 21+ ) 1+ 0.2(1.1544) = 1.2309
= 1.3088 = 1.1544
0.2 + |1/(1.2309 2(1 + 1.3094
0.2 IV ) 21+ ) 1+ 0.2(1.1547) = 1.2309
= 1.3094 = 1.1547
0.2 1.3094 — 1.2309 + 0.2(1.3094) = 1.4927
0.4 + |/(1.4927 1(1.3094 + 1.6218
0.4 VA I 3l . ) 1.2309 + 0.2(1.4654) = 1.5240
= 1.6218 = 1.4654
0.4 4+ |/(1.524 1(1.3094 + 1.6345
0.4 IV sl + ) 1.2309 + 0.2(1.4718) = 1.5253
= 1.6345 = 1.4718
0.4 + |1/(1.5253 1(1.3094 + 1.6350
0.4 IV ) al * ) 1.2309 + 0.2(1.4721) = 1.5253
= 1.6350 = 1.4721
0.4 1.6350 — 1.5253 4+ 0.2(1.635) = 1.8523
0.6 + |\/(1.8523 2(1.635 + 1.961
0.6 A I s * ) 1.5253 4+ 0.2(1.798) = 1.8849
= 1.9610 = 1.798
0.6 + [/ (1.8849 1(1.635 + 1.9729
0.6 A I al + ) 1.5253 + 0.2(1.804) = 1.8861
= 1.9729 = 1.8040
0.6 + [/(1.8861 1(1.635 4+ 1.9734
0.6 + VA I sl + ) 1.5253 + 0.2(1.8042) = 1.8861
= 1.9734 = 1.8042

Hence y(0.6) = 1.8861 approximately.

Problem 5.3.4. Using modified Euler’s method find y(0.1) correct to four decimal
Y — x — y2,y(0) = 1 taking h = 0.1.

places solving the equation

Try this Yourself !

der ~—
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Answers: 3\ = 0.9,y = 0.9145, y® = 0.9132, y® = 0.9133,
Thus y(0.1) = 0.9133

5.4 R.K. Method of order 4:

Consider the initial value problem
dy
— = f(x,9),y (x0) = vo
dx

We need to find y (1) = y; With the help of formula
Y1 =Yot+ k

where

1
kzg[k1+2k2+2k3+k4]
and
ki = hf (0, ¥o)

k2 = hf <$0+ E,yo-f—ﬁ>
2 2
ks = hf (wo—l- E,yo-f—E)
2 2
ks = hf (zo + h,yo + k3)
Problem 5.4.1. Given Z—z =3z + ¢ y(0) = 1 compute y(0.2) by taking h =

0.2 using Runge-kutta method of fourth order.

Solution:: By data f(z,y) = 3z + 5,20 = 0,y = 1,h = 0.2
We shall first compute k1, k2, k3, k4
k1 = hf (xo, yo)

= (0.2) f(0,1)
— 0:2) |3)0) + 3

= 0.1
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ke = nf (20+ Sovn+ )
2 = Lo 27!/0 2

_oonglor 02 4 01

= (0.2)£(0.1,1.05)

1.05
= (0.2) [3(0.1) + T]
— 0.165

ko =hf (20+ 2w+ 2 )
3 = Lo 29y0 >

0.2 0.165

= (0.2)£(0.1,1.0825)
1.0825]

= (0.2) [3(0.1) +

= 0.16825

0.2 0.16825
ki =hf (zo + h,yo + k3) = (0.2) f [0 +— 1+ T]

1.16825
= (0.2)f(0.2,1.16825) = (0.2) [3(0.2) + T]
= 0.236825
We have, 1
Yy (xo + h) =y0+g[k1+2k2+2k3+k4]
Therefore,

1
y(0-2) = 14 [0.1 + 2(0.165 + 2(0.16825) + 0.236825)] = 1.1672208

Problem 5.4.2. Using the Runge-Kutta method of fourth order, solve Z_Z = Zi;iz
withy(0) = 1L atx = 0.2,0.4.
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2

Solution:: We have f(x,y) = ﬁ
To find y(0.2) Hence
g = O,yo = ]_,h — 0-2

k1 = hf (xo,yo) = 0.2f(0,1) = 0.2000

ks = hf (wo + %h, Yo + %kzl) = 0.2 X £(0.1,1.1) = 0.19672
ks = hf (zco + %h, Yo + %k2> = 0.2f(0.1,1.09836) = 0.1967
ks = hf (xo + h,yo + k3) = 0.2£(0.2,1.1967) = 0.1891
kZ%(k1+2k2+2k3+k4)

1
= -[0.2 4 2(0.19672) + 2(0.1967) + 0.1891] = 0.19599
Hence y(0.2) = yo + k = 1.196.

To find y(0.4) :
Here z; = 0.2, y; = 1.196, h = 0.2.

ki =hf (x1,y1) = 0.1891

ks = hf (a:l 1 %h, yi -+ %Iﬁ) — 0.27(0.3,1.2906) = 0.1795
ks = hf (:cl 1 %h, yi -+ %kz) — 0.2(0.3,1.2858) = 0.1793
ks = hf (x1 + h,ys + ks) = 0.2£(0.4,1.3753) = 0.1688
k=%(k1+2k2+2k3+k4)

1
= ~[0.1891 + 2(0.1795) + 2(0.1793) + 0.1688] = 0.1792
Hence y(0.4) = y; + k = 1.196 4 0.1792 = 1.3752.

Problem 5.4.3. Apply the Runge-Kutta method to find the approximate value of y
forx = 0.2, insteps of 0.1, if dy/dx = = + y*,y = 1 where x = 0.
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Solution:: Given f(x,y) = x + y>. Here we take h = 0.1 and carry out the

calculations in two steps. Step . x0 = 0,y0 = 1, h = 0.1
k1 = hf (x9,yo) = 0.1f(0,1) = 0.1000

ks = hf (ZBO + %h, Yo + %kl) = 0.1f(0.05,1.1) = 0.1152

ks = hf (:BO + %h, vo + %I@) — 0.1£(0.05,1.1152) = 0.1168
ks = hf (xo+ h,yo + k3) = 0.1f(0.1,1.1168) = 0.1347

k= %(k1+2k2+2k3+k4)

1
= 8(0.1000 + 0.2304 + 0.2336 + 0.1347) = 0.1165

giving y(0.1) = yo + k = 1.1165
Step II.

1 = Lo + h = O.l,yl = 11165,h = 0.1
ki = hf (x1,y1) = 0.1£(0.1,1.1165) = 0.1347

1 1

1 1
’{34 = hf ($1 + h, Y2 + kig) = O.lf(O.Z, 1.1576) = 0.1823

1
k = E (k1 4 2k2 + 2k3 + k4) = 0.1571
Hence y(0.2) = y; + k = 1.2736

Problem 5.4.4. Using the Runge-Kutta method of order 4, find y for x = 0.1, 0.2
given that dy /dx = xy + y?,y(0) = 1.

Solution:: We have  f(z,y) = Ty + y>2.
To find y(0.1) :
Here x¢ = 0,yo = 1, h = 0.1.
ki = hf (z0,90) = (0.1) X £(0,1) = 0.1000
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ky = hf (:130 + %h, vo + %kq) = (0.1) x £(0.05,1.05) = 0.1155
ks = hf (mo + %h, vo + %I@) = (0.1) x £(0.05,1.0577) = 0.1172
ki = hf (zo + h,yo + k3) = (0.1) x £(0.1,1.1172) = 0.13598
k:%(k1—|—2k2—|—2k3—|—k4)

1
= —(0.1 + 0.231 + 0.2343 + 0.13598) = 0.11687
Thus y(0.1) = y; = yo + k = 1.1169

To find y(0.2) : Here x; = 0.1,y; = 1.1169, h = 0.1
ki = hf (z1,1) = (0.1) X £(0.1,1.1169) = 0.1359

1 1
ky = hf (:1;1 + Sy + §k1> = (0.1) X f(0.15,1.1848) = 0.1581

1 1
ks = hf (ml + Shoys + §k2> — (0.1) x £(0.15,1.1959) = 0.1609

1
Thus y(0.2) =y = y1 + k = 1.2773.

5.5 Predictor—Corrector methods

To solve a differential equation over an interval (x,,, ,+1), using previous single-
step methods, only the values of y at the beginning of interval is required. However,
in the following methods, four prior values are needed for finding the value of y,, 41
at a given value of x. Also the solution at y,1 1s obtained in two stages. This
method of refining an initially crude estimate of y,, 11 by means of a more accurate
formula is known as Predictor—Corrector method. A Predictor formula is used
to predict the value of y,41 and then a Corrector Formula is applied to calculate a
still better approximation of y,+1. Now we study one such method namely Milne’s

method.
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5.6 Milne’s method

Milne’s predictor formula :

4h
yz(lp) = ?JO? 2fi — f2+2f3)

Milne’s corrector formula :

(C) = y2+—(f2+4f3+f4)

Problem 5.6.1. Given that dy/dx = x — y? and the data y(0) = 0, y(0.2) =
0.02, y(0.4) = 0.0795, y(0.6) = 0.1762. Compute y at x = 0.8 by applying
Milne’s method

Solution:: Given, y’ = x —y? in therange 0 < x < 1 for the boundary conditions
y=0atx = 0.
: xo = 0.0, yo = 0.0000, fo, = 0.0000
x, = 0.2, y1 = 0.020, f; = 0.1996
xy = 0.4, yo, = 0.0795, fo = 0.3937
x3 = 0.6, y3 = 0.1762, f3 = 0.5689
Using the predictor, y(p ) — 0% (2f1 — f2+ 2f3)
z=0.8, yP =0.3049, f, =0.7070

and the corrector

Yl =gy + = (fz + 4fs + f1), yields

and

yl® = 0.3046,

Problem 5.6.2. Using Milne’s method find y(4.5) given 5xy’ + y?> — 2 = 0 given
y(4) = 1, y(4.1) = 1.0049, y(4.2) = 1.0097, y(4.3) = 1.0143; y(4.4) =
1.0187.
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Solution:: We have y’ = (2 — y?) /52 = f(=,y)
Then the starting values of the Milne’s method are
xo =0, yo=1, fo =222 =0.05
xr, = 4.1, y; = 1.0049, f; = 0.0485
xo = 4.2, yo, = 1.0097, fo = 0.0467
xr3 = 4.3, ys = 1.0143, f3 = 0.0452

ry = 4.4, y, = 1.0187, f, = 0.0437
Since ys5 is required, we use the predictor

y? =y + L (2fy — f3+ 2f)) (h
x =45,y =1. 0049+4(°1)(2 X 20467—00452+2 X 0.0437) = 1.023

2 — 2 — (1.023)2
fo= 2T 2 (LO2 o
5xs 5 X 4.5

Now using the corrector y( ) — —y;+ 2 3 (f3 +4fs+ f5), we get

yl9 =1.0143 + O—(0 0452 + 4 X 0.0437 + 0.0424) = 1.023
Hence y(4.5) = 1.023 leen that dy/dx = zy + y?,y(0) = 1, y(0.1) =
1.1169, y(0.2) = 1.2773, y(0.3) = 1.5049. Find y at x = 0.4 using Milne’s
method. Solution:: We have  f(x,y) = zy + y>.

Now the starting values for the Milne’s method are:
T y f=v
xg9 = 0.0 yo = 1.0000 fy = 1.0000
x, =0.1 y; = 1.1169 f; = 1.3591
Ty = 0.2 y, = 1.2773 fo = 1.8869

x3 = 0.3 ys = 1.5049 f3 = 2.7132
Using the predictor

(p)_y +—(2f1 f2+2f3)

— 0.4 y(”) — 1.8344 f, = 4.0988
and the corrector,

) h
ys) _yz+§(f2+4f3+f4)
0.1
yl? =1.2773 + —-[1.8869 + 4(2.7132) + 4.098)

— 1.8397 f, = 4.11509.
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Again using the corrector,

i 0.1
vl =1.2773 + ?[1.8869 + 4(2.7132) + 4.1159]

= 1.8391 f, = 4.1182
Again using the corrector,

0.1
Y\ =1.2773 + — (18869 + 4(2.7132) + 4.1182)

= 1.8392 which is same as (i)
Hence y(0.4) = 1.8392.

5.7 Question Bank : Module 5 - Numerical Methods 11

5.7.1 Question Bank :Taylor’s series method

1. Use Taylor’s series method to find y at z = 0.1, 0.2, 0.3 considering terms up
to the third degree given that 2 = 2% + y2and y(0) = 1 [VTU-Dec 2018,
Dec 2012]

2. From Taylor’s series method, find y(0.1) considering up to fourth degree term

if y(x) satisfies the equation Z—Z =z —y%y(0)=1 [VTU-Jan 2015]

3. Employ Taylor’s series method to find y at = 0.1 and 0.2 correct to four

places of decimal in step size of 0.1 given the linear differential equation Z—z —

2y = 3e” whose solution passes through origin. Also find y(0.1) and y(0.2)
by analytical method. [VTU-Jan 2018, Jan 2014,July 2013]

4. Using Taylor’s series method for y’ = /&2 + y, y(0) = 0.8, find y(0.1).

consider up to third order derivative terms. [VTU-July 2017]
5. Applying Taylor’s series method, find y at * = 0.1. Given % = x +
y2,y(0) = 1. [VTU-Jan 2014]

6. Using Taylor’s series method solve Z—Z = x?y + 1,y(0) = 0. Find the third
order solution at x = 0.4 [VTU-June 2012]
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7.

10.

1.

12.

13.

14.

15.

Using Taylor’s series method find y(0.1), Given Z—Z = z?y — 1,y(0) = 1
[VTU- Jan 2021, July 2017, June 2012, July 2011]

. Use Taylor’s series method to solve Z—z = z?y — 1,y(0) = 1latx = 0.2.

Consider upto 4th degree terms. [VTU Model 2022, July 2017, july 2016, Jan
2016, Dec 2012]

Find y(0.1) correct to 6 decimal places by using Taylor’s series method. Given
dy = (xy + 1)dz,y(0) = 1.1 [VTU-Jun 2010]

Use Taylors series method to find y(4.1). Given that (z? + y)y’ = 1 and
y(4) = 4 [VTU Jan 2018]

Use Taylors series method to find y(0.1). Given that y’ + y + 2z = 0 and
y(0) = —1. Consider up to third order derivative term. [VTU July 2019]

Use Taylors series method to find y(0.1) from ¢y’ = 3x + y? and y(0) = 1.
Consider up to fourth derivative term. [VTU Model 2022, July 2019]

Use Taylors series method to find ¢(0.1) and y(0.2). Given v/ = = +
y,y(0) =1 (VTU Sept 2020)

Use Taylors series method to find y(1.1) from y’ = e* — y, y(0) = 2 (VTU
Jan 2021, Sept 2020)

Use Taylors series method to find y(0.2) taking h=0.1. Given y’ = e* —
y%,y(0) =1 (VTU Model 2022)

5.7.2 Question Bank :Modified Euler’s method

I.

2.

Using modified Euler’s method find y(20.2) and y(20.4) given that g—z =
logio (g) With y(20) = 5 taking h = 0.2. [VTU-July 2017

Apply modified Euler’s method to solve the following initial value problems by

considering the accuracy up to two approximations in every step Z—Z = x +
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10.

1.

12.

|v/y| in the range 0 < x < 0.4 by taking h = 0.2 given that y = 1 at

x = 0 initially. [VTU-Jan 2021, Dec 2018, July 2017]
. Given Z_Z = ﬁ — 292, y(0) = 0. Find y(0.5), by taking h = 0.25 using
Euler’s modified method. [VTU-July 2017, Dec 2011]
Solve by using modified Euler’s method to obtain y(1.2). Given ¢y’ = Z_ii :
y(1) = 2. [VTU-July 2015]

. Solve by using modified Euler’s method to obtain y at x=0.2 taking h=0.1.

Given ¢y’ = y L y(O) = 1. Carryout 3 iterations. [VTU- Model 2022, Dec
2018, Dec 2012]

. Solve by using modified Euler’s method to find y(0.4) by taking h =

Given
W = log(x + y), y(0) = 2 [VTU-Jan 2014, 2015]

. Determine the value of y when & = 0.1 given that y(0) = 1 and y” =

x? 4 y?, using modified Euler’s method. Take h = 0.05  [VTU-Jan 2014]

. Given j—z = x= + y,y(0) = 1. compute y(0.2) by using modified Euler’s

method. [VTU-Jan 2013]

. Use modified Euler’s method to find y at x=0.1.Given dy = 3z+3%,y(0) =1,

h =0.1 [VTU Sept 2020, Jan 2018]

Z—Z = 1+ ¥ with y(1) = 2. Find the value of y at x=1.2 using Eulers Modified

method. (VTU - Dec 2018)

Find y(0.2) by using modified Euler’s method, given that given that Z—Z =
x + y with y(0) = 1. Take h = 0.1 and carry out two modifications at each

step. [VTU-July 2019]
Use modified Euler’s method to find y at ® = 0.4. Given Z—Z = x +
siny,y(0) =1,h = 0.2 (VTU Jan 2020)
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13. Use modified Euler’s method to find y at = 1.2. Given dy =1+%,9(1) =
2,h = 0.2 (VTU Sept. 2020)

14. Use modified Euler’s method to find y at = 0.1. Given Z—z = x? +

y,y(0) = 1,h = 0.05 (VTU Model 2022, Jan 2021)

5.7.3 Question Bank :Runge-kutta method

1. Apply Runge-kutta method of order 4 to find an approximate value of y for
= 0.2 in steps of 0.1 if 2 = z + y® given thaty = 1 when z = 0
[VTU-June, July 2014]

2. Use fourth order Runge-kutta method to solve (z + y) 3% Y — 1,9(0.4) =1
at x = 0.5 correct to four decimal places. [VTU-July 2013]

3. Use fourth order Runge-kutta method to find y(0.2) for the equation dy —
g q g
er—z, y(0) = 1taking h = 0.2.  [VTU-Dec 2018, Jan 2018, Jan 2014, Dec

2012, Dec 2011]

4. Solve (y? —z?)dx = (y*>+x?)dy forx = 0.1. Giventhaty = latz = 0
initially, by applying Runge-kutta method of order 4. [VTU- Model 2022, July
2017, Dec 2012, June 2012, July 2011]

5. Use fourth order Runge-kutta method to solve u — g4 y atx = 0.2 given

dx
that y(0) =1 [VTU-Jan 2013]
6. Use fourth order Runge-kutta method to solve fil—g = —zy?, y(0) = 2.Compute
y(0.2)by taking h = 0.1 [VTU-June 2012]

7. Use fourth order Runge-kutta method to solve the following initial value prob-
lem
2 = 3z + ¥,y(0) = 1 .compute y(0.2) with h = 0.1 [VTU-Model 2022,
Jan 2021, Dec 2015, Jan 2016, July 2016]
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8. Given Z_Z = x + y,y(0) = 1. compute y(0.2) by using fourth order Runge-
kutta method. (take h=0.2) [VTU-Jan
2013]

9. Use fourth order Runge-kutta method to solve the following initial value prob-
lem
102 = 22 + y?%,y(0) = 1 .compute y(0.2) with b = 0.1 [VTU Dec
2010]

10. Use Runge-kutta method to find y(0.1) from Z_Z = x? + y given that y(0) =
—1 [VTU- July 2019]

11. Use fourth order Runge-kutta method to solve the following initial value prob-

lem
2 4 y+2y?=0,y(0) =1Findyatz = 0.1 (Jan 2020)

12. Use fourth order Runge-kutta method to solve the following initial value prob-

lem

4y — 3e® + 2y,y(0) = 1Findyatz = 0.1,h = 0.1 (VTU : Model

2022, Sept 2020)

5.7.4 Question Bank :Milne’s Method

1. Applying Milne’s Predictor - Corrector method, to find y(1.4), from %: =
x?+Y, giventhaty(1) = 2,y(1.1) = 2.2156, y(1.2) = 2.4549,y(1.3) =
2.7514 (VTU - Model 2022)

2. Applying Milne’s Predictor-Corrector method, find y(0.8), from Z—g = x3+vy,
given that y(0) = 2,y(0.2) = 2.073,y(0.4) = 2.452,y(0.6) = 3.023
(VTU - Model 2022)

3. Using Milne’s Predictor-Corrector method, find y(4.5), given dy _ 2-9* ap4

dx 5x
y(4.1) = 1.0049, y(4.2) = 1.0097 y(4.3) = 1.0143, y(4.4) =
1.0187 (VTU - Model 2022)
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10.

1.

. Given

. Given that % = x — y? and the data y(0) = 0, y(0.2) = 0.02, y(0.4) =

0.0795,y(0.6) = 0.1762. Compute y at x
[VTU-Jan 2021, Sept 2020, July 2015, Jan 2016, June 2010]

0.8 by applying Milne’s
method.

. The following table gives the solution of 5zy’ + y? — 2 = 0. find the value of

y at x = 4.5 using Milne’s predictor and corrector formulae. Use the corrector

formula twice.
X |4 4.1

Y | 1| 1.0049

4.2
1.0097

4.3
1.0143

4.4
1.0187

[VTU-July 2017]

. Given & = zy +y?; y(0)=1, y(0.1)=1.1169, y(0.2) =1.2773, y(0.3)=1.5049

find y(0.4) correct to three decimal places using Milne’s predictor corrector
method . Apply the corrector formula twice. [VTU Jan 2014, Dec 2012, June

2012]

W = 2e% — gy, y(0) = 2,y(0.1) = 2.010, y(0.20 = 2.040,y(0.3) =

2.090 find y(0.4) correct to 4 decimal places by Milnes predictor corrector

method. Apply the corrector formula twice. [VTU Jan 2018, July 2013]

. Given 2% = (1 4 z?)y% and y(0) = 1,y(0.1) = 1.06,y(0.2) =

1.12,y(0.3) = 1.21. Evaluate y(0.4) by Milne’s method.
2022, Dec 2011]

[VTU- Model

dy

doe "”Tﬂ’, Given that y(0) = 2,¥(0.5) = 2.636,y(1) = 3.595
and y(1.5) = 4.968 Find the value of y at x = 2 using Milnes Predictor and

Corrector Formulae.

dy

i = 215 Given that y(0) = 2,y(0.2) 2.0933,y(0.4) =
2.1755 and y(0.6) = 2.2493. Find the value of y at « = 0.8 using Milnes
[VTU-July 2019]

Given

Predictor and Corrector Formulae.

Apply Milne’s predictor-corrector formulae to compute y(0.3) given, 3—3’3 =
x + y? with
x| 0.0 0.1 0.2 0.3
(VTU Model 2019)
y | 1.0000 | 1.1000 | 1.2310 | 1.4020
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