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Module -1 Calculus

Syllabus : Introduction to polar coordinates and curvature relating to Computer Science and

engineering:

Polar coordinates, Polar curves, angle between the radius vector and tangent, angle between two
curves. Pedal equations. Curvature and Radius of curvature - Cartesian, Parametric, Polar and Pedal

forms. Problems.

Prerequisites

It will be helpful if you can recall the formulas of differentiation, trignometric functions and allied

angles.
Notations :

The first order derivative of y —> y’ or y; or g—g or D(y)

The Second order derivative of y =—> y” or ys or % or D*(y)
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Polar curves :

A
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We are familiar with Cartesian coordinate system for specifying a point in the xy - plane. Another
useful system for similar purpose is Polar coordinate system, in which each point P on a plane is
determined by a distance = from a fixed point Q that is called the pole (or origin) and an angle 6
measured from x-axis. The point P'is represented by the ordered pair (7, @) where 7 and 6 are called
polar coordinates.

If the equation of a curve is specified in terms of  and 8, then the curve is referred to as polar curve.
The transformation from Cartesian to polar is given by

r=+\/x?+ y? 0 = tan?! (g)

xr

The transformation from Cartesian to polar is given by

x = rcos0 y = rsinf

1.1 Angle between the radius vector and the tangent

Let ® be the angle between the radius vector OP and the tangent AB at the point ‘P‘ on the polar

curve r = f(60).
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Let W be the angle made by the tangent with positive direction of * — axis.
From the figure,
=0+

tanO + tan®
1 — tanBtan®

tan¥ = tan(0 + ®) =

dy tanO + tan®
‘dr 1 — tanOtan®

On the other hand, we have * = rcosf ; y'= rsin@ as the relation between polar and Cartesian
Coordinates.

differentiating these, w.r.t @ , we obtain

dx ) T
— = —7rs1nb + cosf0—
do do
Y . T
and— = rcosf 4+ sinf—
deo dé
d
Y _w
T dz
dx 0
_ rcosf + sinﬂ%
- —rsind + 0059%
dr
dividing the Numerator and Denominator by COSO@
4 + tan@
dy _ g5 Tm
dx - %tan@—}—l
tanf + &
S — R (2)
1- ﬂt7:1,n0
de
Comparing equations (1) and (2), we get
T T deo
tan® = - = — =r—
56 r dr
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Note : We can also find angle ® by using

1dr
cot® = ——
r do

Problem 1.1.1. Find the angle between the radius vector and the tangent to the curve » = a(1 +

cos0). Also find slope of the tangent at 0 = 3

Solution :
r=a(l+cos@)------ (1)
Applying log on both sides
log(r) = log(a) + log(1 + cos0)

differentiate w.r.to8,

1dr _ —sinb
rdd 1 + cos0
—2sincos?
cotp =— — 22
2c082§
. (7] T 0
t.e.cot® = —tan— = cot | — + —+
2 2 2
B - T + o
T2 2
T T T
At9 — — @ = — J—
3 2 6

Slope = tan¥ = tan (0 + ®) = tanw =0

1.2 Angle of intersection of two polar curves

If ®, and P, are the angles between the common radius vector and the tangents at the point of

intersection of two curves 7 = f;(0) and r = f2(@), then the angle of intersection of the curves is

given by |¢by — .
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Note 1. Two curves intersect orthogonally if any one of the following conditions are satisfied.

)| | @ D, | T
a —_ = —
1 2 2

or

b) | tan®;tand®, = —1

or

¢) | cotPicotP, = —1

Note 2. If the angles ®; and ®, can not be obtained explicitly, then angle of intersection can be

found by using the formula

tan®, — tan®d,

tan(®, — ¢ =
| (@1 2)| 1+ tan®,tand®,

Problem 1.2.1. Show that the following curves intersect each other orthogonally. » = a(1 4 cos@)

and r = b(1 — cos0) (VTU 2015, July 2003)

Solution : Given
r = a(1l4 cosB)
Applying log on both sides
log(r) = log(a) + log(1 + cos0)

differentiate w.r.to@,

1dr _ —sinb
rdd 1 + cosf
—25ingcosg
cot®; = ——=—=
2c032§
) tP t 0 t T + 0
1.e.co = —tan— =cot | — + —
! 2 2 2
B — iy N 0
TP o T
Now consider the curve, r = b(1 — cos0)

Applying log on both sides
log(r) = log(b) 4 log(1 — cosB)

differentiate w.r.to@,

1dr stnO

;E 1 — cos0
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cot®, =

. 9 ]
23zn§cos§

2sin2g

7]
t.e.cotd, = COtE

Py, =

Consider |®1 — ®,| = | 4+ 2 —

This shows that the given curves intersect each other orthogonally.

Problem 1.2.2. Show that the following curves intersect each other orthogonally. » = a@ and r =

Solution :

0

2
Q|_£
21 7 2

Considerr = a0

Applying log on both sides

logr = log(a) + logf

differentiate w.r.to@
1dr

rdo

t.e.cotP,

— tan®d,

Now considerr

Applying log on both sides
logr

differentiate w.r.to@
1dr

rdo

cot®P,

1.e. tan®,

D D =D

log(a) — logf

a
Usingr = afandr = 9’ we can write

ab

i.e0?

= oQole

— 6 ==1
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Casel1:1f0 = 1, thentan®; = 1 and tan®, = —1

Cotan®tan®y, = —1

Case2:If@ = —1, thentan®; = —1 and tan®, =1

Sotan®tan®y, = —1

This shows that the given curves intersect orthogonally.

Problem 1.2.3. Show that the following curves intersect each other orthogonally. 7
sin@) ,r = b(1+sin0)

a(l —

r =a(l —sin®)

Solution :  Diff. w.r.to 6 we get, r; = a(— cos9)

r (1 —sin6)
Stangpy = — = —————=

r1 cos 6

For the curve, r = b(1 + sin 0)

Diff. w.r.to 8 we get, r; = b(cos 0)

Cotan ¢y = % = %

—sin?
tan ¢, - tan ¢, = _ (1=sin?0) =

cos2 0 -1

This shows that the given curves intersect orthogonally.

Problem 1.2.4. Show that the following curves intersect each other orthogonally. Show that the
curves ™™ = a™ cos mf and r™ = a™ sin mO

Solution: Equations of curves are 7™ = a™ cosm€@ (1) r™ = a™ sinm@ (2) Take natural
logarithm of both sides of (1)

mlogr = mloga + log(cos m8)
Differentiate both sides w. . t 6

m

m sin m0O
_frcl —_—
r cos mb
r
. — = —cotm@
T1
r
tan ¢, = — = — cot mb
™
Dr. Shantha Kumari K
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Take natural logarithm of both sides of (2) m log r = m log a + log(sin m@) Differentiate both

sidesw.r.t 0

m m cos mb
_frll — —_—
r sin m0O

r
. — = tan m@
1

r
tan ¢ = — = tan m@
1

. tan ¢ - tan ¢ = — cot mO X tanmb = —1

..curves (1) and (2) cut orthogonally.

Problem 1.2.5. Find the angle between the following curves r = sin @ + cos @ ,r = 2sin@

Sol :
r =sin@ 4+ cos @
Diff. w.r.to 8 we get,
71 = cosf — sinf
r sin @ + cos @

Stangpy = — = ————
¢1 1 cos 0@ — sin @

1+ tan@ o ‘ .
= 1 tan® (By dividing each term in Numerator and Denominator by cos 0)
— tan

= (0+5)
= tan 1

= =0+
Ty
r = 2sin@
Diff. W.r.to 8 we get,

ry = 2cos @

r sin 6
tan gy = — = = tan @
r1 cos 0
= (¢=20

Angle of intersection is

T T
|p1 — @2 =10 + 1 | 1

Problem 1.2.6. Find the angle between the following curves : » = alogf and r = @ (VTU Jan
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2015, July 2005, Aug 2001)

Consider the curve 7 = alog@ Applying log on both sides

logr = log(a) + log(log®)

1dr _ 1

differentiate w.r.to 0, v d6 = Blogd

1
cotd, = Blogh

. tan®, = Olog0l

Consider the curve r = lL
ogl
Applying log on both sides

logr = log(a) — log(log®)

1dr _ -1
rdf ~—  0Ologh

differentiate w.r.to 0,

-1
cot®, = Blogh

. tan®, = —0logh

Using the given curves » = alog and r = ﬁ, we can write
alogl = ﬁ
(logh)* =1

i.e. @ = e (assuming positive value)

Consider

tan®,; — tan®, 2e
|ta'n(<I>1 — ‘I>2)| = =
1+ tan®tand, 1—e2

o | @y — B = tan™?! (ﬁ‘;) = 2tan~le
The length p of perpendicular from pole to the tangent in a polar curve

The length p of perpendicular from pole to the tangent at a point (7, 8) in a polar curve is given by

. ® 1 1 N 1 /dr\?
= o — = — — | —
p =rsin 7 2 1\ do

Proof :
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S
LS}

P
N
From the right angled triangle OPN,
ind ON
sing = ——
or
1.e..81no = P = | p =rsing
r
. 1 1
Consider — = = —coseco

p rsing r

1 1 1
: _ 2, _ 2
= —gcosec ¢ = 2 (1 + cot“o)

e
1 1+<1dr>2
o2 r do

1.3 Pedal equations (p — r equations)

For a plane curve » = f(6) and a given point P(r, 8) on this curve, the pedal equation of the

curve is a relation between 7 and p where r is the distance from O(origin) to a point P(r, @), and p

is the perpendicular distance from O to the tangent to the curve at the point P.

Working rules to find pedal equations :

Let the polar equation of any curve be,

f(r,6) =0

(1)

Dr. Shantha Kumari K

AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 11

Let ® be the angle between the radius vector and the tangent, then we know that,

tan(®) = r.;l—f (2)

and perpendicular distance from O to the tangent is given by using the formula

p = rsin® (3)

1 1 1 /dr\?
S=5+5(5 (4)
p? 72 rt \ dO

Now , if we eliminate @ between the equations (1) and (3) or (1) and (4) , then we shall get an

or

equation in terms of p and 7 and thus will be required an equation of the curve .

Problem 1.3.1. Find the pedal equation for the curve 21“—“ = 1 — cosf

Solution : Given equation can be written as

2a 2a 0

r= = acosec2§ (1)

1 — cos0 2sinzg

dr ,0 0\ 61
— = a2cosec 5 —COSBCE cot—.—

do 2 2
20 0
= —acosec”— cot—
2 2
do 20 1
tan® = r— = acosec”— X 5 5
dr 2 —acosec2§cot§

0 o
:tanE:tan T — —

2
(-3)
= b=|7T——
2
(7] (7]

Now p = rsin® = rsin <7r — 5) = rsini

7] 7] 2
Squarring p? = r?sin®’—~ = sin’—- = P
2 2 72

Now (1) can be written as

r = 2a __a __ ar?
T 2sin22 T p2 T p2
2 )

= p? = ar This is the required pedal equation.

Problem 1.3.2. Find the pedal equation of the curve 7™ = a” sin n@

Solution : Equation of the curve is r™ = a™ sin n@

Dr. Shantha Kumari K AJIET, Mangaluru
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Take the natural logarithm of both sides
nlogr = nloga + log(sin no)

Differentiate both sides w.r.t. @

1 1 cos n6
n-—-nr=—/—"_—
r sin n6
r sin n@
tangp = — = = tan nf

T cos nf
¢ = nb
p =rsin¢g = rsinnf = r_- from (1)
pan — ,r.n-l—l

which is the pedal equation of the curve.

Problem 1.3.3. Find the pedal equation for the polar curve ™ = a™(cos(m8@) + sin(m@0)).

For this curve in the usual way, taking log on both sides,
mlogr = log(a™) + log(cos(m@) 4+ sin(m#))
Diff. w.r.to 9,
1

-r1 =0 - (= i (7] 2]
m —7rq +cos(m0)—|—sin(m0) (—m sin m@ + m cos m0)

(cos mO — sinm@)

to =
cot ¢ (cos m@ + sinm@)

__ (cosm@ + sinm#)

tan ¢ =
(cos mB — sin m#0)

_ 1+ tanm@O

1 —tanmo

— tan [ = 4+ m@
= tan Z—l—m

T

(By dividing each term in Numerator and Denominator by cos m@)
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Pedal equation is

p = rsing¢ = rsin (%—I—m@)

s iy
=7 (sin (—> cos 0 + cos (—) sin 0)
4 4

r
= ——(cos(m@) + sin(m@
75 (€os(mo) + sin(md))
r (rm) (from the gi tion)
= [ — rom the given equation
/2 \am g q
,r,m—{—l

am\/i.

Curvature.

The curvature is the concept in geometry that indicates the change in direction of the curve at a
certain point. While the radius of curvature gives the radius of the approximate circle that matches
the curve at a particular point.

Consider a smooth curve C in XY-plane and let P, Q be any two neighbouring points on it. Let
arc AP = s and arc PQQ = As. Let the tangents drawn to the curve at P, Q respectively make
angles ¥ and ¥ + AW with X-axis i.e., the angle between the tangents at P and Q is AW¥. While
moving from P to Q through a distance As, the tangent has turned through the angle AW. This is

called the bending of the arc PQ. Geometrically, a change in W represents the bending of the curve C

APsi

and the ratio s

represents the ratio of bending of C between the point P & Q and the arc length

between them.

Rate of bending of Curve at P is

dw . AV

— =limgp—

ds As

Dr. Shantha Kumari K AJIET, Mangaluru
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Curvature is a numerical measure of bending of the curve. Or, more simply, it measures the rate of

change of direction of the curve, and it is denoted by k (kappa). Thus

dw

K= —
ds

Note : Intuitively the curvature of a plane curve at a point P can be thought of as the curvature
of that circle which approximates the curve most closely near that point. The curvature of a circle is
directly defined by the reciprocal of the length of its radius. The shorter the radius, the greater the
curvature of the arc in the vicinity of any point P on it. The longer the radius, the bigger the circle,
and the less the curvature of the arc in the vicinity of any point P on it. For a very large circle the
curvature of an arc at some point P approaches that of a straight line and the curvature of a straight

line is zero since there exist no bending.

1.4 Radius of Curvature

If kK # 0, then % is called the radius of curvature and is.denoted by p.

ie.

_ ds
- dP

1
p=—
K

The sign of ‘Z—‘Z indicates the convexity and concavity of the curve in the neighbourhood of the point.
Radius of curvature in Cartesian form

Suppose y = f(x) is the Cartesian equation of a curve, then we know that
tany = dy/dx = y;

or

Y = tan™" (1)

Dr. Shantha Kumari K AJIET, Mangaluru
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Differentiating both sides w.r.t. x,

dy 1 d(y)
de 1 +y? dx
_ Y
1492
d
Curvature K = —d)
ds
di dx
= — X —
dx ds

From the derivative of arc length, we have

dS dy\ 2
- (2)

% dx
) dx 1
.. — — —
ds (1+93)
d d
dx ds
1
_ Y2 . <
LR ()
_ Y2
(1+y2)*2
1
.. Radius of curvature p = —
K
(142
Y2

the expression for radius of curvature is,

p = a2y
dx?

1 2 %

1.e| p = ( +y1)
Y2

Alternate formula for radius of curvature :

An alternate formula for radius of curvature is

This formula can be used at a point where Z—Z doesn’t exist such as a point on a curve where the

tangent line is parallel to the y-axis. (i.e. when % = 00)
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Radius of curvature in Parametric form:

For the curve « = x(t) and y = y(t), where ¢ is the parameter,

@+ )
3y — UE
Where i de . dy ., d*x . d
erc r = — = — X = — = —.
at’? T a a2’ ? T ae

Note : When parametric form = x(t) and y = y(t) is given, we can also find the radius of

curvature using

_ (e
Y2
where
dy/dt
V1 = et
and
d dt

v = 2 ) S () X o

% dx

Radius of curvature in polar form

For the curve 7 = f(0) i.e., the curve in polar coordinates

With the usual notations, we have

p=0+¢

Dr. Shantha Kumari K AJIET, Mangaluru
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Differentiating w.r.t. s,

dy
K= —
ds
_ do do
"~ ds ds
_ do N d¢ db
ds  do’ds
do do
= — 14+ — 1
ds ( + d0> (1)
Also we know that
tan ¢ do r
anp =r— = —
dr 1
(%)
or ¢ = tan —
T
Differentiating w.r.t. 6,
d¢_ 1 XT1'7°1—7‘7‘2
do 1+ (r/r)’ 72
B r2 —rry
Cop2 4 r2
Also,
ds Q N 5
a0 (r2 +7)

Substituting the value from (2) and (3)in (1),

1 ’I"%— 2
k= ——0 +(1+
VrE+r? r2 +r?
_r2+7'f—rr2
AT

(2 + 1)’

r2 412 —rry

p:

2
where 7, = % and ro = %

Radius of Curvature in Pedal form

For the curve in terms of p and 7 ( i.e., the curve in pedal form):

(2)

(3)

Dr. Shantha Kumari K
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Problem 1.4.1. Find the radius of curvature for v/ 4+ /y = +/a at the point where it meets the

line y = x.

Solution : On the line y = x, we have /= + v/x = V/a,ie. 2/ = aorx =
Let

Vz + 4y =+va
differentiating w.r.tox,
1 n 1 P
oz | 2vGo
VY
7. — Tt st e e e ]_
Y1 VT (1)
" 'y1|%’% = -1
differentiating (1) w.r.tox;,
1 1
_ VEIEY T VUss
Y2 =
x
4
valgg =
3 3
S LR e
. Y2 % V2

Problem 1.4.2. Find p at the point (22, 22) of the Folium ©® + ¢ = 3axy (VTU July 2017, July
2016, Model 2014, 2015, 2008)

Solution : Given
z® + y® = 3azy (1)

Differentiating (1) w.r.to , we get

x® + yy1 = a(zy: +y) = (¥° — ax)y; = ay — x®

1.e.Yy; = e (2)
y1|(37a’37a) = —1

Differentiating (2) w.r.to x, we get

_ (4 — az)(ays — 22) — (ay — 2*)(2yy: — a)
(y? — ax)?

Y2

3a

’y2|( 50 30) = on simplification
272
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1 2 14+1)2 3a
.. Radius of Curvature, p = ( + yl) = ( :.2) =
Y2 Sa 82

Problem 1.4.3. Find the radius of curvature for the curve * = alog(sect + tant),y = asect
(VTU July 2015)

Solution:

Given x = alog(sect + tant) — — — — — — — — (1)
and y = asect — — — — — — — — (2)

differentiating (1)w.r.to ¢, we get

dx secttant + sec?t
— =a = asect
dt sect + tant

differentiating (2) w.r.to ¢, we get

_y = asecttant
dt

d dy
'.y1=—y=j—;=tant ———————— (3)
dx dat
differentiating (3) w.r.to x, we get
5, dt 1
Y2 = sec’t— = —sect
dx a

(1 + yf)% -~ (1+ tanzt)%

1 = asec’t
Y2 Zsect

.. Radius of Curvature, p =

Problem 1.4.4. Show that the R.0.C at any point of the cardioid » = a(1 — cos@) varies as /7.
(VTU 2003)

Solution : Given that
r = a(l — cos0) (1)

differentiating (1) w.r.to 6, we get
r1 = asinO and ro = acosf
.". Radius of Curvature ,
3

(4 79)°

2+ 272 — rry
(a®(1 — cos0)? + azsinze)%

" a?(1 — cosh)? + 2a2sin20 — a2(1 — cosf)cosh

24 2a

=— v/ on simplification

p:
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P X AT

Problem 1.4.5. Find the radius of the curvature of 7™ = a™ cos n@

Solution : Given curve is r™ = a™ cos n@ Diff. w.r.to 6 we get,

nr* lr; = —na™sinnd
,rn
n— r; = —na" sinno
r
—na™sinnl r ) ]
ry = (from the given equation)
a™ cos nf
ry = —rtannf
ro = —ry tan n@ — nr sec® nd

= rtan? nO — nr sec?no
2 2\ 3
(r + rl) *
2 + 212 —rry

r3 (1 + tan? ne)%

r2 + 2r2tan®nf —r (rtan? nO — nr sec? nh)

B rsec3 n
" 1+ tan?n6 + nsec2 nd
B r sec nf
- n+1
ra”™ a™

(n 4+ 1)rm - (n + 1)rn—1"

Problem 1.4.6. Find the radius of the curvature of 3 = 2ap?

Solution : Here r3 = 2ap?

Differentiating w.r.t. p, we get

, dr
3r° . — = 4ap
dp
dr 4a
= T2
dp 3r2
Hence,
dr 4ap  4ap
p = e — =P — = —
dp 3r2 3r

Dr. Shantha Kumari K
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P8\ 2
where p = [ —

2
4a - (%)
P= 3r

B 4ar% B 2V 2ar
B 3rv/2a - 3

Problem 1.4.7. Find the radius of the curvature of p? = ar

Solution : Here p? = ar

Differentiating w.r.t. p, we get

9 — dr
P = dp
dr 2
- 2P
dp a
dr __ 2-var _ 2r3

wherep:\/ar.p:rd—p_r~ - N/

Problem 1.4.8. Find the radius of curvature of the curve y? = a’(a=2) o the point (a, 0).

y T

Solution :
5 na*(a’'—x)
Yy =
T
y’r = a® — a’x
Differentiating w.r.t
a2 + y2
2zxyy, +y P =—a? =y, = —
2xy
at (a,0),y; = oo
3
therefore p = % = miz
dx 2xy
rH=————=-—-——:
dy y? +a?

then ; = 0 at (a, 0)
(y2 + a2) T, = —2xy.
differentiating w.r.t y
2 2 —
(v* + a®) z2 + 2yz: = —2z — 2yxy

= (y2 + a2) To = —2x — 2yx, — 2y,
AJIET, Mangaluru
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Then
xy = —— at (a, 0)
a
o 1 . a
.p_mg_ 2

.. The radius of curvature of the given curve is 3.

Problem 1.4.9. Find p atany pointon « = a(6 + sin @) and y = a(1 — cos )

SOl : Here x = a(0 + sin0),y = a(1 — cos )

Differentiating w.r.t. 6

dx dy .
@:a(l—kcose),ﬁzasme
_dy_Z—z_ asin @

B = T ‘;—z ~ a(d + cos )
_ 2singcosg
2coszg
7]
y; = tan —

Again differentiating w.r.t. @

d 0 do
= — |tan—- | X —
de 2 dx

2(0) 1 1
=sec” (- | X=X ————
2 2  a(l+4 cos®)

20
2

2a' X 2 cos? g
1

4a cos? g

Y2 =

,— 1t yi}?
Y2
_ {1 —|—tanzg

1
{4acos4g}
0 2 0
= {sec2 (—)} X 4a cos* (—)
2 2
1 4 0
= ——=7a X 4a cos™ | —
cos (5) 2

()
= 4acos|— ).
2

Problem 1.4.10. Find the radius of curvature at any point on the curve y = a log sec(x/a).

3
2

(MY

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 23

3
. 1+yf }2
Sol : Radius of curvature p = %

Here, y = alogsec (E)

Y1 = a X Sectz) - sec (2) tan (2) - %

T

v = tan (2)

y2 = sec? (3) -

.. Radius of curvature = a sec(x/a)

Question Bank-Module 2

Polar curves - Angle between the radius vector and tangent

1. With usual notations, prove that tan¢ = r% (VTU March 2022, Aug 2021, Jan 2020, Jan
2019, July 2019, June 2018, Model 2018)

2. Find the angle between radius vector and tangent for the following curves.

3. r = a(1 + sinB) Ans:@:%—l—g

4. r2c0s260 = a? Ans: & = 7 — 260

522 =1 — cosf Ans: ® = =°
Angle of intersection of two polar curves

1. Show that the following curves intersect each other orthogonally. » = a(1 4+ cos€) and

r = b(1 — cos0) (VTU Jan 2020, Model 2018, Jan 2018, 2015, July 2003)

2. Show that the following curves intersect each other orthogonally. 7™ = a™cosn@ and
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r" = b"sinnd (VTU Jan 2019, Jan 2018)

3. Show that 7 = 4sec®0/2 and r = 9 cosec? 0 /2 the pair of curves cut orthogonally.

(VTU March 2022)
4. Find the angle of intersection of the following curves :

(1) » = alogf and r = 2. (VTU March 2022, Aug 2021, Jan 2018, Jan 2015, July 2005,

log6
Aug 2001)
(ii) 7%2sin260 = 4 and r2 = 16sin20 (VTU Model 2015) Ans : %
(iii) » = stn@ + cosO and r = 2sinb (VTU Jan 2020, July 2004, 2002) Ans :%
(iv) » = 2sin6 and r = 2(sinb + cosh) (VTU July 2017).
W) r=igandr = 2 (VTU June 2019, Jan 2017, Jun 2012, June 2009, Jul 2008)
(vi) » = a(1 4 stnf) and r = b(1 — sind) (VTU July 2017)

(vii) Find the angle between the pair of curves » = 6cos0 and r = 2(1 + cos0) (VTU

June 2018)

(viii) » = a(1 — cosfO) and r = b(1 + cosb) (VTU July 2019)
(ix) r = 2sinf@ and r = 2cos 0 (VTU Jan 2021)
(x) ™ = a™(cosnb + sinnB) and r™ = a™ sinn, Ans: 7
(xi) ™ = a™cosn0 and r"sinnf = b”, Ans: 7

(xii) 7™ = a™cosm@ and r™ = b™ sinmo, Ans: 7

Pedal equations (p — r equations)

1. With usual notations prove the pedal equation in the form piz =1+ 2L (ﬂ) 2 (VTU Aug

2021, Jan 2018)
2. Find the pedal equations of the following curves.

(i) r = aedeete (VTU Jan 2019)

(ii) ™ = sechn® (VTU Jan 2015) Ans: 55 = =3 (r?" — 2)

p

(iii) ™ = a™stnm6 + b cosmb (VTU June 2019, July 2015, Jan-2005) Ans :

2 p2(m+1)
p - a2m+b2m
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@iv) ™ = a™cosn@

2014, June 2014, Jan 2010, May 2001, Aug 2000)

(VTU March 2022, Jan 2020, July 2017, Jan 2016, Model 2014, Jan

Ans : pa™ = 1!

(v) r™ = a™(sinm6 + cosm@) (VTU Aug 2021, June 2018, 2010) Ans :
rmtl = /2a™p

(vi) r™cosmBO = a™ (VTU July 2016) Ans: prm—l = g™

(vii) 22 =1 — cosb (VTU Jun 2011) Ans: p? = ar

(viil) » = a + bcos@
(ix) 22 =1+ cosb
(x) r = 2(1 + cos0)
(xi) » = a(1 + cos0)

(xii) ™ = a™cosmB

(xii)) £ =1 + ecosf

(xiv) r = aefcote
xv) r = af

(xvi) r = a(1 + cosh)

(xvii) r™ = a™sinnb

3

2)2

. With usual notations prove that p = %
. Find p at the point (22, 22) of the Folium z* + y® = 3axy

July 2017, July 2016, Model 2014, 2015, 2008)
. Find the radius of curvature for the curve r? = a?cos286.
. Find the radius of curvature for the curve r™ = a™cosn@.

. Find the radius of curvature for the curve ™ = a™sinn0.

(VTU July 2017)

(VTU Jan 2017)

(VTU Jan 2018)

(VTU Aug 2021, June 2018)
(VTU June 2019)

Ans : z% =1—- eiz + %

Ans : r2 = p?cosec’a

Radius of Curvature in Cartesian, Polar, Parametric and Pedal forms

(VTU March 2022)

(VTU Aug 2021, Model 2018,

(VTU Aug 2021, July 2017)
(VTU Jan 2017)

(VTU Jan 2018)

. Show that the radius of curvature at any point of the cardioid » = a(1 — cos@) varies as /7.

(VTU 2003)

. Find the radius of curvature of the curve r = a(1 4 cos8)

Jan 2018)

(VTU March 2022, June 2019,
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8.

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Find the radius of curvature of the curve y? = @ where the curve meets the x-axis.
(VTU Jan 2018, July 2018, Jan 2014, 2000) Ans: 3
. Find the radius of curvature at (a, 0) of the curve y = z3(x — a) (VTU June 2019, June

2010)

Find the radius of curvature of a?y = x3 — a?® at the point where the curve cuts x-axis.

(VTU July 2014) Ans ; 3VI0a

Find the radius of curvature of the curve * + y* = 2 at the point (1,1) (VTU Jan 2017, July
2016) Ans: =2

2 2
For the curve y = show that. (;p) 3 = <£) + (%)2(VTU Jan 2021, July 2017, 2008)

(+)’ Y

Find the radius of curvature for the curve y = a'logsee(?) at (z,y) (VTU Jan 2020, Jan
2019)

2
show that. (f)2 = (%) + (%)2, For the curve y = (a‘fw) (VTU June 2018)

Prove that the radius of curvature p at any point (x,y) on the curve \/§ + \/% = 11is given by

3
Ao thy)® (VTU Jan 2014)
Show that the radius of curvature at x = 7 of the curve y = 4sinx — sin2z is >~ 5‘/3 (VTU
2009)
Show that the radius of curvature,of the curve z® + y® = 3zy at (3, 2) is Sj_ (VTU June

2019, Jan 2015)
Find p at (—2a, 2a) for the curve 2%y = a(x? + y?) (VTU Jan 2018)

Find the radius of curvature for the curve = alog(sect + tant),y = asect (VTU July

2015)
Show that for the curve (1 — cos@) = 2a, p? varies as 73. (VTU July 2019)

Find the radius of curvature for the curve = a(t — sint),y = a(1 — cost) (VTU July
2017)

Show that the radius of curvature at any point of the cycloid,

x = a(0 + sinb),y = a(l — cos) is 4acosg (VTU Model 2018, Jan 2016)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39

Find the radius of curvature for the curve x = a(cost + logtan%), y = asint (VTU July

2014) Ans : acott

Find the radius of the curvature of each of the following curves:
(i) r®* = 2ap?( Cardiod )

(i) p? = ar

(iii) pr = a?

(v) r® = a?p

(v) p(a? + b? — r?) = a2b?

(viy1/p> =1/a® +1/b®> — r?/a?b?

,r.n—|-1

an

For the curve p = , Show that p varies inversely as (nn — 1)th power of the radius vector.

2,
For the curve 7 = a(1 + cos@) , show that "7 is a constant.

For the curve r(1 — cos@) = 2a , show that p? varies as r?.

a™

m o __ m =
For the curve 7™ = a™cosm@ , show that p. = (mtLyrm—T

If p1 & po are radii of curvature at the extremities of any chord of the cardioid

16a?

r = a(1 + cosO) which passes through the pole, then show that p? + p2 = °

Find the radius of curvature for the curve 7™ = a"cosn@. (VTU Jan 2017)

Show that the R.O.C at any point of the lemniscate 7> = a?cos28 is inversely proportional to

r
Find p for the curve 22 = (1 — cos#)

Show that for the equiangular spiral r = aefcot 2'is a constant.

—~7»2_a2 — Cos_l (%)

Find the radius of curvature of the polar curve 8 = -

Find the radius of curvature for the curve r™ = a™sinnf

a?

Show that the R.O.C at any point of the cardioid r*sec26 = a®is p = §.

Find the radius of curvature of y = ccosh (%) at the point where it crosses the y-axis. Ans: c

Find the radius of curvature of the curve zy = c? at (¢, ¢) Ans : v2¢

Find the radius of curvature of the curve y? = wz% at the point (—a, 0) Ans:
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40. Find the radius of curvature at ‘¢’ on x = e*cost,y = e'sint Ans : /2t

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

Ocota

Find the radius of curvature of r = ae Ans: p = rcoseco

2
3

win

Find the radius of curvature at any point of the astroid z3 + Yys =a Ans : 3astnfcosb

P.T the R.O.C at any point of the astroid zs + yg = a3 is 3 times the length of the

perpendicular from the origin to the tangent at that point.

Show that the R.O.C at the end of the major axis (a, 0) of the ellipse 3—2 + ?;—: = lisequal to

the semi - latus rectum.

Find the radius of curvature for the curve * = a(cost + tsint),y = a(sint — tcost) Ans

cat

Find the radius of curvature for the curve * = a(0 — sinf),y = a(1l — cos@) (VTU 2003)
Ans : 4asin (g)
9 _ (m2+y2)%

Show that for the rectangular hyperbola zy = ¢, p Cye

51
S
)1

Show that the radius of curvature of the curve y = 48inx — sin2zx atx = 7 is

Find the radius of curvature of zy? = a® — z*at (a, 0).

. 2 _
Hint : Here y; = oo Hence find ;1 = 2—2 = 0and x5, = 37”2” = 3—3 and use the formula

_ (1+m%)% Ans : 32
p_ T2 ° 2

If p is the R.O.C at the point P on the parabola y?> = 4ax & S be its focus, then show that p?
varies with (SP)3

Find p at (—2a, 2a) for the curve %y = a(x? + y?) Ans: 2a
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Module 2 - Series Expansion and

Multivariable Calculus

Syllabus

Taylor’s and Maclaurin’s series expansion for one variable (Statement only) — problems. Indeter-
minate forms - L’Hospital’s rule. Problems. Partial differentiation, total derivative - differentiation of
composite functions. Jacobian and problems./Maxima and minima for a function of two variables.

Problems.

2.5 Taylor’s series expansion of a function of single variable:

If y = f(x) be a function,then the Taylor’s series expansion for y = f(x) about x = a is

given by
_ ’ y 2 _ 3
f(:c) — f(a) + (CU C;?f (a) + (CU 2!(1') f"(a)—k%fﬂl(a)‘F _______
(1)
where f’(a), f”(a), f""(a) — stands for successive derivatives of f(x) at x = a.

2.6 Maclaurin’s series :

If y = f(x) be a function,then the Maclaurin’s series expansion for y = f () about is given by

3

/0 2
CUf( )+%f”(0)+%fﬂl(0)+

f@) = £0) + =

29
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Problem 2.6.1. Expand y = cosx by Maclaurin’s series.

Solution: By Maclaurin’s series expansion

fa) =1+ T L oy Ty b 1)

f(x) =cosx, f(0)=cosO=1

f'(x) = —sinx, f'(0)=0
#(z) = —cosz, £7(0) =1
f(x) = sinz, f7(0)=0
£ (x) = cos, F0) =1

Substituting in (1), we get
x? [zt 28

cosm_l—a—l——'———i—

Problem 2.6.2. Expand /(1 + sin2x) by Maclaurin’s series. (VTU July 2021, June 2019, June
2018,Model 2018, Jan 2016, July 2014)

Solution: By Maclaurin’s series expansion

Fla) = FO) 2L

+ o f”(0) +o f’”(0) o (1)

f(x) = /(1 + sin2x) = /(sinx + cosx)? = sinx + cosx

f(0) = sin0 + cos0 = 1

f(x) = cosx — sinx f(0) =1
#(x) = —sinz — cosx £7(0) = —
f"(z) = —cosz + sinx F£7(0) = —

F"(z) = sinz + cosz £7(0) = 1

V(@A +sin2z) =14+x— 5 — 5+ 5+

Problem 2.6.3. Obtain the Maclaurin series of f(x) = log sec x upto 6th degree term. (VTU Jan
2018, July 2017, 2009)
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Solution : y = f(x) = logsecx
2. f(0)=logl =0
sec x tan
y1 = f'(x) = ——— =tanzx S f(0)=0
sec x
y2 = f(x) =sec’z =1+ tan’z = 1 + y? S f70) =1
Ys = 2Y1Y2 L F7(0)=2(0)(1) =0
Ya = 2y; + 25193 - F(0) = 2(1)* + 2(0)(0) = 2
Ys = 4Yays + 2Y2ys + 2y1Ys = 6Y2ys + 2y1Y4 - F9(0) =6(1)(0) +2(0)(2) =0
Yo = 6y2 + 8Y2ys + 2Y1Ys Y (0) = 6(0) 4+ 8(1)(2) + 2(0) = 16
.". By Maclaurin series expansion
x? x3
nsecw = £(0) + of'(0) + S F"(O) =" (0) + -+
_x® 2zt 1628
TR TR
Problem 2.6.4. Obtain the Maclaurin series of log (1~ cosx) upto 6th degree term.  (VTU June

2019, July 2017)

Solution:
y(x) = log(1 + cos x)

y(0) = log(1 + 1) = log 2

Diff y with respect to x.

@) (0 — sinx)
r) = ——+-
Y (1 + cosx)
(1 + cosx)yi(x) = —sinwz.
Putz =0
¥1(0) =0
Diff again w.r.to @,
(14 cosz)(y2) + y1(—sinx) = —cosx

Put z = 0, we get y2(0) = 5+

Diff again w.r.to @,
(1 + cosx)ys — sinx(yz) — sinx(y2) — cosx(y;) = sinx

Put x = 0, we get y3(0) = 0
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Diff again w.r.to x,

(1 + cosx)yy — sinx(ys) — 2 [sin x(y3) + cos x(y-]
— [cosx (y2) — sinx (y1)] = cosx

Putz = 0, we get y4(0) = =*

.". By Maclaurin series expansion

x2 x3 x?
Insecx = f(0) + xf'(0) + Ef"(o) + gf"'(o) + Zf(4)(0) +---

2 CU4

—log2 — — — — 4 .-
8274 To6 T

4

Problem 2.6.5. Using Maclaurin’s series Prove that /1 + cos 2@z = V21— %2 + 3—4 + ...

(VTU Jan 2021)

y = 1+ cos2x = V2cos?x
=y =+v2cosz, = y(0)=+v2cos(0) =2
y' () = V2 x (—sinz) = y'(0) = —=¥/2sin(0) = —v/2(0) =0
~y'(x) = —V2 X cosz = —v2cosiy = y"(0) = —v/2cos0 = —V/2
y"(z) = —vV2(—sinz) = V2sinz
= y"’(0) = V2sin(0) = 0

Maclaurin’s series expansion is given by
3

y(z) = y(0) + %y’(o) + %:«/’(0) + %y’”(O) +...
~ VITemT=vE+ 20+ 2—7(—\/5) + z_f(()) P

2
:\/1+cos2w:\/§+%(—\/§)—O—I—....
212

2

=\/1—|—cos2a::\/§— 4+ ...

2.7 Indeterminate Forms:

If f(x) and g(x) be two functions such that lim,_,, f(x) and lim,_,, g(x) both exists,

then

f(xz) — limg_sa f(x)
g(x) limg—ag(x)”

limg,_,,

Iflimg,,, f(x)=0andlim,_,, g(x) = 0 then,
f(z) 0O

limg_,, = —
Tg(x) 0
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Which do not have any definite value. Such an expression is called indeterminate form.

The other indeterminate forms are 2, 0 X oo, co — oo ,1%°, 0%, o0,
I’-Hospital’s Rule:
If two functions f(x) and g(«) are such that

() limy—e f(x) =0andlim,,, g(x)=0

(ii) f’(a) and g’(a) exist and g’(a) # 0

Then,
lim _f(a:) = lim F(=)
r—ra - T—ra
g(x) g'(x)
/
T
Note : If lam,_,q n ; is in g form, we have to apply L’Hospital’s rule again.i.e.
g’ (x
timg L Y _ i 1)
Tz—a” ,, N Tz—=a" 1, N\
g'(z) g"(x)
and so on.
Note:

(1) L’Hospital’s rule is applicable only when the expression has the form g, or 22 in the limit.

(i) Note that we do not take the derivative of the ratio using the quotient rule, but rather separately
find the derivatives of the numerator and denominator functions, then find the limit of their

ratio.(Do not confuse L’Hopital’s Rule with the quotient rule for derivatives.)

(iii)) Sometimes we need to repeat L’Hospital’s Rule more than once till we get definite value of the

limit.

(iv) Important Limits :

(@) limg_o 2% =1

xr

(b) Limg, o 2 =1

(©) lamg_g tane —
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A limg o —=1

(e) limg_o (1 + naz)% = e". In Particular, lim,_,o (1 + w)% =e
) limy_ oo (1 + ;—’)w = e". In Particular, lim,_, o (1 + %)w —=e
(g) limy_yooe®™ = oo and lam, e ™ =0

(h) limg_oln(x) = —o0

(1) lamy_1logxe = 0

(G) limg_logxr = oo

(k) log(e) =1

The indeterminate form 0.0c0 :

If limy_, o f (x)g(x) assumes the indeterminate form 0.co then the product may be converted

0

to one of the indeterminate forms g or 22 by writing f (z)g(x) as

F @9y DD o, 2
g(x) f(z)

and then we can apply L’Hospitals rule to‘get the limit.

Problem 2.7.1. Evaluate the following limits. {21, _,9l0gsinStn2x

Solution:

k = lim,_ologsinsin2x

. logsin2x oo
=limg, o——— (— form)
logsinx 0o

By applying L’Hospital’s rule,
2cot2x

cotx

o L tanx (O f )

= 1My y0————— — form
_mtan2:v 0

00
k=lim, (— form)
00

Again by applying L’Hospital’s rule,
0 L sec’x

= tMy yo———————

~%9sec?2z

=1

Problem 2.7.2. Evaluate lim,_,¢ log,,, , tan 2z
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Solution :
. . logtan2x oo
lim log;,, , tan 2 = lim — : —
z—0 z—0 logtanx o’e)

Applying L’Hospital’s rule

. 9 tanx 0
= lim -2 .sec’2x - : — form
z—0 tan 2x sec? ¢
. sinx-cosx -2
= lim

z—0 sin 2x -+ cos 2x
2. % sin 2x
x—0 5 sin 4x

. sin2x 4x
= lim - - —
r—0 2 sin 4x

=1-1
=1

a”®—b”*
€T

Problem 2.7.3. Evaluate lam,_,q

Solution: Let
) a® — b* 0
k=limy ,o— (—form)
T 0
By applying L’Hospital’s rule ,
a”loga — b"logb
1

= lim,_ 9
= loga — logb
(a)

= log—

(b)
The indeterminate form co — oc:

If limg_of () — g(x) assumes the indeterminate form oo — oo , can be transformed into a

type g or 22 by rewriting the expression as one function.

Problem 2.7.4. Evaluate lim,,_,, (ﬁ — lna))

Solution:

. T 1
K = lim -
z—=1\x—1 In(x)
z-In(x) —xz+1
m
z=>1 (z —1) - In(x)
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In(x)
21 wm;l + In(x)

x - In(x)

= lim
e=>1x — 1+ - In(x)

1+ In(x)
im
v=>11+ 1+ In(x)
1+ In(x)
im ——=
z—1 2 + In(x)

Problem 2.7.5. Evaluate lim,_, o [(miz) — log(i—l)}

Solution :

1 B 1
(@—2)  log(@—1)
[log(x — 1) — (x — 2)

0
k = lim, —form By applying L’Hospital’s rule
2 | Tz —Dlog@ — 1) } (5 form) y applying P ;

k=lim,_,, } (00 = ocoform)

. i 2—x 0
B=limes |00 (0 = Dilog(a 2 1)} (pForm)
Again applying ’Hospital’s rule,
. —1
k= lims s 2+ log(x — 1)]
—1
T2

The indeterminate forms 1°°, 0°, o0®:

Iflimg_.q f(2)9®) assumes the indeterminate form 1°°, 0° or oo?, thenlety = lim,_,, f(z)9®

and taking logarithm on both sides, we get logy = lim,_,, g(x) (log(f(x)). This limit will be in

any one of the forms g , o or 0.00 and can be evaluated easily. If this limit is K then the required

limit is obtained as y = lim,_,, f(x)9® = K

x xr €T l
Problem 2.7.6. Evaluate lam,_,q (%) ”” (VTU Model 2022, Jan 2021, Jan 2020,June

2019, Jan 2018, July 2015, Model 2014)

Solution: Let
a® 4+ b* + c*

k=1lim,_ ( 3 )m (1= form)

Apply log on both sides
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a® + b® + ¢\ +
logk =log lim,_,g (%)

. a® + b 4 c*\ =
=lim,_,o log I e—

. 1 a® + b* + c*
=lim,_,o — log _—

x 3

) log (a®+b*+c*) —log3 0

= limg,_,o (6f0Tm)
T

By applying L’Hospital’s rule,
a”loga + b*logb + c*logc

logk = lim,_,q

a®* + b® + c*
_ (loga + logb + logc)
B 3
__log(abc)
3

i.e.logk = log(abc)%

- k= (abc)3

Problem 2.7.7. Evaluate lim,_,= (tanx )

Solution : Let

k=lim, =~ (tanz®®) (0. form)
Apply log on both sides
logk =log lim, = (tanx)®?
logk = lim,_,= log (tanx)**”
= limy,_,= cosx log (tanz) (0xoco form)
By applying L’Hospital’s rule,
log tanx

00
logk = limy, .~ ——— (—form)
secx 00

By simplifying we get,
logk = limx_% cotx cosecx
ielogh =0 — k=e"=1

Problem 2.7.8. Prove that lim,,_,, (2 -z %0 — o2

)tan
a

Solution : Let
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T tan%
L = lim (2 — —)
r—a a

T T
log L = lim tan (—) log (2 — —)
r—a 2a a

i 08 (2 2) m

r—a Ccot (%)

= lim [Applying L’Hospital’s rule]

RN

h
I
®
Al

=

Problem 2.7.9. Prove that lim,_, (*322)=* = es.

x

Solution: Let

. tan x\ =% . tanzx
L =lim [1°° form] |- im =1
x—0 @€ z—0 T
.1 tan x
log L = lim — log
z—0 2 €
10 tan 0
— lim Lm) [_}
z—0 x2 0
. T rsec?x —tanx 1 _ .
= lim - — [Applying L’Hospital’s rule]
z—0 tan T x? 2x
. xsec’z —tancx 0 .
= lim — - lim =
z—0 2x3 0 z—0 tan x
. sec’xz +x-2sec’ztanx — sec’x ' _
= lim [Applying L Hospital’s rule]
z—0 6x2
. sec’zx tanz 1
= lim . = —
z—0 3 T 3
log L !
o = —
& 3
L = e%

Problem 2.7.10. Evaluate lim,_, . /2(sin x)*"*
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Solution :

K = lim (sinz)®"® (= 1%)
T—7/2

= logk = lim_log [(sinx)®*""]

T—7/2

= lim tanz - log(tanx)
r—7/2

log(sin x)

= lim ————~
z—n/2(1/ tan x)

z—m/2 cotx

log (si 0
= logk _ lim o86sInZ) ( )

Applying L-Hospital’s rule,

. 1. (cosx)
logk = lam *2F———
z—/2 (— cosec? x)
. cot x
= lim — —
z—m/2  cosec’ x
cot(m/2)
~ cosce(w/2)
0
=—=0
2
=k=e’"=1

2.8 Partial Differentiation :

Let z = f(x,y) be a function of two variables « and y. The first order partial derivative of z

w.r.to &, denoted by % or z, is defined as

9z f(x+ Az, y)— f(z,y)

= limaz—o

ox Ax

From the above definition, we understand that % is obtained by differentiating z only w.r.to X, treating
y as a constant.

Similarly, the first order partial derivative of z w.r.to y, denoted by g—z or z, is defined as

%:lim f(a:,y—l—Ay)—f(w,y)
8y Ay—0 A’y

From the above definition, we understand that g—; is obtained by differentiating z only w.r.to y, treating

X as a constant.

The second order partial derivatives are

0%z 0 (8z>
—— O 2 = — | —
ox2 Ox \ Ox
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y \9y
0%z o ( 0z )
Of Zyg = — | —
0x 0y Ox \ Oy
0%z o ( 0z )
Of Zgy = — | —
oyox Oy \ Ox

Problem 2.8.1. If u = stnxy then find Uy, Uy, Uzzy Uyy, Uzy, Uy - Also verify that Uzy = Uy,.

Solution :
U = Stnry
differentiate (1) partially w.r.to @,
0 .
u, = ——[sin(xy)] = ycos(zy)
ox
differentiate (1) partially w.r.to y,
u, = —[sin(xy)] = zcos(zy)
Yy
differentiate u,, partially w.r.to @,
o 9 .
Uno = o [ycos(@y)] = —y*sin(ay)
T
differentiate u,, partially w.r.to y,
o 9 .
Uyy = —[xcos(zy)] = —x"sin(zy)
oy
differentiate u,, partially w.r.to x,
Ugy = B—[wcos(my)] = —xysin(xy) + cos(xy)
T
differentiate w,, partially w.r.to vy,
o .
Uya = 8—y[ycos(wy)] = —zysin(zy) + cos(zy)

From last 2 results ,it is clear that Uy = Uyz.

(1)

Problem 2.8.2. If u = e(@®+%) f(ax — by) ,then prove that bu, + au, = 2abu. (VTU Model

2022)
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Solution :
u = et f(ax — by)
differentiate (1) partially w.r.to ,

0
o = o[ f (az — by)]
xTr

uy = a[el®®T f'(ax — by)] + au
differentiate (1) partially w.r.to vy,

o
Uy = a—y[e(““by)f (ax — by)]

u, = —b[e®™ % f ax —by] + bu

Consider,

(1)

LHS =bu, +au, =b [ae“w"'byfl(aw =by) + au} +a [—be‘”"‘byf'(aa: — by) + bu

= 2abu

=RHS

— 9%z _
Problem 2.8.3. If u = f(z + ct) + g(« — ct) ,thenprove that 7.5 =

Solution :
w= f(x + ct) + g(x — ct)
differentiate (1) partially w.r.to x,
uy, = f (x + ct) + ¢’ (x — ct)

differentiate again partially w.r.to @,

Ugpy = f"(:v + ct) + g"(m — ct)
differentiate (1) partially w.r.to ¢,

u, = c[f' (z + ct) — g'(z — ct)]
differentiate again partially w.r.to ¢,

wy = E[f (x + ct) + g (x — ct)]

Using (2) in (3), we get Uy = C2Ugy

2 8%z
ox2

(VTU Jan 2018)

(1)

(2)

(3)
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Problem 2.8.4. If f = tan_l(%) then find fz, fy, fozs Fyy> foys> fyz - Also verify that f,, =
Jya-

Solution: We have

f = tan~ (3) (1)

xr

Differentiating (1) partially with respect to x, we get

or _ 1 (—y) _ (_‘i" ) (2)
ox 1+ (%)2 x? x? + y?
Differentiating (1) partially with respect to y, we get
of 1 1 T
7= 4 (3)

oy 1+ (1) =z aRdy?
Differentiating (2) partially with respect to y, we get

o*f 5, ( —y ): (x*+ y?) (=1) — (—y)(2y)

Oyox B B_y x? + y? (@2 + y2)?
A Y ()
(22 + y?)
Differentiating (3) partially with respect to. x, we get
o*f 9 < x ) . (@ +9?) (1) — z(22)
dzxdy Ox \x2+y?) (3 + y2)?
e (5)
(24 y?)’
.. From eqns. (4) and (5), we get :;gm — 8‘12é)fy'
Problem 2.8.5. If u = log(x® + y® + 2® — 3zyz), then prove that u, + u, + u, = $+3+z and
hence show that
2
) 8 ) _ -9
<% + 2 £> u= 0 (VTU Jan 2014)
Solution : Given u = log (z® + y® + 2% — 3zyz2)
% = w3+:§+_z§zz3myz cee ('l)
. “ 2 34, ..
Similarly, g—y = m3+z§,{+z§_3myz ... (22)
u 22— €T oo
and g—z = m3+z3+z§_%myz . ... (222)
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Adding eqns. (2), (¢¢) and (242), we get

3u+8u+8u 3(x®+y?+ 22 —xzy —yz — zx)

or 0Oy Oz x3 + y3 + 23 — 3xyz
3(x?2+y?>+ 22—y — yz — 2x)

(x+y+2)(2®+y*+ 22— 2y —yz — zx)
ou Ou OJOu 3

or =

oc "oy T Tatyts
Asa3—|—b3—|—c3—3abc:(a+b+c)(a2+b2—i—c2—ab—bc—ca)

ou ou ou __ 3 :
or$+8—y—|—$—w+y+z @iv)
N <8+8+8)2 (8+8+8)<8+8+8>
ow, | —+—+— | u=({—+F—F— | |—+—+— | u
Ooxr Oy Oz or Oy Oz Ooxr Oy Oz
_(8+8+8><8u ou Bu)
-~ \dx 08y 0Oz Ox Oy 0z
13) o o 3
=—+—+ -+ from (2v)
ox 0Oy 0Oz r+vy+ =z
=3

o (evss) o eryss) T ey ss)
Oor \x+y+ =2 oy\z+y—+ =z oz \x+y+=z

1 1 1

=3 |— _ _
(z4+y+2)? (x+y+2)? (w+y+z)2]
9

 (zty +2)?

- _1 du ou __ k
Problem 2.8.6. If u = (1 — 2zy + y*) 2 and x5 — Yoy = y2u”, then find the value of K.
(VTU Jan 2016)

Solution: v = (1 — 2zy + yz)_%

Differentiate partially w. r. t.  and y

ou 1 _3

— =——(1-2 )7z (=2

o 5 ( zy +y°) * (—2y)
:u?’y

ou 1 _3

— =—(1-2 T2 (=2 4+ 2

oy 2( xy +y°) * (—2z + 2y)
= (z — y)u’

13) o

'.'ma_z_ya_’lyll:u3$y+(_my+y2)u3:u3y2

o o 2 o o
Problem 2.8.7. If z(x + y) = 22 + y2, show that (% — 8—y) —4 ( _ o= _ —Z).
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Solution:

z(x +y) =z + 9
x? + g2 (1)

=>z="""

r+y

Differentiate (1) partially w.r.t. «

0z _ (z +y)(2x) — (22 + y?) (1) _ x? — y? 4 2zy

oz (x + y)? (x + y)? ®
By Symmetry
0z  y*—x®+ 2xy
dy  (z+y)?
0z 0z\? 2 (22 =y2)1?
(o) ~edv
_ A 9P —y)? @
(z + y)*
_ A —y)?
(= +y)?
0z 9z 2 —~y?+2zy  y? — x?+ 2y
9z 9y Nzty)? | (@+y)? @)
_ dzy  (zAty)’ —4dzy  (z—y)?
M@ty @ty (@ty)?
From (3) and (4)

(Bz 8z>2_4(l 0z 8z>
dx. Oy) or 0Oy
2.9 Total Derivative

If u = f(x,y) is a function of two variables, Then its total differential is denoted by du and is

defined as
d 8ud N Bud
U= —dxr+ —
By oy

d Bud 4 Bud " Bud
u=—dr+ — —dz
ox Oy Y 0z

Problem 2.9.1. Find the total derivative for the following function : © = x® + y® + z%y + xy?

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 45

Solution :
o(x® + y* + x’y + wyz)d 4 o(x® + y® + 2%y + zy?)
e X
ox oy

= (3z? + 2zy + y?)dx + (3y? + = + 2zy)dy

du dy.

Problem 2.9.2. Find the total derivative of u = xy?2z3

Solution :

_ A (xy?z3) d + A (xy?z®) dy + A (xzy?23)
Ox oy 0z

= (y?2%)dz + (2zyz®)dy + (3zy*2?)dz

du dz

Problem 2.9.3. Find ‘fi—“: as a total derivative and verify_the result by direct substitution if © =

2 + y? + 2?2 and x = e?t, y = e?* cos 3t, z = e?! sin 3t.

Solution : Here w is a function of x, y, z and &, y.z are in tarn functions of . Thus u is a

function ‘ ¢’ via the intermediate variables x, y,z. Then
du Oudz n Oou dy . oudz
dt Odxdt Oydt dzdt
=2 - 23t 4 2y - (262t cos 3t — 3e? sin 3t)
+ 2z (262t sin 3t + 3e*t cos 3t)
Rewriting in terms of x, y =
=2x-2-x+2-y(2y —3:2z) + 22(2z + 3y)
:4(w2+y2+z2)

or in terms of ¢

d
d_ztt = 4 (e* 4 e* (cos® 3t + sin® 3t)) = 8e*

verification by direct substitution:
u = x> + y2 + 2?2 = et + e cos? 3t + et sin? 3t = 2e*

du _ g4t
dt—Se

Problem 2.9.4. Find the total differential coefficient of &2y w.rt. & when x.y are connected by

> +zxzy+y:=1

Solution : Let u = x2y. then the total differential is

d _aud +6ud
U_B:v ¥ dy Y
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Thus the total differential coefficient of w w.r.t. x is

du _ du | OBudy
dr =~ Oz Oy dx

du __ 2d
=2zxy+x°
From the implicit relation f = x? + xzy + y = 1, we calculate

d_y f:c _2:1:—|—y
dx fy T + 2y

SO
T
du _ _ z*(2z+y)
dr ~— 2y (z+2y)

2.10 Differentiation of Composite functions :

Note 1:

If u = f(x,y) and « and y are functions of single-variable ¢, then

du Oudx y Ou dy
dt dxdt 0Oy dt

Note 2 : (Chain Rule)

If u = f(«x,y) and « and y are functions of r, s, thenu is a function of 7, s. In this case,

Ou Oudx n Ou Jy
or Oxdr Oyor

du  Ouodx " Ou Jy
9t 9z ot Oy Ot

Note : The above formulae can be extended to functions of three or more variables.

Problem 2.10.1. If u = sin (%) x = et,y = t2find ?TZ as a function of t.

— Oudz | dudy
dt T Oz dt Ay dt

e =lcos (2)et — Zcos 2t
dt y Y Y

= t—zcos (e—t> — 2t3cos ( t)

= et ()[4~ 2

Solution : We have &%

Problem 2.10.2. If z is a function of x and y and * = e* 4+ e ",y = e~ * — e" Prove that
Oz Oz Oz
ou v — Taz ~ Yoy

Solution : Here z is a function of « and y, where « and y are functions of v and v.
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. 0z _ 0z0z | 0z98y ; 9z _ 0z 9z 4 0z OBy H
** du - Oz Ou Oy ou * " ° (i) and v = Oz Ov + dy Ov (ii)
Also given that
r=e"*"+e "andy =e ™ —¢e"
.0z _pu Oz _ v Oy _ _ —u Oy _ _ oy
"Bu_e’av_ e > Bu € > v e
.. From (1) we get
8Z - % u % _p—Uu
%_axe)+ay( e ™) (iii)
and from (i1) we get
Oz __ Oz — Oz — .
%—a(—e ”)—I—a—y(—e v)... (IV)
Subtracting (iv) from (iii) we get

0z 0Oz u oy 02 _u o 9%

TE T (et e (e — ) 2

ou Ov ox oy

0z 0z
=r— —Yy—
ox oy

Problem 2.10.3. If u = f(2x — 3y, 3y — 42,4z —2x) then Prove that %um + %uy + }luz =0

(VTU June 2019, July 2017)

Solution : Let r = 2o — 3y, s = 3y — 42,1 = 4z — 2z, then

u— (ry8,t) = (z,9,2)

sou— (T, Y, 2)

or or or
— =2,— = y— =20,
ox oy 0z
ds Os ds
_— 0, -~ /&~ = —4,
ox Jy 0z
ot ot ot
L =-2,—=0,— =4
ox oy 0z
ou B ou Or +8u83 +8u3t
dx Ordx 0Bsdxr Ot ox
(Bu 8u>
—2(—=_==
or ot
ou B ou Or N du Os N ou Ot
8y Ordy 0Osdy Otody
_ 5 ( ou + Bu)
N or Ot
ou . ou Or " Ou Os " ou Ot
8z Ordz 0Osdz Otz
_4 ( ou n 8u>
- ds ot
. 1 n 1 " _ ou Jdu n ou ou + Jdu ou
e Ty T =T\ G T ot or ot ds Ot
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=0

Problem 2.104. If u = f (%, %, i) then Prove that xu, + yu, + zu, = 0 (VTU Model 2022,
June 2019, June 2018, July 2017, July 2016)

Solution : Let r = g,s =% t=Z thenu — (r,s,t) — (x,y, 2)

Sou— (x,y, 2)
or ou Or +8u83 +8u ot
ox or Ox s Ox ot Ox
&)y o () (&)
or/) y ot x?
ou ou Or N Ou Os + ou ot
Oy Ordy O0s0dy Otoy
B (Bu) (—w> N ou (1> 4o
—\or y? s \ z

ou Ou Or ou Os ou ot

9z 0ros  9s02  otox
ou 1 ou 1
=0 (a) (;) * (a) (;)
L TUL + YUy + ZU,
_ (Ou\xz Ou (—=z ou —x ou Yy ou 1 ou
B (5) y ot (?) * (5) (7) * (a) (z) - (%) (z> * (a

=0

Problem 2.10.5. If u = f (%, zw_zw) then prove that z?u, + y?u, + 2%u, =0  (VTU July
2014)

Solution : Let

9
Ty r vy Tz xr =z

Differentiate V' and W partially w.r.to «, y, and z

ov 1 Ov 1 OJOv
833:_1:2’ 8y:y2’ Bzzo’
ow _ 1 OJOw _ ow _
il T

Now

u = u(v,w)
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ou _ du Ov N ou dw .
dr Ovox ow Ox
. 1 (Bu n Bu)
22 \ Qv ow
ou _ ou Ov + ou dw
dy Ovdy Owdy
ou _ Ou Ov ou dw
8z Qv oz ow Oz
from (1), (2), and (3),
ou ou ou ou
20U 20U 0w ou
v ox Ty dy + 0z ov

2.11 Jacobians (J) :

1 du 1 Ou

2 Qv 2 dw (1)
1 du

== (2)
y? Jv
1 du

_10u 3
z2 w (3)

ou ou ou

Sl E i

ow ov Ow

If u and v are any 2 functions of 2 independent variables x and y ,then the Jacobian of (u,v) w.r. to

du  du
(x,y) is denoted by J = % and is defined as J = 'Zm Zy Similarly , If (u,v,w) are functions of
’ v v
8z By
3 independent variables (x,y,z)then the Jacobian of (u,v,w) w.r. to (x,y,z) is denoted by J = %
du  Ou Ou
ox oy 0z
and is defined as J = [9v dv  Ov
Ox Oy 0Oz
dw dw dw
Ox Oy 0Oz
Problem 2.11.1. fu = x4+ y+2 wv=y+2 w=2 ,thenfindJ = %
Solution :
du  Ou du
ox Oy 0Oz
J=|9 8v v
ox Oy 0Oz
dw dw dw
ox oy o0z
111
=011
0 01
=1
Problem 2.11.2. If u = 22 + y2 + 22, v=xzy+yz+z2x, w==x+y-+ 2z ,thenFind
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(u,v,w)
(wayrz)

Solution :

Ou Odu Jdu

ox Oy 0Oz
J=1|8v 08v 0Ov

ox Oy 0Oz
dw dw Ow

ox oy o0z

2x 2y 2z
=ly+z z+2z y+x
1 1 1

=2z[(z +2) - (y+2)] - 2y[(y + 2) — (y + )] + 22[(y + 2) — (= + 2)]
== 2(xz —xy —yz + zy + yz — xz)
=0
Problem 2.11.3. Ifu = ¥, v =22, w = #" thenprovethat J = =% —4  (VTU

July 2015, July 2014).

Solution : We have

du  du  du
ox oy o0z

J = |8v dv  Ov
ox oy o0z

w Jdw Jw
ox oy o0z

—Yyz z y
x2 x x
J = z —xz z
J y? y
y z —Ty
z z z2
—yz
N
— P —xz
TYZ Y
—zy
Yy T .
1
= L lawyz)
TYZ
=4

Problem 2.114. If u + v = e”cosy u — v = e®siny ,then find %.

Su  Ou

. )
Solution : We have J = 2wv) _ 19z 8y
8(m7y) 81} 81;
dx 9y
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By adding given equations, we get u = %(cosy + siny)

By subtracting equations ,v = <-(cosy — siny)

£ (cosy + siny) < (cosy — siny)

.. J —

%(cosy — siny) _2em (cosy + siny)

7 e?® |(cosy + siny) (cosy — siny)
4 (cosy — siny) (cosy + siny)
_e2m _ 2z

== 2) =
4 (2) 2
Problem 2.11.5. If x = rsin 0 cos ¢, y = r sin @ sin ¢, z = r cos O Find %
Solution :

Givenx = rsinfcos ¢,y = rsinf@sin ¢, z = r cos 0
sinf@cos¢ rcos@cos¢d —rsinbsingp
o(z,y,2)
a(r,0, )

sin@sing rcos@sing 7rsinfcos o

cos 0 —7rsin @ 0

= r2sin 0 cos? 0 + r?sin @ sin? 0

= r?sin0

Problem 2.11.6. If u = = + 3y? — 23, v =4x’yz, w =222 —x —y ,thenfind

J% at (1, —1,0) (VTU June 2019, June 2018)
Solution :
u =z + 3y*> — 2° -+ - (1)
v = 4z’yz -+ (2)
w=22>—x—y .-+ (3)

1 6y —3z22

—1 —1 4z
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At the point (1, —1, 0),

-1 -1 O

=1(0—4)+6(0 —4) = —4 — 24 = —28

2.12 Maxima and Minima for a function of two variables

A function f(x,y) is said to be a maximum at (a, b) when f(a, b) is greater than f(x,y) for
all values of & and y in the neighborhood of (a, b).
Similarly, f(a, b) is said to be a minimum at (a, b) when f(a, b) is less than f(x, y) for all values
of x and y in the neighborhood of (a, b).
These definitions may be stated in analytical form as follows:

If, for all values of h and k numerically less than somé small positive quantity,

o If f(a+ h,b+ k) — f(a,b) = a negative number; then f(a,b) is a maximum value of
f(z,y).

*If f(a+ h,b+ k) — f(a,b)’= a positive number, then f(a,b) is a minimum value of
f(@,y)f(x,y).

Necessary and sufficient Conditions for extreme values

We know that a necessary condition that a function of one variable to have a maximum or a
minimum for a given value of the variable is that its first derivative should be zero for the given value
of the variable. Similarly, for a function f(x,y) of two independent variables, a necessary condition

that f(a, b) should be a maximum or a minimum (i.e. a turning value) is that for ¢ = a,y = b,
of 0 of
ox dy

Hence the following steps are used for finding maximum and minimum values of a function f(x, y)

0.

o o
Step 1. Solve the simultaneous equations 3—f =0, 3_f = 0. and find the values of (x, y) in
T Y

the form (a, b), (c, d), (e, f)...These points are called as stationary points.
8

Step 2. For each stationary point, calculate the value of A = rt — s where r = %, 8 = 3abg

_ 9’f
andt = g2
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Step 3. The function will have a
maximum if A > OQandr < 0
minimum if A > Oandr > 0
neither a maximum nor a minimum if A < 0

The question is undecided if A = 0

Problem 2.12.1. Examine f(x,y) = x® + y® — 12 — 3y + 20 for its extreme values

Solution :
fe =3z* —12, f, = 3y* — 12

T:fmmZGw,Szfmy:())t:fyyZGy

Solving f, = O and f, = 0, we get
=32>—-12=0, and 3y>*—3=0
=22—4=0"and . y>—1=0
=a2>=4 and y>* =1
=x =242 and y==*1
Hence stationary points are (2, 1), (2, —1), (=2,1), (—2, —1)
A =rt—s?> = (6x)(6y) — 0 = 36y
At2,1)A =72 >0andr =12 > 0.
Therefore function takes minimum value at (2,1)
and the Minimum Value = f(2,1) = 2
At (2,-1) and (-2,1), A = —72 < 0 Hence (-2,1) and (2,-1) are saddle points.
At(-2,-1) A =72 > 0and r = —12 < 0. Therefore function takes maximum value at (2,1)
Maximum Value= f(—2,—1) = 38

Problem 2.12.2. Find the extreme points of the function f(x,y) = 2 (* — y?) — z* + y*.

Solution : f(z,y) = 2 (2? — y?) — z* + y* oo (1)
diff (1) w,r.t & y partially
% = 4z — 4a® o (2)
%:—4y+4y3 -+ (3)
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Solving f, = O and f, = 0, we get

=4r —4x®* =0 and —4y+4y® =0

=x—2>=0 and —y+9y*=0

= z(1—2*)=0 and y(—1+9*>) =0

=x=0, =1 and y=0, y>?—1=0

=0, =1, =—-1 and y=0, y=1, y=—1
Hence stationary points are
(0,0), (0,1), (0,-1), (1,0), (1,1), (1,-1),(—-1,0), (—1,1), (—1,—1)

r:f$$:4_12m29 Sz.fwy:07 tzfyy:—4+12y2

rt — s> conclusion

®»
-

Points r

(0,0) 4>0 —4/| —16 < 0| Saddle point

(0,1) 4>0 8 |.32>0 minimum

(1,0) —8<0 —4 |32 >0 | maximum
(1,1) —8<0 8 | —64 < 0 | saddle point
(0,—1) 4 32>0 minimum
(1,—-1) —8 8 | —64 < 0 | saddle point

(-1,0) | —-8<0 —4 | 32>0 | maximum

(—1,1) -8 8 | —64 < 0 | saddle point

© |0 | O |0 | oo o oo
(0d]

(-1,-1) -8 8 | —64 < 0 | saddle point

max f = £(1,0) = f(—1,0) =2(1—-0)—14+0=2—-1=1
minf=20—-1)—04+1=—-2+4+1=—2

Problem 2.12.3. Find the extreme values of the function f(xz,y) = 3 + y* — 3azy

Solution : We have, f(z,y) = 3 + y® — 3axy

d F:)
p:8—£=3w2—3ay, q:8—£:3y2—3aw
_ 9%f __ __ 9%f _ 9%fF __
r_m_ﬁw, s—amay——3a, t—a—y2—6y
For maxima and minimaf
— =0and — =0

ox oy
322 — 3ay = 03y?> — 3ax =0
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>y’ =ax ... 2)
Putting the value of y from (1) in (2), we get

m4:a3w=>w(w3—a3)=0

= x(x—a) (a:2—|—aa:—|—a2) =0
= x=0,a
Putting x = 0in (1), we gety = O,

Puttingx = ain (1), we gety = a,

Stationary pairs (0,0) (a,a)
T 0 6a
s —3a —3a
t 0 6a
rt — 82 —9a? < 0| 27a2 >0

At (0, 0) there is no extremum value, since rt ~ s? < 0:
At (a,a),rt — s> > 0,7 > 0
Therefore (a, a) is a point of minimum value.

The minimum value of f(a,a) = a® 4 a3 — 3a® = —a?

Problem 2.12.4. Find the extreme values of the function f(x,y) = =* + y*—2x? + 4xy—2y?

Solution:  f(x,y) = z* + y* — 222 + 4zxy — 292
For stationary point of f(x,y), we solve f, = 4x3 —4x +4y =0orx®> —xz +y =0 (1)
fy=4y* +4x —4y=0o0ry>*+x—y =0 ()
Adding (1) and (2), we get 3 + y3 = 0
LY =—x
Substituting this value in (1), we get 23 —x — x = 0
2P —2c=0—>2(x>—-2)=0—o2x=0,z=+2,—2
forx =0,y =0;forx =2,y = —v2andforx = —v2, y=—v2
. Stationary points of f are (0, 0), (v/2, —v/2) and (—v/2, V/2)

P=feo =122 —4, s = f,, =4, t = f,, = 12y* — 4
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Point r s|t rt — s

(0,0) —4 4|1 —410
(vV2,—+2)20>0|4|20 |384>0

(—v2,v/2) [20>0|4|20 |384>0
.. Minima at both the points (\/5, —\/5) and

(—\/5, \/5) and minimum value at both these points =4 +4 —4 — 8 — 4 = —8.

Problem 2.12.5. Examine the function f(x,y) = 3 + 3zy? — 1522 — 15y? + 72z (VTU

Model ME 2022)
Solution :
f(z,y) = x> + 3zcy2 — 1522 — 15y2 --- (1)
o
—f:3w2+3y2—30m—|—72 - (2)
ox
o
—f:633y—30y o (3)
oy
For stationary point of f(x,y), we solve
o o
_f — 0, —f g 0
ox oy
322 4+3y2 —30x+72=0 -.-(4)
and 6zy — 30y =0 ---(5)

= xy—-=5y =20

= y(x—5)=0

y=0, —-—5=0

>y=0 =5

When y = 0, from (4) we get

x> — 10z +24 =0
=’ —4r — 6z +24 =0
=>x(x—4)—6(x—4)=0
= (x—4)(x—6)=0
=>x=4,6

.. When y = 0 stationary points are (4, 0), (6, 0),
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when £ = 5 from (4) we get

=25+9y>—-50+24=0

y > —1=0
y =1
y==+£1
.. when & = 5 the stationary point are (5, 1), (5, —1)
o*f
r = = 6x — 30
ox?
52
s = f = 6y
Ox 0y
82
t = ! = 6z — 30
0x 0y
Points r s| t | rt— s®> | conclusion
(4,0) | —-6<0|0|—6| 36 >0 max
(6,00 | 6>0 | 0| 6 | 36>0 min
(5,1) 0 6 | 0 | —36 < 0 |/saddle point
(5,—1) 0 -6| 0 | —36 < 0 | saddle point

Maximum value is f(4,0) = 4% + 0 —15(4%) — 0 + 72(4) = 112

Minimum value is f(6,0) = 6% + 0'— 15(6%) — 0+ 72(6) = 108

Question Bank- Module 2

Maclaurin’s series :

1. Determine the Maclaurin series expansion of the function, y = /1 4+ stn2x by

Maclaurin’s series.

2014)

(VTU July 2021, June 2019, June 2018,Model 2018, Jan 2016, July

Ans:1+w—§—§+%+"'

2. Determine the Maclaurin series expansion of the function, f(x) = log(1 + cosx) upto the

term containing x*.

logZ—%z—g—l—---

3. Expand log(secz) upto 6" degree term by Maclaurin’s series

2009)

(VTU Model CV 2022, June 2019, July 2017)

Ans :

(VTU Jan 2018, July 2017,
. x2 24 16x%
Ans : o1 + ar + + .

6!
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o

10.

1.

12.

13.

14.

15.

16.

17.

18.

19

. Expand tanx by Maclaurin’s series (VTU July 2015)
Expand sin(e” — 1) by Maclaurin’s series (VTU June 2014) Ans: x + ’;—? — 5% +...

. Expand f(x) = e*"® by Maclaurin’s series (VTU Model EE 2022, June 2018,2011) Ans :
l+ao+2 —Z 4.
. Expand y = log(1 + e€®) by Maclaurin’s series (VTU Model CV 2022, July 2016) Ans :
log2 + £+ % 4 -
. Expand y = (ef—_l) by Maclaurin’s series (VTU Jan 2015) Ans :
2 x3 z*
e(x —x*+ % — % +---

efl!

. Expand ™) using Maclaurin’s series upto 3rd degree terms. (VTU Jan 2017)
Expand y = secz using Maclaurin’s series up to =# term. (VTU Jan 2016)
Using Maclaurin’s series Prove that /1 + cos 2x = /2 [1 — %2 + % + .. (VTU Jan
2021)

Expand log(1 + sinz) up to the term containing &* using Maclaurin’s series  (VTU Model
2022) Ans:z — 2 4+ 20 ...
Expand log cos = by Maclaurin’s series up.to the term containing ¢ (VTU Model ME 2022)
Expand f(x) = e®** by Maclaurin’s series up to the term containing z*  (VTU Model ME
2022)

Determine the Maclaurin series expansion of the function, tanx  (VTU July 2015) Ans:
x + 22 + 162 + ... Ans:log2 — 1 —2 1= .
Determine the Maclaurin series expansion of the function, f(x) = e®sinx Ans:

2 3.4 8 .5
14+x+ 57 — g2 — q2° + ...

Determine the Maclaurin series expansion of the function, log(1 + x) Ans:

2 3 x?
xr — - 4— =3 T 1 —F o e

. . . . . -1
Determine the Maclaurin series expansion of the function, et @ Ans :

1+a+2 — % —72 +...

. Determine the Maclaurin series expansion of the function, e*“?** Ans :

142+ 2 —22 — 112 4 ...
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20. Determine the Maclaurin series expansion of y = e!*"®

Indeterminate Forms:

lim x x z\ L
1. Evaluate ¢ — 0 (%)’”

July 2015, Model 2014)

Ans:l—l—zc+%2-|-%3_|_...

(VTU Model 2022, Jan 2021, Jan 2020,June 2019, Jan 2018,

Ans : (abc)s

2. Evaluate lim,_,, |2 — 2]"(5) (VTU May 2010) Ans:e?
3. Evaluate lim,_,o (cosz)t® (VTU July 2017)
4. Evaluate lim,_,o [t“%] 2z (VTU Model EE 2022, Jan 2017, July 2016) Ans: e3
5. Evaluate lim, o [502]32 (VTU Model ME 2022, July 2017)
6. Evaluate lim,_,¢ [%ﬁ (VTU Jan 2015)
7. Evaluate lim,_,o (2F5+7)0 (VTU Jan 2018, Jan 2014)
8. Evaluate lim,_,q (2 H°4+d% g (VTU Model ME 2022, July 2021, June 2019, June

2018, Model 2018, July 2017, Jan 2016, July 2014, Dec 2011)

9. Evaluate lam ;o [% — log(m%m)]

10. Evaluate l2m,_,q [i]zsmm

11. Evaluate lim,_,o () 2sinw

12. Evaluate lim,_,o(cos x) 22
limg_o [a® + w]%

[tanm] %

ta'n,2m)

14. Evaluate lim, = (tanz

15. Evaluate ltm,_, = cosz)

(tanx

16. Evaluate limg_, /2 (sin z)®*»®

17. Evaluate lim,_,o(cotz)t*"®

(VTU Model 2022)

(VTU Jan 2018)

(VTU Model 2018)

(VTU Jan 2021)

(VTU Model EE 2022, July 2021)

Ans : ae

(VTU Model 2022)

(VTU Model EE 2022)

Ans: 1

(VTU Model CV 2022, June 2018)

Ans: 1

(VTU Model CV 2022)
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Partial Differentiation :

1. If u = e(@®+%) f(ax — by) ,then prove that bu,, + au, = 2abu. (VTU Model 2022)

2. If z = sin(ax + y) + cos(ax — y), prove that % = azgiy‘; (VTU July 2017)
2

3. If u(x + y) = x> + y?2, then prove that ( e — g—z> =4 ( — % = g—;) (VTU Model

ME 2022, July 2017)

92r 1 or\2 or 2
2017)
5. Ifu = log(x® + y* + 2% — 3zy=z), then prove that u, + u, +u, = x+y+ and hence show
that
2
P P ) . —9
<% + 2 5) u= ot (VTU Jan 2014)

6. fV = (1 — 2zy + y2) "2 and wg—‘; — y%—‘; = 92V, then find the value of K. (VTU Jan

2016) Ans: 3
7. Ifu = f(x + ct) + g(x — ct) ,then prove that 22 at2 = 02% (VTU Jan 2018)
8. If u = log(tan x + tan y + tan z) show that sin 233 —|— sin 2y Ou —|— sin 2z = 2.
(VTU Model 2022)
9 Ifu = \/ﬁTﬁ) then prove that v, + vyy + v.. = 0

10. If u = log[* =%~ +y | then show that xu, + yu, =1
11. If u = log(x® + y® + 22), then show that (z? + y? + 22) (Uge + Uyy + u,) = 2

12. If u = tan™*! (Z) then find the value of Uzy + Uy, (VTU Model EE 2022)

Ans: 0

Differentiation of Composite functions :

1. Find total derivative of u with respect to t where u = tan~1! (%) ,x=et—e t,y=ett+e?t

(VTU Model EE 2022, July 2017)
2. If u = z3y? + 22y3, x = at?, y = 2at, then find ‘;—zt‘

3. Ifu = zy? + 2%y, x = at?®,y = 2at, then find 3_1: (VTU Model ME 2022)
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4.

10. I

11.

12.

13.

14.

If u = f(2x — 3y, 3y — 42,4z — 2x) then find the value of %um + %uy + i’u,z (VTU
June 2019, July 2017)

y’z'x

Tfu=f (E y —> then Prove that zug + yu, + zu, = 0 (VTU Model 2022, June 2019,

June 2018, July 2017, July 2016)

.Ifu=f(x—vy,y — z,z — x) then Prove that u,, + u, + u, = 0 (VIU Model ME 2022,

July 2021, Jan 2020, Model 2018, Model 2014, July 2003)

JMfu=f(y— 2,2z —x,x — y) then Prove that u, + u, + u, =0 (VTU July 2019)
qMu=f (a:z, g) then Prove that zu, — yuy — zu, =0 (VTU July 2004)
dfu=f (% m;m) then prove that z%u, + Y24, + 2%u, = 0  (VTU Model EE 2022 ,
July 2014)
2
fz = f(x,y), x = rcosf,y = rsind, then prove that (%)2 + (g—;) = (%)2 +
lz (g—) (VTU Jan 2018, July 2018, Jan 2015)
Ifz= f(z,y),x =e“+e ",y =e " — e then prove that £z, — Yz, = 2y — Zyp.

(VTU Jan 2016)

If u = log(tan x 4+ tan y + tan z) show that sin 2:1:% +sin 2yg—;‘ +sin 2z% = 2. (VTU
Model 2022) If u = e(®®+%) f(ax — by) ,then prove that bu,, + au, = 2abu by using the

concept of composite functions. (VTU Model 2022)

Ifu = sin™'(x — y),z = 3t,y = 43, then show that & =

\/1-t2
If z = f(x,y) where £ = u — v, y = wv then show that
(Duzy — vzy = (U4 )2,

(12) 20 + 20 = (U + V)2,

Jacobians (J) :

1.

2.

Ifu=2%, v=2=22 w== thenprovethatJ = % =4 (VTU Model EE

2022, Model 2018, June 2018, July 2015, July 2014).

fu=a?+y*+2% v=xytyz+zz, w=x+y-+z thenFde((““Z"))

(VTU Model ME 2022, Jan 2020, Jan 2018, July 2017, Jan 2015) Ans: 0
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33 fu=xz+y+z2z vu=y+2 uvw==z2 ,thenﬁnd.]:E)(m’—?”z)(VTUModeIZOZZ,

Jan 2016)

o (u,v,w)

Ans : u3v

4. If x = rsinfcos¢p, vy = rsinfsing, =z = rcosb then find the Jacobian of x, y, z

w.r.to r, 8, ¢. (VTU Model 2022, July 2016, July 2014) Ans :
r2 sin 0
5. fu = yfz, v=_ A w= wiy, find the Jacobian %. Determine whether u, v, w are
functionally dependent. (VTU July 2017)
6. Ifu =222 ¢ = BI3 = 4y = T2 thep find the value of J = 68(“& (VTU Jan
T1 T2 T3 (z1,22,23)

2017)

7. Ifu =z + 3y?, v =4x?yz, w = 222 —xy, then Find J% at (1, —1,0)

(VTU Jan 2018)

8. Ifu==x + 3y2 — 23, v = 43}2yz, w = 2z2 —r—vy , then find J(u"uaw) at

(1a _1a O)

(ﬂ%y,z)

(VTU June 2019, June 2018)

Ans : -28

9 Ifu=x+ 3y? — 23, v =4x%yz, w = 222 — zy, then Find J% at (1, —1,0)

(VTU Model CV 2022)

10. Ifu = 3z + 2y — z,v =& =2yz,w = x*> 4 2xy — xz, then Show that .J (“’”’“’) =0

I.fu=xz+y+2z v=y+2z w=2z ,thenfindJ =
12. If u + v = e®cosy u — v = e”siny ,then find —gEZ'Z;

_e2w

2

Maxima and minima for a function of two variables
Find the extreme values of the following functions
1. f(z,y) = ® + 3zy? — 3y? — 3z + 4

2. f(z,y) = %> + y?> + 62 — 12

3. f(z,y) = 2® + 3x% + 4zy + y?

TyY,z

(VTU 2021)

O(u,v,w) Ans: 1

A(x,y,z)

Ans :

(VTU Model 2022)

(VTU Model 2022)

(VTU Model ME 2022 )
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4.

10.

11.

12.

13.

14.

15.

16.

17

f(z,y) = ® + 3zy? — 1522 — 15y% + 72  (VTU Model ME 2022) Ans :

Maximum value is f(4,0) = 112 and Minimum value is f(6,0) = 108

f(z,y) = % + y3 — 3axy (VTU Model EE 2022)
Ans :

Extreme value=—a?

. fzyy) = z* + y*—22? + dxy—2y? Ans :

Minimum value attwo points = —8.

- f(zyy) = 2°y*(1-z—y)
f@y) =y + L+ %

. f(z,y) = 23 + y3-3z—-12y + 20 (VTU Jan 2020, June 2019)

f(z,y) =2+ y> — 122 — 3y + 20 Ans :

Minimum Value = f(2,1) = 2, Maximum Value= f(—2, —1) = 38
flxyy) =2+2z+2y — 2 =¢° (VTU Jan 2021)

S.T. f(x,y) = zy(a — x — y) is max. at (%, %‘) Find the maximum value. (VTU Model
CV 2022, July 2021)

Find the extreme points of the function f(z,y) = 2 (22 — y?) — z* + y* (VTU Model CV
2022) Ans :
max f = 1& min f = —2

Find the extreme values of the function f(x,y) = SinxSinySin(x + y) Where
0<z<3.0<y<3

In a plane triangle find the maximum value of Cos ACosBCosC (VTU June 2019) Ans:

maximum value is %)
In a plane triangle find the maximum value of sin x sin y sin z (VTU 2021)

Examine the function f(x,y) = Sinx + Siny + Sin(x + y) for extremum. Ans : Max

33

value is =
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18. Examine the function f(z,y) = 1 4+ Sin(x? + y?) for extremum

( Ans : minimum value is f(0,0) = 1)

19. Find the stationary points of z = x2 — xy + y? — 2z + y and hence find its maximum and

minimum values. (Ans:Minimum value is f(1,0) = —1)

20. Show that the function f(xz,y) = «* + y® — 3zy + 1 is minimum at the point (1,1) (VTU
Model EE 2022 )
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Module 3-Ordinary Differential Equations

(ODE’s) of first order

Syllabus

Linear and Bernoulli’s differential equations. Exact and reducible to exact differential equations,
Orthogonal trajectories, L-R & C-R circuits, Problems
Non-linear differential equations: Introduction to general and singular solutions, solvable for p only,
Clairaut’s equations, reducible to Clairaut’s‘equations. Problems.
Self-Study: Applications of ODE, Solutions of nonlinear ODEs-Solvable for x and y
Definition of ODE: A differential equation is any equation which contains derivatives, either or-
dinary derivatives or partial derivatives. A differential equation is called an ordinary differential
equation(ODE), if it has ordinary derivatives. in it. An ODE involves derivatives of an unknown func-
tion with respect to a single independent variable, which we usually call y(x) (or sometimes y(t) if
the independent variable is time ¢).
e.g.: Z—Z + 5y = s2na is an ordinary differential equation.
Partial Differential Equations:
A differential equation is called a partial differential equation(PDE), if it has partial derivatives of
an unknown function of two or more variables.
Order of a Differential Equation: The order of a differential equation is the order of the highest
order derivative occurring in it.
Degree of a Differential Equation: The degree of a differential equation is the degree of the highest
order derivative occurring in it, when the derivatives are free from radicals and fractions.
Solution of a Differential Equation: A solution or Integral of a differential equation is a relation

between the independent and the dependent variables which satisfies the given differential equation.
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General Solution or Complete Integral: A solution containing the number of arbitrary constants
equal to the order of the equation is called the general solution or complete integral.

Particular Solution : Any solution obtained from the general solution by giving specific values to
one or more of the arbitrary constants is called a particular solution.

Initial Value Problem: In most cases the unique solution of a given problem, hence a particular so-
lution, is obtained from a general solution by an initial condition y(x¢) = yo with given values and
, that is used to determine a value of the arbitrary constant c. Geometrically this condition means that
the solution curve should pass through the point (g, Yo ) in the xy-plane. An ODE, together with an
initial condition, is called an initial value problem. Thus, if the ODE is explicit, y’ = f(x,y) the

initial value problem is of the form ¥y’ = f(x,y), y(xo) = Yo

3.13 Exact Differential equation:

A differential Equation of the form Mdx + Ndy = 0 or M (x,y)dx + N (x,y)dy = 0is

said to be exact if

oM 8N
dy.  Ox

and its solution is obtained by using the formula,

M  dx+ / (Terms of N not containing x)dy = ¢

(y—constant)

Problem 3.13.1. Solve (22 — 4zy — 2y?)dz + (y> — 4zy — 22%)dy = 0

Solution: Given equation is of the form Mdx + Ndy = 0

where M = x? — 4zy — 2y? and N = y? — 4zy — 2x°

;)Y P ON _ ...
oy — dor — 4y, 5 = —4dy — 4x
. &M __ 8N
9y ~ Oz

.. Given equation is exact.

c.solutionis [ M dx + [(Terms of N not containing x)dy = ¢
(y—constant)

ie. [(x® —4xy — 2y?*)dx + [y dy =c

23 22 2 3
S —4%y—2y a:—l—y?_c

ie. 3 — 6x%y — 6zy®> +y> =3c=C

Problem 3.13.2. Solve (y2e®¥’ + 42%)dx + (2zye™” — 3y?)dy = 0. (VTU Jan 2014, Model
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2014)

Solution : Here

M = y?e™ + 42%, N = 2zye™ — 3y?

oM
" —By = y?. ™ 2xy + Y - 2y = (2y + 2zy°) ey’
ON
oy = 26"y + 22y [ewyz} = (2y + 2ay®) e’
and since %—A; = %—JZ, the given equation is exact.
Ik M  dx + [(Terms of N not containing )dy = ¢ (1)

(y—constant)
Integrating M w.r.t.  keeping y as constant, we get

zy? 4

e xZr
/(y2emy2 _|_ 4m3) dm — y2 _|_ 4= — e;l;y2 _|_ w4
y? 4

Integrating the terms of /N which are free from x, wir.t. y, we have
3
/ (—3y?%) dy == —3% =—y°

Substituting in (1) we get the solution in the form :

2
i+ e —yd=c¢c

Problem 3.13.3. Solve (1 + e%) dx 4 (1 _ g) esdy = 0. (VTU June 2014)

Solution : Here

Yy
oM _ 2 ( =z
ay — €7 yz)

AN __ _z 1 1(,_2 z _ =z ®
and - e/y-a——<ey—|—wey—>——y—zey
since 2M — 9N ‘the equation is exact.

oy ox

Solution is given by [ M dx + [(Terms of N not containing x)dy = ¢ (1)

(y—constant)

Integrating M w.r.t.  keeping y as constant, we have

. ev
; pr— pr— :l:y
/(1—|—e>dw :c—{—(l/y) T + ye

since in IN there is no term free from x, hence the solution (1) becomes

(y—constant)

az—l—ye“’/y:c

Problem 3.13.4. Solve (ycosx + siny + y)dx + (sinx + xcosy + x)dy = 0 (VTU Jan 2016)
(or)

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 68

Solve %  lwcosedsinyty) _ (VTU Jan 2020, Jan 2019, June 2018, Jan 2018)

(sinz+zcosy+z) ~

Solution :Given equation is of the form Mdx + Ndy = 0

Here M =ycosx +siny+y, N =sinx+ xcosy+x

oM ON
—— =cosx +cosy+1, — =cosx+cosy—+1
oy ox

Since %—A; = %—]:, the equation is exact.

Solution is given by

Ik M  dx + [(Terms of N not containing )dy = ¢

(y—constant)

(ycosx + siny + y)dxr = ¢

(y—constant)

t.eysinx + (siny + y)xr = c. (. /kzdm = kax, where k is a constant)

Problem 3.13.5. Solve [y (1 + ) + cosy| do/+ [z + logz — xsiny]dy = 0 (VTU Jan
2021)

Solution :Given equation is of the form Mdx + Ndy = 0
Here

1
sz(l—i——)—l—cosy
x

N =x + logx — xsiny

oM 14 1 . dN

— = — —siny = —

oy T Y dx
Equation is exact.

Solution is given by [ M dx + [(Terms of N not containing )dy = ¢

(y—constant)

1
/{y (1+—)+cosy]dm—|—0:c
x

(y—constant)

ie. y(x+logzx)+xcosy=C

Problem 3.13.6. Solve ye™¥dx + (xe*¥ + 2y)dy = 0 (VTU Jan 2018)

Solution :Given equation is of the form Mdx + Ndy = 0
Here M = ye®¥, N = xe®™ 4 2y
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oM

— =y (e .x)+ e =e"Y(zy+1)
Ay

ON

O (e ) + ™ = e (ay + 1)
ox

oM ON L

—— = ——, the equation is exact.

Oy x

Solutionis givenby [ M  dx 4 [(Terms of N not containing )dy = ¢

(y—constant)

/ ye®™ dx + /Zydy =c
(y—constant)

ey 2
y'——l—Z-y—:c or e +y’=c
] 2

Problem 3.13.7. Solve (e¥ 4 1) cos xdx + e¥ sin xdy = 0.

Solution : Here M = (e¥ 4+ 1) cosz, N = e¥sinx

ON

= 9M _ oy cos xr, - =eYcosz.
oy ox

Since 2M — 9N 'the equation is exact.
oy ox

Solution is given by
/ M  dx + [(Terms of N not containing &)dy = c
(y—constant)

Integrating M w.r.t. © keeping y as constant, we have
/ (e +1)cosxzdx = (¥ + 1) sinx

Now since in IN there is no term free from x, the solution is

(e +1)sinx = ¢
Problem 3.13.8. Solve:

(5:04 + 3x2y? — 2:13y3) dxr + (2:133y — 3z%y? — 5y4) dy =0

Solution : Here, M = 5x* + 3x2y? — 2zy3, N = 2z3%y — 3z2y? — 5y*
oM ON
—— = 6z%y — 6zy?, —— = 6z%y — 6xy?
oy Ox

oM

oy = om the given equation is exact.

Since,

Now Solution is given by [ Mdx + [( terms of N is not containing ¢)dy = C  ( y constant)
/ (5x* + 3xy* — 2zy®) dw + / —5y*dy = C

=5+ x3y? — 223 — o - C
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3.14 Equations Reducible to exact form

Sometimes a differential equation which is not exact may become exact on multiplication by a
suitable function known as an Integrating Factor.(L.F.)

Consider the general differential equation Mdx + Ndy = 0

If =— BM = 3—N then compute = B—M — %—N and check whether it is near to M or N.

ON _ oM

Case 1 : If it is near to M then compute % and if this gives a function of y only, say f(vy) ,

then

I.F. = e/ f(Wady

oM _oN
Case 2 : If it is near to N then compute ~-°*—°*> and if this gives a function of x only, say g(x) ,

then

I.F. = el 9(@)da

Finally multiply the given differential equation by:the integrating factor which reduces to the exact
form. and the Solution is given by

/M  dx+ [(Terms of N not containing &)dy = ¢

(y—constant)

Problem 3.14.1. Solve (x? + y? + z)dz + xydy = 0. (VTU July 2017, Aug 2001, Mar 2000)

SOlution : Here M = 22 4+ y%2 + z and N = zy

oM ON

. OM 4 ON
* Oy ox
Consider (%—A; — %—g) = 2y — y = gy which is near to N.
oM _oN
-.compute 02 = by = & = g(x)

I.F. = e/9@dze — of Edm = el"gm =

Multiplying the given differential equation by the integrating factor (i.e. ), we get
(z® + zy? + x?)dx + z?ydy = 0.

This is in exact form.

.. its solution is

M dr + / (Terms of N not containing x)dy = ¢

(y—constant)
ie. f(w?’ + wyz + a:z)da: +0=c

Problem 3.14.2. Solve (zy® + y) dxz + 2 (*y? + = + y*) dy = 0. ( VTU Jan 2015)
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Solution : Here M = zy® +y, N =2 (z?y*+ =+ y*).

OM wu? 4+ 1 ON Azy? 4 2
— = 32 — = 4
By v+l - y
N 1 (8N 8M> (4zy? + 2) — (3zy® + 1)
ow — — =
M\ dx Oy y (1 + zy?)
B rzy? +1
-y (1+ zy?)
_ 1
Yy
Hence LE — e/ v®
— elogy
=Y

Multiplying the equation by y , we have
(my4 + y2) dx + 2 (m2y3 + xy + y5) dy =0

Above equation is exact.

Solution is given by

M  dx+ / (Terms of N not containing x)dy = ¢

(y—constant)

i.e. / (xy* + y?)dx + 2/y5dy = cc
(y—constant)

or

3324 6

Yy
+ 9y’ 4+ 27
2 Y 6

=2cC
or

3z2y? + 6y’z + 2y% = ¢

Problem 3.14.3. Solve (y* + 2y) dx + (zy® + 2y* —4x)dy =0
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Solution :

M = y* + 2y, N = z2y® + 2y* — 4z

— 4y3 + 2,

:y3—4

_ WP - (4 +2)

Here
oM
ON
ox
ON oM
FE

M

LE

yt + 2y
=3+ 2)
y (y2+2)

=—§=ﬂw

Yy
— el fw)dy

Multiplying the given equation by y%, it becomes

(+ - ) (

Which is exact.

Hence the solution is

M

(y—constant)

4x
T+ 2y — —

)dyzO
Yy

3

dr + / (Terms of N not containing )dy = ¢

2
i.e. /(y—{——2)dw—|—/2ydy:c
Y

y—constant

2 2
or y—i—E 4+ Yy =c

Problem 3.14.4. Solve (2 + y? + 2x) dx + 2ydy = 0

Solution : Here M = (z? + y? + 2x),

= B_M:2ya

ON __
oy %e =0

ox

Now l(a_M_a_N>:2_y:1

N oy ox 2y

This can be treated as a function of x only.

Hence, the LF. = e/ 9@ = &=

N =2y

Dr. Shantha Kumari K

AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 )

Page 73

Multiplying the equation by e*, we have
e’ (:132 + y2 + 2:1;) dx + 2ye*dy =0

Above equation is exact.

Solution is given by

Ik (y_cg\imnt)dm + [ (Terms of N not containing x)dy = ¢
Hence the solution is [ e (z? + y? + 2z)dx + 0 = ¢

(." 2ye” is not free from x)

or [ (2 + 2z) e*dx + y* [ e*dx = ¢

Integrating by parts

(a:2 + 233) e® — / (2z + 2)edx + yz/ e®dr = ¢

(a:z + 2:1:) e” — [(2x + 2)e” + / 2e*dx] + y’e” = ¢

(a:2+2w) e” — (2x + 2)e* +2e* =c
[? 4+ 22 — 22 — 2 4+ 2]e® = ¢

or (x> +y?)e* =c

Problem 3.14.5. Solve z?ydx — (z3 4 y3)dy =0

Solution : The given equation is z2ydx — (3 + y3)dy = 0
Comparing it with Mdx + Ndy =0

M:m2y; N:_m3_y3

oM , ON )
— =z — = —3x
dy ox
ON M
Pw by _ —32°—a® _ —4
M 2y v
Hence L.F. is
—4 B a B
I.F.:efydy:e dlogy _ logy =y 4

Multiplying the given equation by # it becomes

x2 3 1
Edw— — 4+ —|dy=0

Solution is given by

(VTU Jan 2010, Dec 2009)

M dr + / (Terms of N not containing x)dy = ¢

(y—constant)
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Hence the solution is

x? 1
/ — dw—/—dy:c
Yy Yy

(y—constant)

or
x3 |
— —logy =c.
3g5  \°8Y
Problem 3.14.6. Solve (xy? — ez%)da: — z2ydy = 0. (VTU Jan 2015)
Solution : Here
= zy? — em%’*, N = —z?y
oM 0 ON \
_— €T —_— = —Z
ay Y, 92 Yy
OM __ 8N
oy — oe _2xy — (S2ay)
N —x3y
Q 4dxy
S
4
=— =f(@)
T
LF. = e/ /(@de
— ef—%dm
A e—4log$
— elogz_4
= .’,U_4
Tt

Multiplying the given equation by #, it becomes
2
Y 1 1 y
(_:z:3 — —m4em3) dr — _aszdy =0
which is exact.

Hence the solution is

M  dx+ / (Terms of N not containing x)dy = ¢

(y—constant)
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2 1
/(y———ew3)dw—|—0—c
/—dw—/—em3dw—c

/ —ew3 dx + ¢ ()

To evaluatef L o5 de, put 55 =t, i.e. w =
——dsc =dt or —dsc = ——dt
xt 3
o[ e ()
—ew3 de = | e |——)dt
3
_ L
3
1 1
= —5623
Hence, from (*), the solution is
2
Jj L s
_—— —E=z = C
2x2 + 3
Problem 3.14.7. Solve (z? + y® + 6x)dx 4+ y?>zdy = 0 (VTU Model 2021, July 2016)

Solution : Here M = z2 4+ y3 + 6z and N = xy?

ON

2 —_— =
ox Y

= 3y~ 2

Oy

1(8M BN)_ 1(32 2)_2
N \ 0y ox ) wy? Y Y oz

which is a function of x alone.

Hence

I.F. — o) 2dx _ 2logz _ logz® _ .2
Multiplying the given equation by x2? we get

(z* + 2%y® + 62°)dx + 2>y*dy = 0
This is exact. Hence the solution is

/ (a:4 + 2%y + 6m3)daz +0=c

y—constant

. x5 323 az4_
Le. < +v 3 —|—64 =c

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 76

3.15 Linear Differential Equation

A differential equation is said to be linear if the dependant variable and its differential co-efficients
occur only in the first degree, and are not multiplied together

The first order linear differential equation is of the form

dy
—+Py=Q
dx

where P and Q are functions of x only or constants. Its solution is given by

y(I.F.) = /Q(I.F.)d:c +c where I.F.=elPd=

Note : A first-order ODE is said to be linear if it can be brought into the form 3—2 + Py = @ where
P and Q are functions of x only or constants (linear in y)

The equation linear in x can be written as

dx
— + Px=Q
dy

where P and Q are functions of y only or constants.

In this case solution is given by

z(I.F.) = /Q(I.F.)dy 4+ c where I.F.=elP%

3.16 Equations reducible to linear

d
General equation reducible to linear form is| f’ (y)ﬁ + P f(y) =Q (D

where P and (@ are functions of & only or constants.
Putting  f(y) = z so that f’(y)j—z = g—;

Equation (1) becomes 3—; + Pz = @, which is linear in z.
Its solution is given by

2(I.F.) = [ Q(I.F.)dz + c where I.F. = e/ Pd=
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3.17 Bernoulli’s Linear differential Equation :

General Form :

dy n
— +Py=Qy
dx

where P and @ are functions of x only.
To solve this, we use the following method.
Divide by y™
1d 1 _
then = o dz + —nPy =Q
i.e. ,y—ndy _|_,y1 "pP=Q

Putyl™™ = tthen (1 — n)y "% = &

—nﬂ _ 1 dt
Y dr ~ l-ndzx

.. (2) becomes Lﬁ + Pt=Q

or 2 + (1 — n)Pt = Q(1 — n) which is linear in £.
Its integrating factor is given by

LF. = e/ (—m)Pdt,

And its solution is given by
t(I.F.)=[(1—n)Q(I.F.)dt+c

Note : Another form of Bernoulli’s'equation is

dx
— + Pz = Qzx"
dy

where P and @ are functions of y.

Problem 3.17.1. Solve Y + xsin2y = x3 cos? y.

- . T 2 1 sin 2y
Solution : Dividing by cos® y, we get vy dw L cosiy L = a3
: 1 2sinycosy .3
1 'coszyd:c—i_ cos2y r=x

or sec? yd + 2z tany = x3

Putting tan y = z, we get sec ydy = 3—;

Therefore equation reduces to Z—; + 2xz = 23

This is in the form 3—; 4+ Pz = Q, where p = 2z and Q = z3

2

LF. = e(f 2wde) _ et =e*’

o))

2)
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Hence the solution is

or

or

z(I.F.) = /Q(I.F.)dac +c
ze® = /a:3ew2d:13 +c
= /:z: - x2e® da +c
Put t = 2
dt

dt = 2xdx = xdx = E

So (*) becomes

1
ze® = _ /tetdt +c

2
_1
2
1
= — [tet — et c
 [tet e +
1
— [m2ew2 _ 6w2} —|—C
2
x?2 1+ y
z=———-+ce
2 2

tany = % (:132 - 1) 4+ ce™ @

Problem 3.17.2. Solve 3—;’3 + ytanz = y3secx

Solution : Dividing by y3 we get

1 dy 1 _
S T gztanx =secx .. (D)
Let L =2

y

Then (;—3) (dy/dx) = (dz/dx) = L% =

y3 dx

So given equation can be written as

—1dz _
3 do 4+ tanx z = secx
dz _
= —2tanx z = —2secx

This is linear equation in variable z.

Here P = —2tanx and Q = —2secx

LE = edew — ef —2tanzdr _ ,—2logsecx

- (%)

{tet - / etdt} + ¢ (byusing integration by parts)

( VTU June 2019, Jan 2018, Jan 2015)
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Hence solution is

z(I.F.) = /Q (I.F.)dx + c

1
= (1/9?) - :/(—2sec:13) dr + c
sec? x sec? x
1
= (1/9?) - = /—200333 +c
sec? x
1
i.e. (1/y?) - = —2sinx +x + ¢
sec? x
Problem 3.17.3. Solve a:;l—z + y = x395.
Solution : Let wg—z + y = x3y5.
Divide both sides by xy®
y ot =a
Puty=> =1t
—6dy __ dt
Then —5y~°¢% = -
—6dy __ 1 dt
VT S
Using (3) in (2), we get
1dt |t _ 2
TSa T X
et — 5L = 52
This is in the form j—; + Pt = Q,
which is linear in t, where P = =2, Q = —5x?
S LR = el Pd=
— e—SI%dm
— e—5logw
— eloga)_{’
1
T

Solution is given by

t(I.F.) = /Q(I.F.)dzc +c

1 -3
t—=-5 [ 7 %dx +c
5
5:13_2+
=-—-5—+c¢
—2
. 1 5
1.€. =—+4c

:1:5y5 22
Problem 3.17.4. Solve: (1 + y?)dz = (tan™'y — ) dy.

[z =1/y"]

(VTU Model 2014)
(1)
2)
3)
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Solution : The given equation is (1 + y?) dz = (tan™

dx

1

y—x)dy

(1—|—y2)d—y:tan_1y—az

(1—|—y2)d—w—|—a::tan_

1

dy Yy
dx 1 -1
5 + r — Yy
dy 1+ y? 1+ y2
It is of the form -|- Px = Q
ILF. = ef Pdy — ef ﬁdy — etan_ly

The solution is

2(I.F.) = /Q (I.F.)dz + ¢

tan~ly _
o [ gy e

1+y

= /tetdt + ¢, where t = tan~ 'y, dt =

d
T+ Y

= te! — / e'dt + ¢ (Integrating by parts)

:tet—et—l—c

=el(t—1)+c

. —1
ie. xe®™ Y —=¢

orx = tan~ "

Problem 3.17.5. Solve: zy (1 + zy?) & = 1.

tan—1y

_ly—l)c

y—1+ ce Ty,

VTU July 2017

Solution: The given equation can be written as 5" d‘”c = zy (1 + zy?)

Z—Z = zy — x?y3

o —yz =y’

Dividing by «?, we have w‘zg—z —yxt=14°
Putting =1 = z so that —m_2‘;—z = Z—;

or w‘zfl—;j = gz

Equation (1) becomes —Z—; —yz =193
or % +yz = —y3,
This is in the form —|— Pz=Q

o))
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which is linear in z, with P = y and Q = —y3
LF. = e/ Py = e vdy — ¢2v”

The solution is
z (I.F.) = /Q (I.F.)dy + c
z-e2¥’ = / [—’y3e%y2} dy +c
— 2 ,1y?
=— [yex” ydy+c - (%)
1, 1 2
Putt = Sy then dt = E(Zydy) = ydy and y* = 2t
Now (*) becomes
2. e3¥ = —/2tetdt + ¢,
= -2 {tet - / 1- etdt} + ¢ . (integrating by parts)
= —2(te’' —e') + ¢
= —2'(t—1) fe
. 1,2 1,2 ]- 2
t.e.z-e2¥ = —2e2¥ Ey —1)+e¢
14 L/
=>z= -2 Ey — 1)+ ce 2Y

1
=>—:2—yz—|—ce_%y2
T

Problem 3.17.6. Solve (x + 2:‘/3)% =y (VTU July 2015)

Sol: The given equation is (xz + 2y®) 3—?; =y

y.j—z:w+2y3

Divide by y, we get

dz _ = 4 9,2
dy y+ Y
dx 1 2
S —=ex =2
dy ] 4

It is of the form Z—z +Px=Q
Here P = —i,Q = 2y?2

1
—=d _ —1 _
IF. = e/ 9% — g~ logy — glogy™" — y~l =
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.. The solution is

xz (I.F.) = /Q (I.F.)dy + ¢

1 , 1
r-—= [ 2y°-—dy+c
Yy Y

:/2ydy+c

or xz=19y>+cy

Problem 3.17.7. Solve rsinf — 0050% = 72 (VTU Jan 2020, June 2018, Model 2018)

Solution : The given equation can be written as
—% cos 0 + rsin 0 = r?
Dividing by 72 cos 6, we get

—’r‘2% +r~1tan @ = sec 0

1 —2dr _ dz

= z so that —r~“ 5 = = in the/above equation, we get

Putting r~
Y | tand = seco
26 ztan @ = sec

LE = eftanGdB — elogsece — sec 6

solution is given by

zsecO:/sec@,sec9+C:>vsect9:/sec20d9+C

. secH
1.€. =tanl 4+ C
r
= r~ ' = (sin + C cos 9)
1

sin@ + C cos 0

3.18 Nonlinear differential equations:Differential Equations of First order and

higher Degree

We are already familiar with differential equations of the first order and first degree , Now we
shall study differential equations of first order and degree higher than the first. We are familiar with
the solution of differential equations (d.e.) of first order and first degree Now, we shall study the
methods of solving differential equations of first order and higher degree. In addition to the general

solution and particular solution associated with the D.E., we also introduce singular solution. The
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differential equations of first order but not of first degree are also branded as p — y — x equations.

dy_
de

If y = f(«), we use the notation p |throughout this section. A differential equation of first

order and nth degree is the form
Aop™ + Aip" T+ App" TP e+ A, =0 (1)

Where Ag, Ay, As,--- , A, are functions of « and y. This being a differential equation of first

order, the associated general solution will contain only one arbitrary constant.

3.19 Differential Equations solvable for p

Supposing that the LHS of (1) is expressed as a product of n linear factors, then the equivalent

form of (1) is

(p — fa(z,y)(p — fo(z,9)) - - - (P — fu(z,y)) =0
Equating each of the factors to Zero, we have

p= fi(z,y),p = fo(z,y),p = f3(z,4), - P = fulz,y)
All these are differential equations of first order and first degree. They can be solved by the known
methods.

Solving each of these equations of the first order of first degree, we get the solutions
Fi(z,y,c) = 0, Fp(z,y,c) = 0, Fp(z,y,c) =0

respectively.

General solution of (1) may be written as the product of all these solutions. i.e.

Fl(ma Y, C)'FZ(ma Y, C).F3($, Yy, C) ce Fn(ma Yy, C) =0

Note : We need to present the general solution with the same arbitrary constant in each factor.

Problem 3.19.1. Solve the equation p> + p(z +y) + zy = 0 (VTU Jan 2013, Dec 2014)

Solution: The equation can be written as p? + px + py + zy = 0
ie.p(p+x)+yp+x)=0

ie.(p+y)lp+x)=0
ie.p=—yandp = —x

dy

Solvingp = —y = 5 = —y
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e — _dx
y

Integrating on both sides
logy = —x + ¢
ie.logy+x—c=0 (D

Sl
ghe
I
|
8

Similarly Consider p = —x —>
ie. dy = —xdx

Integrating,

y=—§+c

iey+Z —c=0 2)

General Solution is obtaied by multiplying the solutions (1) and (2).

2
x
Hence the General Solution is , | (logy + © — ¢)(y + & c)=0

Problem 3.19.2. Solve j—y — Z—m —z
L Y K

— % (VTU Model ME 2022, June 2018, July 2017, Jan 2016,
June 2015, Jan 2016)

dy _ dz __

. z
Solution : o dy = b

1 xz2—9? dy
— = ———, wherep = —
P Ty dx
xzyp® — (2 —y’)p—xy =0

(2 —y?) £ \/(mz —y?)” + da?y?
p =

2zy
(2 —y?) £ (2® + y?)
N 2zy
or
T Yy
P=— 3 = -
T
dy «x dy y
dx Yy de =z
ydy = xdx ; —dy = ——dx
Y T
y? 2
—=—+4c logy = —logx + c
Integrating both sides 2 2 .. The gen-

or y?’—2>—2c=0 or logzy=c or zy =e"

eral solution of given equation is (y? — 2 — 2¢) (xy — e) = 0.

Problem 3.19.3. zy (%)° — (22 4+ y?)% 4+ 2y =0  (VTU Model 2022, Jan 2019, Jan 2018)
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or

Ty {(3—5)2 + 1} = (22 + y*) L (VTU June 2018)

Solution :
zy(dy/dx)? — (:1:2 — yz) dy/dx +xy =0
Putdy/dx = p
zy-p* — (2 +y*)p+zy=0
This is a quadratic equation in powers of p.

(@) /(@ + 90)° — Aay) (ay)
- 22y

S.D

p— (a}2 + y2) + \/$4 + y4 + 2w2y2 4 4$2y2

2xy
(2P 4y Vet + yt — 222y2
2zy
_ @4y £ (@ —y?)
2xy
24+ y:+ 2 —y? 222 =z
2xy 2zy ]
&p = a:2—|—y2—w2—|—y2 = 2y2 :g
2zy 2zy x
i.e. values of p are
2= (1)
and Z—Z =1 (2)
Solution of (1) :
dy =
dr vy
ydy = xdx
/ydy = /acd:c
2 2
Y
- = — C
2 2 +
y? =2+ 2¢
y?— x> —2¢, =0 (3)
Solution of (2) :

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 86

dy _y
de =
dy dx
¥y oz
dy dx
/?_ £l

logy = logx + logc

= log(cx)
y=cx
y—cr=20 -+ (4)

.". The general solution of given equation is

(y> —x? — 2¢;)(y —cx) =0

Problem 3.19.4. Solve p? + 2pycotx = y? . (VIU Model 2022, Jan 2020, July 2016, June 2012)

Solution : Given p? + 2pycotz = y?
Adding y?cot?x on both sides, The above equation can be written as
(p+ ycotx)? = y? (1 + cot?x)

or p-+ ycotx = Fycosecx

.. The component equations are p = y(— cot &+ cosec x) @))
and p = y(— cot x — cosec x) (2)
From (1),

g—z = y(— cot = + cosec x)

or ‘L—y = (— cot x + cosec x)dx
Integrating

T
logy = —logsinx + logtang + logc
ctan

sinx
ctan

= log

: €T €T
2Sln§COS§
c
2z
2 cos >

5 T c
or Y cos 5 = ¢y, wherec; = >

From (2), g—z = y (— cot x — cosecx)
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or ‘;—y = (— cot x — cosecx)dx

Integrating
. T
logy = — logsinx — log tan 5 + logc
1 c
= log ——MMM
8 sin x tan 7
or
c . 2
= T . 5z orysimn — = C
2sin” 3 2

. The general solution of the given equation is (y cos> 2 — C) (ysin*% — C) =0

Problem 3.19.5. Solve p(p + y) = xz(x + vy) (VTU Dec 2014, July 2011, Dec 2011)

Solution: Given equation is

p’+py=2"+zy

or
p? 4+ py — (a:2 + azy) = 0, /which is quadratic in p
—y £ Y2+ 4 (2® + zy)
p= >
_ —yE/(y + 2x)?
B 2
—y+y+2 —Yy—y—2x
= or —
2 2
Thusp = x (1
orp=—y—=x )
From (1), Z—Z =x or dy = xdx
Integrating both sides,
x? n
= —+c
Y 2
2
T
or y———c=0 --+(3)
2
and From (2)
dy
—_— = — — w
dx Y
dy
or — = —x
dx Ty
which is linear equation in y with P = 1 and Q = —«x

LF zefp‘]l“’:/e’”d:z::em
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.-, Its solution is

y(I.F.) = /Q (I.F.)dx + ¢
= ye” = [(-w)er e
= (—x)e” — /(—l)emdaz + ¢ [Integrating by parts]
= —xze*+ e+
=(—xz+1e"+c
y=—x+1+ce™

ory+x—1—ce =0 -++(4)

Combining (3) and (4), general solution is

22
<y—3—c) (y+zc—1—ce_m):0.

3.20 Clairaut’s equation

The equation of the form

y = pz+ f(p) (1)

is known as Clairaut’s equation.

Using p = cin (1) we obtain the general solution of clairaut’s equation in the form

y=cx+ f(c)

Differentiating the general solution partially w.r.to ¢ and eliminating the constant ¢, we get the singular

solution.

Problem 3.20.1. Solve p = log(pz — y)

Solution :
or e’ =px—y ory = px — eP, which is Clairaut’s equation where f(p) = —eP
Its solution is obtained by putting p = ¢
solution is y = cx — e°.

Problem 3.20.2. Solve sin px cos y = cos px sin y + p. Also find the singular solution. (Jan
2014)
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Solution :
Given sinpxrcosy — cospxsiny = p
or sin(pr—y)=p
or pxr—y=sin"'p
or Yy = px — sin™! p,
this is in the formy = px 4+ f(p) which is Clairaut’s form
Solution is obtained by replacing p by c.
Hence the General solution is

y =cx + sin"'c (%)

Differentiating equation (*) partially w.r.to ¢

0= !
T+ v 1—c?

1 _

1—c2
1=—xv1-—c?
1=2x%1—c?
1—c®= 2
2 =1— # — mi;l

1V z3-1

vV 2 .
Substitute for ¢ in (*) we get, y = wx L + stn—

Problem 3.20.3. Obtain the general solution and singular solution of the Clairaut’s equation p3 —

yp®>+1=0. (VTU July 2017, Jan 2015,June 2014, Dec 2011)

Solution: The given equation can be written as
xzp3 +1
Yy=—>S
b
1
= y = px + —; which is in the Clairaut’s form y = px + f(p)
p

Thus general solution is given by y = cx + clz *)
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Differentiating partially w.r.to ¢ we get

Thus general solution (*) becomes

Cubing both sides, we get

2 1/3 T 2/3
= —_ €T —|— —_
v=(2) =+ (3)
m2/3

_ 51/3..1-1/3
=2z + 22/3

1
2/3 [ 51/3
- <2 g 22/3)

241
- ()
22/3

22/3y — 3.2/3

41/3y — 3(m2)1/3

49 = 272>

This is the singular solution of the given Clairaut’s equation.

Problem 3.20.4. Find the general and singular solution for xp? + xzp —yp+1—y =0 (VTU

June 2018)
Solution :
_ 1
Yy = px + |

G.S. is given by putting p = ¢

1

Hence G.S.isy = cx + e

Diff. partially w.r.t. ¢,

zp’ +pr—py+1—y=0

zp’ +pr+1=y(p+1)
xzp? +pxr+1

(p+1)
_zp(p+1)+1

(p+1)

ey

Dr. Shantha Kumari K

AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 )

Page 91

— p o 1
0==x 12

1 _
O ez = 7F

or(c+1)2=1
(c+1) =%

or c= ﬁ -1
Hence (1) becomes

y=(01—-vVzr)Vr+ vz

=y=+Vz—z+ix

Yy = 2\/5— x
=z+y=2Vz
squaring
(z +y)* =4z

Reducible to Clairaut’s equations

Problem 3.20.5. Solve: (px — y)(py + =) =

substitution X = x2,Y = y2.

Solution : Put X = 2

and Y =y?

so that dX = 2xdx and dY = 2ydy

dX d __ dy

tz.e.dxr =

2z Yy 2y

y_ng_\/XP

p_d:c_yd_X_\/Y
ay

where P = ax

The given equation becomes

(P - vX - VY) (EP- VY + vX) = 2%
or (PX-Y)(P+1)=2P

orPX —Y = P+1

ﬂlﬂ

or ' Y =PX — which is of Clairaut’s form.

P—|—1’

2p by reducing into Clairaut’s form,taking the
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2c
c+1

2c
c+1°

Its solutionis Y = ¢X —

and hence y? = cx? —

Problem 3.20.6. Solve (px — y)(py + ) = a’p, use the substitution X = x?,Y = y2. (VTU
Jan 2018, July 2017, June 2014, June 2015, Dec 2011)

Solution:
Solution: Given (px — y)(py + =) = a’p (1)
9 ax
X =z"=— =2 = dX =2zdx
dx
0 dy
Y=y :>d—:2y=>dY:2ydy
Y
dY ydy ydy
dX xzdx axdz
VY
P=—p
VX
XP
orp=——
P VY
dy dy

where P = o=, p=

Substitute for P,  and y in the given equation, i.e. (px — y) (py + ) = a®p we get

v X v X v X
—PVvX —-VY ——PVY +VX | =a*—=P
VY VY VY
XP-Y X
_ XP+VX)=a*>—=P
() (Vxr v =5
Multiplying both sides by V'Y we get
(XP-Y) (\/XP + \/X) — a?PVX
(XP-Y)(P+1)VX =a’PVX
(XP-Y)(P+1)=a®P
a’P
(XP-Y)=
P+1
a’P
orY = XP —
P+1
This is in the Clairaut’s form and hence the associated genertal solutionis Y = Xc¢ — :icl

Resubstituting for X and Y we get

azc

c+1

y? = cx® —

Problem 3.20.7. Find the general and singular solution of the equation z?(y — px) = p?y by
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reducing into Clairaut’s equation using the substitution X = x2,Y = y? (VTU July 2016)

SOlution :

_ 2 4X _
X_:U=>d =2z = dX = 2xdx
T

, dY
Y:y :>d—=2y=>dY=2ydy
Yy
dY ydy ydy

dX xdr xdz
VY

orp=——=P

— dYy — dy
where P = o5, p= 2

Substitute for P, x and y in the given equation, i.e. £*(y — px) = p’y

X[ﬁ_@.p.ﬁlzfpzﬁ
Ve Y

[Y — PX] B X p?
VY VY
=Y - PX = P2
=Y = PX + P2 Which is Clairaut’s form.
Its solution is
Y =X +c?
y2:cw2+c2 oo (%)
Diff. partially w.r.to ¢
0=2x%+2¢c
22
c=——
2
Hence (*) becomes
2 2\ 2
2 T~ o i
= ——2 J—
="y ( g )
y2 — _:I:_4 + :I:_4
2 4
4
T4
4y2 — _:134
x? + 4y2 =0
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3.21 Orthogonal trajectories

Definition: If two family of curves are such that every member of one family intersect every
member of the other family at right angles then they are said to be orthogonal trajectories of each
other.

Example : the orthogonal trajectory of the family of straight lines defined by the equation y = k=,
where k is a parameter(the slope of the straight line), is the family of circle having centre at the origin

(Figure 1)

Note :

* If y = f(«) be a curve then Z—Z = m = slope of the tangent.

* Two curves intersect each other orthogonally, if the tangents at point of intersection are at right
angles.

* Condition for orthogonality of two curves is given bym;m, = —1 where m; and my are
slopes of tangents.

* If each member of a family cuts every other member of the same family orthogonally, then we

say that family of curves is self-orthogonal.
Rules to find the equation of orthogonal trajectories of a family of cartesian curves: Given a
relation in the form f(x,y,c) = 0 (D
Step 1. Diff (1) and eliminate ¢, which gives the differential equation of the given family (1).
Step 2. Replace Z—:’; by —‘;—‘; which gives the differential equation of orthogonal trajectory(OT).

Step 3. Solve this new equation to get the required orthogonal trajectory.
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Rules to find the equation of orthogonal trajectories of a family of Polar curves :

Given a polar family of curves in the form f(r,0,c) = 0 (1)

(i) Differentiate (1) and eliminate ¢ which gives the differential equation of the given family (1).

2d0

2 Which gives the differential equation of orthogonal trajectory(OT).

.. d
(ii) Replace 55 by —r
(ii1) Solve this new equation to get the required orthogonal trajectory.

Problem 3.21.1. Find the Orthogonal trajectories of the family of parabola y? = 4ax  (VTU Jan

2020)
Solution :
y? = dax
2
L =4a
T
Differentiate w.r.to x
d 2
x 2y5L — 1 _4
2
dy
2zy— —y> =0
Yy d Y
y_ Y
dx 2z
d dx . :
Replace £ by —ay to get the D.E. of Orthogonal trajectory in the form
—dr y
dy 2z
dy 2z .
— = —— (by rearranging the terms)
dx
—ydy = 2xdx

2xdx + ydy =0
integrating both sides
/2xdw—|—/ydy:/0
2
x? + % =C
2x2 + y2 = 2C
222 + y? = ¢, wherec; = 2¢

Problem 3.21.2. Find the Orthogonal trajectories of the family of confocal ellipses z_; + ﬁ =1,
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where A is a parameter . (VTU July 2021, Model 2018, July 2015, Dec 2011, Jule 2011, June 2009,
Aug 2000, Mar 2000, Aug 1999)

Solution : Let z—z + % =1 (D
Differentiate (1) w.r.to x, we get

2 2 d
a’? (b 4+ N)dzx

x y dy
_ —t—— — = 0
a? + (b2 + A) dx
dy
x -y
a? (b2+4+ 1) (2)
x? —y?
From (1) we have — — 1 = ————
a? (b2 4+ X)
2 — g2 _y2
— = - (3
a2 (b2 + ) (3)
Dividing (2) from (3) we obtain,
T _ldy
x? —a? ydx
dy dx
Replace—by —/—
dx dy
T —1 dx

22 —a?’ gy dy

22 2 g2
t.e ydy = — (T) dx

a2
t.e ydy = (— - w) dx

xr

Integrating on both sides

a2
/ydyz/——/wd:c
T
22

y2

2

— = a‘logr — — +c
2 g 2+
2 2

Yy €T 2

— 4+ — =a“logx + c
2+2 g +

Problem 3.21.3. Show that the family of confocal parabolas having x-axis as their axis, is of the

form y? = 4a(x + a) is self orthogonal (VTU Jan 2021, June 2019, June 2018, Jun 2013)

Solution : The given equation is y?> = 4a(x + a) (1)
Differentiating w.r. to @,

Y9 = 2a )
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Substituting the value of a from (2) in (1), we get

y* = 2yg; (2 + 3u3)

y (@) +225 —y=0 ®

This is the differential equation of the given family.

Replacing dy by — 1n (3), we obtain

y<‘;—z>2—2w@—y:0

Multiplying both sides by ( 3—2)2, we get

y— 22 —y (L) =0

Multiplying by -1 and rearranging the terms we get

Y (2—2)2 + 2:1:3—1 — y = 0 which is the same as (3).

Thus we see that a system of confocal and coaxial parabolas is self-orthogonal,

i.e., each member of the family cuts every other member of the same family orthogonally.

Problem 3.21.4. Find the orthogonal trajectories of the confocal conics af—i)\ +em =1 A being

the parameter. (VTU July 2017, Jan 2016, Jan 2015, Jan 2013)
Solution: Solution: The given family is —"~ i b242r>\ =1. (1)

Differentiating (1) with respect to @,

s+ =0

(> + ) +yy; (a>+ 1) =0

Al +yy) = — (V*z + a’yys) = A = —% 2)

Now (@ +2) =a* - L (o ®

Similarly (b2 + A) = b2 — Cerevn) (2o @

On using results (3) and (4) in (1), we get
z ( + yy1) y (x4 yy1)

(=) " —(a?—0)ys

Gl

Equation (5) is the differential equation of the given family.

(5)

In order to find the differential equation of the desired orthogonal trajectory, replace y; by — i in (5)

i.e.

(a2 bz)[w+yy]—1

(6)
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Clearly equations (5) and (6) are the same.

Hence the given system is self orthogonal.
Problem 3.21.5. Find the O.T of the family of astroids x2/3 4+ y?/3 = a?/3
Solution : Consider /3 + y?/3 = a?/3

Differentiating w.r.to &, we have

2 2 dy

-1/3 -1/3 _
— . _|_ — . — =0
3 Y dx

ie.,
d
o1/ 4 y—1/3_y —0
dx

. This is the D.E of the given family.

Replacing Z—Z by —Z—Z we have

d
o184 gy 1/3 (__:B) —0
dy

ie., 7 /3dy = y~/3dx
y1/3dy — 2'/3dx

by separating the variables.

= /y3/3dy — /wl/3dw =c

y?/3 24/3
= — =_c
(4/3)  (4/3)
or
4c
xt/3 — Y3 = —3 = k (say)

Thus %/3 — y*/3 = k is the required O.T.

Problem 3.21.6. Find the Orthogonal trajectories of the cardioid » = a(1 — cos@) . (VTU Model
2022, Jan 2015, Jan 2014, Mar 2001, Jul 2007, Jan 2011)

Solution : Let r = a(1 — cos0) (1)
Apply log on both sides
logr = loga + log(1 — cos0) (2) differentiate (1) w.r.to 6, we get
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1dr

_ 1 .
rdd ~ 1—cosO (Szne)

2do

Replacing % by —r®5" we get,

_T% = 1—01030 (SZ’I’LH)

1—cosf _ —dr
(sin0) df = r

i.e.
ta,nng = _Td’“( This is the differential equation of the orthogonal trajectory)
Integrating on both sides

—log(cosg) .
— 2 =

—logr — logc
i.e.2log (cosg) = logr + logc = log(rc)

20 _ =1 20 _ 1
i.e.cos’s = rcorr = ~cos?’; = 5-(1 + cos0)
i.e.r = b(1 + cosf) where b = o and

Problem 3.21.7. Find the Orthogonal trajectories of 2 = a2€0820(VTU Jun 2014, Jan 2009, Aug
2003)

Solution: Given 2 = a? cos 20 (1)

On differentiating (1), we have

d
ret— _a?sin26 (2)
do
Eliminate ’a’ from (2), using (1)
dr 9
r— = —r“tan 20
do
ie. % = —rtan 20 3)

which is the differential equation of the given family.

To obtain the differential of the trajectories, replace % by —rzg—f in equation (3).

ie. —rzj—z = —rtan 20
or cot20d0 = % (4) Integration of (4), gives the equation of the desired system.
log sin 20

> + logc =logr

log(sin 20) + 2log(c) = 2logr
i.e. log(sin 20) + log(c?) = log r?
i.e. log(c? sin 20) = log(r?)

ie. ¢?sin20 = r?

Problem 3.21.8. Find the Orthogonal trajectories of ™ = a™cosn@ (VTU July 2016, Feb 2003)
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Solution :

2d0

ar __
Replace 55 = —r° -

Integrating on both sides

r"™ =a" cos nl

Diff. w.r. to 0

d
nr 150 — g™ sin nl(n)
do
r™ dr a™ sin nO
r do rm
1dr —a” sinnf
rdo a™ cos nf
1dr

—— = —tann@
rdo

1[ 2d0}
—r“—| = — tanmo
dr

1 1
—dr =
r tan n@

1 1
/—dr :/ do
r tan n0

logr = /cot nO6do

r

doe

log(sinn@)
logr=——-~

+ log c
nlogr = logsinnf + nlogc
log »™ = log(sin nf) + log c"
log»™ = log [sinnf c"|

r"® = c" sinnf

Problem 3.21.9. Find the Orthogonal trajectories of 7™ = a™sinn6

(VTU July 2017)
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SOlution :
dr
—nr" ! = a™(cosnf)n
do
r®dr
—— =a" cosnb
r do
1dr . a™ cos nf
rdd rm
1dr . a™ cos nf
rdd a"sinnd
1dr
—— = cotn@
rdo
dr r2do
Replace | — | = —
do dr
1 ( 2d9>
— | —r“— ] = cotnf
r dr
-1 _ 1
rdr — cot n@de

Integrating on both sides

i _Tldr = [ tann6dO

log(sec n@)
n

= —logr = —logc

= —nlogr = logsecnf — nlogc
= —log r™ = logsecnf — log c™
= log c™ — log r™ = log sec nO

= log (:—:) = log(sec n®)

= r" ==

sec n@

= r™ = ¢" cos no

L-R and C-R circuits

Generally, an electrical circuit is made up of a combination of resistors, inductors and capacitors.
If a circuit is made up of resistors and capacitors, then it is known as an RC circuit. Similarly, when
the circuit is containing capacitors and inductors, then it is known as an LC circuit. An LR circuit is
a circuit which is made up of resistors and inductors.
Let ¢ = I(t) denote the current in the circuit and ¢ = ¢(t) denote the charge on the capacitor.
Furthermore, let L denote inductance in henrys (H), R denote resistance in ohms (£2) , and C' denote
capacitance in farads (F). Last, let E(t) denote electric potential in volts (V).
The formation of differential equation for an electric circuit depends upon the following laws.

(l)z_dt’
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(ii) Voltage drop across resistance, R is Vg = Rt (Ohm’s law)

(1i1) Voltage drop across inductance L is V, = L - % (Faraday’s law and Lenza’s law)

(iv) Voltage drop across capacitance Cis, Vo = &

Kirchhoff’s Voltage law :

The algebraic sum of the voltage drop around any closed circuit is equal to the resultant electro-

motive force in the circuit.

L - R series circuit :

ANN———or

Let ¢ be the current flowing in the circuit containing resistance R and inductance L in series, with
voltage source E, at any time ¢.

By voltage law

i
L 4, R _E
a L'

This is the linear differential equation of the form % +Pi1=Q

R R
LF. = e/ Pdt — ef T — o1t
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Its solution is

i X (IF) :/Qx (IF)dt+c

E
=>iXe?t:/fx e%tdt—l—c

EXL Et-l—
= — X —elL c
L R

Dividing by eL!

o E+ _ Rt
t=—+ce L
R

This represents the current in the circuit, at any time ¢

. E
Att=0, 1=0=c=——
R

Thus, above current 1 becomes

. FE _Rt
1= — [1 —e T ]
R
Growth of Current

An LR Circuit is analysed in three ways. The first one is the initial state, which is present at the
instant of closing the switch or opening the switch in the circuit. The second one is the transient state,
which appears at any instant after closing oropening the switch. The third one is steady-state, which
appears after a long time after closing and opening the switch.

Let’s start with the initial and steady states of an LR circuit.

Initial State : Let us assume a circuit/of EMF FE has the inductance L and the resistance R, as
shown in the figure.

The voltage drop across the inductor is V7, and the voltage drop across the resistor is Vg.

At t = 0, the inductor offers an infinite opposition to the current flow and hence there is no current
flow in the circuit at the time of closing the switch. Due to high opposition to the current flow, the
voltage is dropped entirely at the inductor and there is no voltage drop across the resistor.

ie,att =0,Vg =0and Vi, = FE.

Steady State: At a certain point of time, say £ = oo, the current in the inductor does not vary with
time after closing or opening the switch for a long period of time. We can see that the current has
reached its maximum value and therefore the inductor does not offer any position to the current flow.
So, the voltage drop across the inductor becomes zero and the entire voltage drops across a resistor.

Att:OO,VR:EaIldVL:O
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Transient State : In this state, the voltage is dropped both across the resistor and the inductor. At any
instant t = 0 and t = oo is taken for this state. We know that the voltage drop across the inductor is
equal to the inductance multiplied by the rate of change in current across the inductor.
ie,VL=L%

And the voltage across the resistor is given by Vg = I R.

In the transient state, when the switch is closed gradually, the current starts increasing across the
inductor. Due to the increase in the current, there will be a self-induced EMF in the inductor which

opposes the change of the current in the circuit.
C — R series circuit :

Let ¢ be current in the circuit containing resistance R, L, and capacitance C' in series with voltage

source E, at any time ¢.

—_—
R
By voltage law
. q
Ri+—-=F
1+ C
dg  4q . dq
= R—+—=-=FE | i=—
at T C { ’ dt}

Problem 3.21.10. Solve the equation L% + R: = E,sin wt where L, R and E; are constants and

discuss the case when ¢ increases indefinitely. (VTU July 2021, Jan 2021)

Solution :
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E, sin wt
L% + Rt = FEysinwt

di n R o . ;

— + —1 = —sinw

dt L
IF. =&/ rdt — e%t

E

i ett = TO / et sin wtdt +c

e* b
e*® sinbrdr = ———= sin [*bx'— tan™! —
st = 7o )

. r, FEo ert ) _, Lw
= tel'=————gsin|lwt—tan" — | + ¢
. EO . < —1 Lw) _ Ry
1= sin fwt —tan™ — | +ce T
vV R? + L2w? R

As t increases indefinitely, then ce—T tends to zero. SO

. EO . ( —1 L'lU)
1 = sin (| wt —tan™ ™ —
VvV R? + L2w? R

Problem 3.21.11. If we close a switch in a circuit that contains a battery E , an inductance L, and a

resistance R, the current i builds up at a rate given by L% + R: = FE. Find i as a function of t. How
long does it will be before the current has reached one- half of its final value if E=6 Volts , R=100

ohms, and L = 0.1 henry? (VTU Model 2022, Jan 2020)

Solution : Let 2 be the current flowing in the circuit containing resistance R and inductance L in
series, with voltage source E, at any time t.

By voltage law

R'—l—Ldi E
1 _— =
dt
di R, FE
= — 4+ —1=
dt L L
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This is the linear differential equation of the form Z—i +Pi=Q

R R
ILF. = el Pdt — o/ Tdt — o1t

Its solution is

i x (IF) :/Qx (IF)dt +c

E R
t— — x ettdt+c
[ g% et

(b

=1Xe

- E+ _me
t=—+ce L
R

This represents the currentin the circuit, at any time ¢
Initially,att =0, 2 =0=¢c¢= ——
R
Thus, above current'i  becomes
. FE _Ri
T = — [1 —e I ]
R

If E = 6 volts, R = 100 ohms and L = 0.1 henry,

: . _E _ 3
Final value of 1 = B = %
i 3 - 3 (1. ,—1000t
If the current reaches half its final value, 55 = 36 (1—e )
- T 1 _ 1000t _y ,—1000t _ 1

1
= —1000t = log (5)

log (3)

=t = 2.
—1000

=~ 0.0007sec.

Problem 3.21.12. Show that the differential equation for the current 1 in an electrical circuit con-
taining an inductance L and a resistance R in series and acted on by an electromotive force E sinwt
satisfies the equation

iR+ L% = Esinwt

Find the value of the current at any time t, if initially there is no current in the circuit. (VTU Model

EE 2022)

Solution : By Kirchhoff’s first law, we have sum of voltage drops across R and L = FE sin wt

ie., Ri + L% = F sin wt This is the required differential equation which can be written as % —+

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 107

This is a linear equation.

Its LF. = e/ T — &

- the solution is 4( LF.) = [Zsinwt - (LF))dt + ¢

: RitL _ E Rt/L o; _E Rt/L . 1L
or te —ffe / smwtdt—|—c—3msm(wt—tan f“’)—kc
. E : _ —Rt/L _
or 1= sin(wt — ¢) + ce where tan¢ = Lw/R
V(R2+w?L?)
Initially whent = 0;2 = 0.
_ E sin(—¢)
0= (R2+w?L?) te
ie,c= —2Sne
V(R +w?L2)
Thus (i) takes the form § = —Zsnwt—¢) Esing . g—Rt/L
\/(Rz_'_szz) \/(Rz_'_szz)
ori = ——2— [sin(wt — ¢) + sin ¢ - e FHL]

V(R?+w?L?)

which gives the current at any time ¢.

Problem 3.21.13. A resistance of 100 €2 s, an inductance of 0.5 henry are connected in series with a

battery of 20 volts. Find the current in the circuitat £ = 0.5sec,if ¢ = 0att =0

Solution :
7
L—+Ri=F
a T
.di Ri_E
dt L L

Solution is given by,

Rt EB%

1.eL = R +c
F
Att =0,i=0..¢c= —
R
- Ee%+—E
l.eL = —_—
R R

FE +

1:5(1—8_12)

For given condition R = 100, L = 0.5, E = 20

1 =10.2(1—e %)

Problem 3.21.14. When a resistance R Ohms is connected in series with an inductance L henries

with an emf of E volts, the current i amperes at time t is given by L% + Rt = E.If E = 10sint

volts, and 2 = 0 when ¢t = 0, find ¢ as a function of £. (VTU Model EE 2022)
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Solution : We have,
di )
LE +Ri=F
di R _FE
“at'T1
o I.F. =el Td

t

Sl

= e

Multiplying both sides of (1) by I.F. = eZt, we get

Ry (di R,) r, FE
er’" | —+ —1 ) =el” X —
dt L L

Integrating both sides with respect to ¢, we get

E
etti = E/ei"‘tdt +C

E L
= elti= " x —ett 4+ C
L R
E
Ry £y
=>er'1 = —et +C......
R
Now,
1 =0att =0
E
e"x0=—e’+C
R +
E
=t — -+ —
R
Putting the value of C'in (2), we get
e%ti:Ee%t—E
R R
. E E _&,
=>1=—— —e L
R R
. E _ Ry
=>z=—(1—e L)
R

Question Bank-Module 3

Exact, Reducible to Exact Differential Equations

1. Solve (y2e™¥* + 4x3)dx + (2xye™” — 3y?)dy = 0. (VTU July 2017, Jan 2014, Model

2014)

2
i+ e —yd=c¢c

Ans :
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2.

10.

1.

12.

13.

14.

Solve (1 + e%> dx + (1 — %) e%dy = 0. (VTU June 2019, June 2014) Ans :
x + ye®/V =

. Solve (ycosx + siny + y)dx + (sinx + xcosy + x)dy = 0 (VTU Jan 2016)
(or)
Solve ¢ 4 (eesetsmutu) — o (VTU Model ME 2022, Jan 2020, Jan 2019, June 2018, Jan
2018, 2016)

Ans :

ysinz + (siny + y)x = ¢

. Solve (x? — 4zy — 2y?)dx + (y?> — 4zy — 22?)dy = 0 (VTU June 2013) Ans :

x3 — 622y —6xy’ +y2  =3c=C

. Solve (22 + y? + x)dx + zydy = 0. (VTU Model 2022, July 2021, June 2018, July 2017,
Aug 2001, Mar 2000) Ans: = 4 00 4 2 _ ¢

. Solve z?ydx — (3 + y3)dy = 0 (VTUJan 2010, Dec 2009)  Ans : % —logy=c

. Solve (x? + y® + 6x)dx + y?>xzdy =0 (VTU Model ME 2022, July 2016) Ans
:%5 + y3%3 + 6%4 =c

. Solve (zy?* — ew%")dw — z2ydy = 0. (VTU Jan 2015) Ans : —% + %e%‘3 =c

. Solve (zy® + y)dx + 2(x*y?® + & + y*)dy = 0. ( VTU Jan 2015) Ans :
3x2y* + 6y?x + 2y® = ¢,
Solve (4xy + 3y* — x)dx + z(x + 2y)dy = 0 (VTU Jan 2020)

Solve [y (1 + %) + cos y] dr + [z + logx — xsiny| dy = 0 (VTU Jan 2021) Ans :

y(x +logx) + xcosy =C

Solve ye™¥dx + (xe®™ + 2y)dy = 0 (VTU Jan 2018)
Ans :

e +y’=c

ylogydx + (x — logy)dy = 0 (VTU Model ME 2022) Ans: xzlogy — %(logy)2 =c

Solve (e¥ 4 1) cos xdx + €Y sin xdy = 0. Ans :

(e + 1)sinz =c

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 110

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

(1 + 2zycosx? — 2zy)dx + (sinz? — x?)dy = 0 (July 2015) Ans
i + ysinx? — x?y =c

Solve z—ﬁda: + %dy = 0. Ans: 2% — y? = cy?
Solve (5x* + 3x2y2 — 2xy?®)dx + (223y — 3x%y?* — 5y*)dy = 0.

25 + ady? — a?yd — o = ¢

Solve ysin2zxdx — (1 + y? + cos®x)dy = 0. Ans : 3ycos2x + 6y + 2y3 = ¢
Solve (y* + 2y) dx + (xy® + 2y* —4x)dy = 0 Ans : (y + y%) r+y’=c
Solve (22 + y? + 2x) dx + 2ydy = 0 Ans: (22 +y?)e* =c
(x — ylogy + ylogx)dx + x(logy — logx)dy. = 0 Ans:

logx + Ylogy — Y(logx + 1) = ¢

y(x+y+ 1)de +x(x+ 3y +2)dy =0 Ans:#—l—my:‘—l—myz:c
(zy + y?)dx + (x + 2y — 1)dy =0 (VTU Feb 2004) Ans : zye® — ye® + y?e® = ¢
(8z%y?* + 2zy)dx + (2x3y®> — %)dy = 0. (VTU Feb 2002)  Ans: x3y? + %2 =c
y(x +y)dz + (x +2y — 1)dy =0 Ans: y(ze® — e®) +e®y? =c
(4zy + 3y? — x)dx + (2* + 2zy)dy = 0 (VTU Model CV 2022) Ans :
ly+x3y* —x* =c

y2x —y+ 1)dz + z(3x — 4y + 3)dy = 0 Ans: 22y® —xy* +zy3 = ¢
y(2zy + 1)dx — zdy = 0 Ans:a:2—|—§:c

Linear and Bernoulli Differential Equations:

1.

2.

3.

4.

Solve w% + y = x3yS. (VTU Model 2022, Model 2014) Ans : mslys = % +ec
Solve zy(1 + my2)3—z =1 VTUJune2018,July2017  Ans: i =2 —gy*+ ce~3¥’
Solve 3—;’ + ytanx = y3secm (VTU June 2019, Jan 2018, Jan 2015) Ans :
(1/y?) - - = —2sinz +x+ ¢

Solve (x + 2y3)2—g =y (VTU July 2015) Ans: z = y3 + cy
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5. Solve (1 + y?)dx + (x — e!*" '¥)dy = 0 (VTU Jan 2014, June 2013) Ans :

z=tan ly — 1+ ce tan'v

6. Solve Z—z + xsin2y = x3cos?y (VTU July 2017, Jan 2015, June 2013, July 2014, July

2011) Ans : tany = %mz — 14 cel — x?)

7. Solve Z—Z =zy3 — zy (VTU Jan 2017) Ans : 6;2 =e* 4¢

8. Solve 4 — 2y — ¥ (VTU Jan 2018)

9. Solve rsinf — 0030% = r2 (VTU Jan 2020, June 2018, Model 2018)

10. Solve y(2xy + 1)dx — xdy = 0 (VTU Model 2022, Model 2018)
11. Solve 3_?; + ytanx = y?secx (VTU Model ME 2022, Jan 2019)
Ans :

secr = (tanx + ¢)y

12. Solve (1 + y?)dxz + (xz — e'** '¥)dy = 0 (VTU Jan 2014, June 2013) Ans :
tan—

xe W = tan"ly + ¢

2

13. Solve e¥ % 4 1 = e®. (VTU Jan 2016) Ans: =22 -2+ cez

Y

14. Solve (2zlogx — xy)dy + 2ydx = 0 (VTU Jan 2017) A

ns:2ylogz — zy?> =c¢

15. Solve j—z + % = y2x. (VTU Model 2022)

Differential Equations solvable for p and Clairaut’s equations

1) zy (j—g)2 —(@*+y )L tay=0 (VTU Model 2022, Jan 2019, Jan 2018)
or
Ty {(%)2 + 1} = (#® + y*) % (VTU June 2018) Anms: (y? — @ — 2¢;)(y — cx) =0
2) z?p? + 3zyp + 2y*> =0 (VTU Jan 2017) Ans:(z?y — ¢)(zy —c) =0
3) 2p? + zyp — 6y2 =0 (VTU July 2017)
4) Solve the equation p?> + p(x +y) + zy = 0 (VTU Jan 2013, Dec 2014) Ans :

(logy+z—c)(y+% —c) =0
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5) Solve zyp? + p(3x? — 2y?) — 6xy =0 (VTU July 2017, July 2013) Ans
(y—cx®)(y* + 32> —¢c) =0

6) Solve & — 4r —

dy = g — % (VTU Model ME 2022, June 2018, July 2017, Jan 2016, June 2015, Jan

2016) Ans: (y? — z? — 2¢) (zy — e®) = 0.

7) Solve p? + 2pycotz = y? . (VTU Model 2022, Jan 2020, July 2016, June 2012) Ans :
(y cos? 53— C) (y sinzg —C)=0 Ans:y(1 + Coszx) = ¢

8) op® — (22 +3y)p+6y =0  (VIUJan2015)  Ansi(y — 2z — ¢)(y — ca®) = 0

9) Solve p(p + y) = z(x + y) (VTU Dec 2014, July 2011, Dec 2011) Ans :

(y=2 —c) (tm—1—ce) = 0or (2y — @2~ )(e*(y + = +1) —c) =0

10) Solve p3 + 2zp? — y2p? — 2zy?’p =0 (VTU Model EE 2022)
11) Solve p? + 2pcoshx +1 =10 (VTU Jan 2014)
12) Solve p? — 2psinhxz — 1 =0 (VTU Jan 2015)

Ans:(y — Coshx — Sinhx — c)(y = Coshx + Sinhx — c) =0

13) Solve p> + p(z +y) + zy =0 (VTU Jan 2013)

14) Solve y (3—3)2 + (z —y)& — 2 = 0 (VTUJuly 2016) Ans:(y —z — c)(y> + 22 —¢c) = 0

15) Solve g—gz — 5dy/(dz) +6 =10 Ans:(y —3x —¢c)(y —2x —c) =0

16) Solve z2 (j—z)z — oy — 6y? =0 Ans:(y — cx®)(z3y —c) =0

17) Obtain the general solution and singular solution of the equation, y = px + p3 (VTU Jan
2016) Ans :
y=cx+c

18) Obtain the general solution and singular solution of the Clairaut’s equation
xzp® —yp?+1=0.
(VTU July 2017, Jan 2015, June 2014, Dec 2011)

Ans: cx + clz and 4y = 27x?

19) Obtain the general solution and singular solution of the Clairaut’s equation

(y—px)(p—1)=p (VTU Jan 2015)
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20) Solve the equation y*(y — xp) = x*p? using the substitution, X = > and Y = i (VTU
June 2014)

21) Solve (px — y)(py + x) = 2p , by reducing into Clairaut’s form,taking the substitution
X =22, Y = y2. (VTU Model 2022, June 2018, July 2017, July 2016, June 2012, Dec 2011).

22) Solve (px — y)(py + =) = a?p, use the substitution X = x2, Y = y?. (VTU Model 2022,

June 2019, Jan 2018, July 2017, June 2014, June 2015, Dec 2011) Ans: y? = cx? — gj_i

23) Solve z2(y — px) = yp? using the substitution X = x2,Y = y?> (VTU Model ME 2022,

July 2016) Ans:y? =cx?+ 2, z* +4y>2=0

24) Find the general and singular solution of the equation p'= log(px — y) (VTU Model 2015).

Ans: y = xzlogxr — x
25) Solve y = 2px — y?p? Take X = 2z,Y =y?

26) Obtain the general solution and singular solution of the equation

SinNprcosy = cosprsiny + p (VTU Jan 2013)

Ans:y = bt YT PSS Vi

27) Solve p + CosySinpxr = SinyCospx Ans: y = cx + sin"'c

28) Find the general and singular solution of the equation xp? — py = a = 0 ( VTU Model
2018)

29) Find the general and singular solution for xp? + zp —yp+1 —y =0 (VTU Model ME
2022, June 2018)

Ans:y:cw+;113nd(w+y)2=4m

Orthogonal trajectories

1. Find the Orthogonal trajectories of the family of parabola y? = 4ax (VTU Jan 2020) Ans :
20 +y? = ¢

2. Find the Orthogonal trajectories of the family of confocal ellipses Z—z + ﬁ = 1, where A is
a parameter . (VTU July 2021, Model 2018, July 2015, Dec 2011, Jule 2011, June 2009, Aug
2000, Mar 2000, Aug 1999) Ans: ¥ + 2 = a?logz + ¢
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3

10.

11.

12.

13.

14.

15.

16.

17

. Show that the orthogonal trajectories of a family of circles passing through the origin having
centres on x-axis is a family of circles passing through the origin having their cetres on y-axis.

(VTU Model 2014)

. P.T. the system of confocal and coaxial parabolas y?> = 4a(x + a) is self orthogonal.

(VTU Model EE 2022, Jan 2021, June 2019, June 2018, Jun 2013)

. Prove that the family of curves

(afj_A) + (bgﬁk) = 1, where A\ is the parameter is self -

orthogonal.

(VTU Model 2022, July 2017, Jan 2016, Jan 2015, Jan 2013)

. Given y = ke 2% + 3z find member of its orthogonal trajectory passing through the point (0,
3) (VTU Feb 2006)
. Find the Orthogonal trajectories of the family of curves y? = ca? (VTU Jan 2018)
Find the O.T of the family of astroids x%/3 4 y?/3 = a?/3 Ans: /3 — y4/3 =k
. Find the Orthogonal trajectories of the family y% = cx3 Ans: 3y? +2x2 =k
Find the Orthogonal trajectories of the family. y = ax? Ans :y? + %2 =c

Find the Orthogonal trajectories of the family of coaxial circles 2 + y? + 2Axz +¢c =0, A
is a parameter . (VTU Feb 2002) Ans: 22+ y?  —ky=-c

Show that the orthogonal trajectories of a family of circles passing through the origin having
centers on x-axis is a family of circles passing through the origin having their centers on y-axis.

(VTU Model 2014)

Find the Orthogonal trajectories of the family of curves 3 — 3zy? = ¢ Ans :

y3 —3x%?y =c

Find the Orthogonal trajectories of the cardioid r = a(1 + cos8) (VTU Model 2022, Aug
2001) Ans: r = b(1 — cosf)
Find the Orthogonal trajectories of ™ = a™sinn@ Ans: ™ = b"cosn@

Find the Orthogonal trajectories of 7 = 2acos@, where ‘a’ is a parameter. VTU July 2017

. Find the Orthogonal trajectories of 72 = a?c0s26 (VTU Jun 2014, Jan 2009, Aug 2003) Ans

: 1?2 = c%sin26
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Find the Orthogonal trajectories of (r 4+ ’%2)0030 = a where a is the parameter. (VTU Feb

2005) Ans: (r — 2)sing = c
Find the Orthogonal trajectories of 2¢ = 1 — cos@ Ans: (1 + cosf) = 2b
Find the Orthogonal trajectories of r = 7 _'_20‘(‘)30 Ans :r = %
Find the Orthogonal trajectories of r = 4a(secOtan®). Ans: r(1 + sin?6)z = ¢
Find the Orthogonal trajectories of r"sinnf = a™ (VTU Model 2022) Ans :

r"cosnf = b"

Find the Orthogonal trajectories of r"cosnf = a™ (VTU Jan 2017, June 2013, Jun 2011, Jan
2010,, Dec 2009) Ans : r"sinnf = b"

Find the Orthogonal trajectories of ™ = astnn@ (VTU Jun 2012,July 2006,Aug 2002 , Mar
1999 ) Ans : 7™ = bcosn@

Find the Orthogonal trajectories of ™ = a"™cosn@ (VTU July 2016, Feb 2003) Ans

™ = b"sinnb

Find the Orthogonal trajectories of ™ = a™sinn@ (VTU July 2017) Ans :r"™ = ¢ cos nf
r = csin?0 Ans : 72 = bcos6
Show that orthogonal trajectories of the family of cardioids 7 = acos? (g) is another family

of cardioids r = bsin? (2) (VTU Jan 2015)

Find the orthogonal trajectories of the family curve r = 2a(cosf + sin6@) (VTU Model ME
2022)

L-R and C-R circuits

1.

2.

An RL circuit has an emf of 5 V, a resistance of 50w, an inductance of 1 H, and no initial current.
Find the current in the circuit at any time t. Distinguish between the transient and steady-state

current.

If we close a switch in a circuit that contains a battery E , an inductance L, and a resistance R,
the current 1 builds up at a rate given by L% + R: = E. Find i as a function of t. How long
does it will be before the current has reached one- half of its final value if E=6 Volts , R=100

ohms, and L = 0.1 henry? (VTU Model 2022, Jan 2020) ANS :0.0006931 sec
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3. When a resistance R Ohms is connected in series with an inductance L henries with an emf of E

volts, the current 1 amperes at time t is given by L% + Ri: = E. If E = 10sint volts, and

© = 0 when t = 0, find ¢ as a function of ¢. (VTU Model EE 2022)

Rt

ANS : (RSint — Lcost + Le™ T

10
L2 +R2
. A resistance of 100 €2 s, an inductance of 0.5 henry are connected in series with a battery of 20

volts. Find the current in the circuit at ¢ = 0.5sec,ift = 0att =0

. Show that the differential equation for the current i in an electrical circuit containing an
inductance L and a resistance R in series and acted on by an electromotive force E sinwt
satisfies the equation

1R+ L% = Esinwt

Find the value of the current at any time ¢, if initially there is no current in the circuit. (VTU

Model EE 2022)

. Solve L% + Ri = Eysinwt, where L, R& E are constants and disuss the case when ¢

increases indefinitely. (VTU July 2021, Jan 2021)
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Module 4-Modular Arithmetic

Syllabus

Introduction to Congruences, Linear Congruences, The Remainder theorem (statement only),
Solving Polynomials, Linear Diophantine Equation, System of Linear Congruences, Euler’s Theo-
rem(statement only), Wilson’s Theorem(statement only) and Fermat’s little theorem(statement only).

Applications of Congruences-RSA algorithm

Integer Divisibility :

If a and b are integers such that @ # 0, then we say a divides b and write a | b if there exists
an integer k such that b = ka.
That is, given a, b € Z such that a # 0, we write a | b if 3k € Z such that b = ka. The notation
Z is used for the set of integers. i.e. Z = {0, %1, +2,---}
If a divides b, we also say a is a factor [or divisor] of b, and b is a multiple of a. If a does not
divide b, we write a 1 b.
For example, 2 | 4 and 7 | 63, while 5 1 26.

Note :

l.Va € Z,a | O

2.Ifa |bandb | cthena | c

3. Va,b,c,m,n € Z,ifc | aand c | b then ¢ | (ma + nb)
Example: 1) 6 | 18 and 18 | 36 then 6 | 36
2)5110,5| 25then5 | (3 x 10 + 2 x 25)

ie. 5|80
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The Division Algorithm :

Given a,b € Z such that b > 0, there exist unique g, € Z such that a = gb + r and
0 < r < b. This q is called the quotient and 7 is called the remainder when a is divided by b.
Example 1: [f a = 71 and b = 6, if we divide 71 by 6 we get 71 = 6 X 11 4 5. Here the quotient,
q = 11 and the remainder r = 5.
Example 2: If a = 2589 and b = 17 then we can write 2589 = 152 X 174+ 5
Note : In all divisions g may be positive or negative or zero, but r is always positive (or zero) and

less than the divisor.

4.22 Common Divisors :

An integer d is called common divisor of the integers @ and bif d | aandd | b. If dis a

common divisor of @ and b, so is —d .

Greatest Common Divisor(GCD) :

Given a, b € 7Z, not both zero, the greatest common divisor is the largest integer that divides
both a and b, and is written gcd(a, b) (or sometimes just (a, b)).
Note : we will write gcd(0,0) = 0.
A simple way to find GCD is to factorize both numbers and multiply common prime factors.
Example 1 : Find gcd (42, 56)
Divisors of 42 are 1, 2,3, 7 and 14,
Divisors of 56 are 2, 7 and 14.
common divisors of both 42 and 56 are 2, 7, and 14
Since 14 is the largest, gcd (42, 56) = 14.
Example 2 : gcd(81,153) =9

Example 3 : The greatest common divisor of 24 and 18 is 6 . In other words, gcd (24, 18) = 6.

Lemma :

If a,b,q,r € Z and a = bq + r, then gecd(a,b) = gecd(r, b).
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Euclidian Algorithm:

Euclidian Algorithm is a method of finding the greatest common divisor of two numbers by
dividing the larger by the smaller, the smaller by the remainder, the first remainder by the second
remainder, and so on until exact division is obtained.

Steps to find gcd using Euclidian Algorithm For any two integers a and b witha > b

Step 1: Let a, b be the two numbers with a > b.

Step 2: Write a in quotient remainder form a = bq + r

Step 3: Leta = band b = r.

Step 4: Repeat Steps 2 and 3 until 7 is greater than 0. The last non-zero remainder is the required

GCD.

Problem 4.22.1. Find the gcd of 621 and 483.

Solution: We run the Euclidean algorithm:
621 =1 x 483 + 138
483 = 3 X 138 4 69
138 =2Xx6940
The last non-zero remainder is 69

So ged (621, 483) = 69.

Problem 4.22.2. find the greatest common divisor of 10672 and 4147

Solution :

10672 = 4147 X 2 + 2378,

4147 = 2378 x 1 + 1769,

2378 = 1769 X 1 + 609,

1769 = 609 X 2 + 551,
609 = 551 X 1 + 58,
551 = 58 X 9 + 29,

58 =29 X 2+ 0
. ged(4147,10672) = 29
Problem 4.22.3. Find the ged of 25520 and 19314
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Solution :

25520 = 119314 + 6206
19314 = 3 - 6206 + 696
6206 = 8 - 696 4 638
696 = 1-638 + 58

638 =11-58+40
Thus, gcd (25520, 19314) = 58

Problem 4.22.4. Find d = gcd (1820, 231) and hence write it in the form d = 1820x + 231y

Solution : Here a = 1820,b = 231

1820 = 7(231) +203  ---(1)
231 = 1(203) +28  ---(2)
203 = 7(28) + 7 -+ (3) (4.1)
28 = 4(7) + 0

d = gcd(1820,231) =7

From (3) 203 = 7(28) + 7
= 7 =203 — 7(28)
= 203 — 7(231 — 203) From (2)
= 203 — 7(231) + 7(203)
= —7(231) + 8(203)
= —7(231) + 8(1820 — 7(231)) From (1)
= —7(231) + 8(1820) — 56(231)
= 8(1820) + (—63)(231)

= xa + yb
Thenx = 8,and y = —63
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Relatively Prime :

a,b € Z are said to be relatively prime if gcd(a, b) = 1.
Example 1: The greatest common divisor of 9 and 16 is 1, thus they are relatively prime.
Example 2: 42 and 75 are relatively prime as gcd (42, 75) = 1
Example 3: 59 and 97 are relatively prime as gcd(59,97) = 1
Example 4: 15 and 18 are not relatively prime, because (15,18) = 3 # 1.

Example 5: 4 and 14 are not relatively prime, because (4,14) = 2 # 1.

4.23 Congruences :

Let n be a fixed positive integer. Two integers a and. b are said to be congruent modulo n ( or a

is congruent to b modulo n), symbolized by
a = b(modn)

if n divides the difference a — b; that is, provided that a — b = kn for some integer k.
Examples : considern = 7.

then we can write 3 = 24(mod7) because 7 | (3 —24 = —21),

—31 = 11(mod7), because 7 | (—31 — 11 = —42)

—15 = —64(mod7) because 7 | (—15 — (—64) = 49)

Note : When n 1 (a — b), we say that @ is incongruent to b modulo 72, and in this case we write
a Z b(modn).

Example : 25 Z 12(mod7), because 7 fails to divide 25 — 12 = 13.

Note 1: amodn is the smallest nonnegative integer b such that a = b(modn).

For example, 100 mod 7 = 2 because 100 = 2(mod?7)

Note 2 : The relation a = b(modn) is equivalent to the relation @ mod n = b mod n.
Note 3 : Let a, b, and n be integers with n > 0. Then the following statements are equivalent.
n|(a—b)

a = b(modn)

a = b + kn for some integer k

amodn =bmodn

b is the remainder when a is divided by n
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Theorem : Let n > 1 be fixed and a, b, ¢, d be arbitrary integers. Then the following properties
hold:

(a) a = a(modn).

(b) If a = b(modn), then b = a(modn).

(¢)If a = b(modn) and b = ¢(modn), then a = ¢(modn).

(d) If @ = b(modn) and ¢ = d(modn), thena + ¢ = b+ d(modn) ,a —c = b —
d(modn).and ac = bd(modn).

(e) If a = b(modn), then a + ¢ = b + ¢(modn) and ac = bc(modn).

(f) If a = b(modn), then a* = b*(modn) for any positive integer k.

Example : we have 100 = 2(mod7) and 80 = 3(mod7).

Then we can write

100 + 80 = 180 = 5(mod7)

100 — 80 = 20 = —1 = 6(mod7)

100 - 80 = 8000 = 6(mod7)

Problem 4.23.1. Using modulo arithmetic, find the remainder when (246 X 176) is divided by 9.

Solution: When 246 is divided by 9, the remainder is 3.
i.e. 246 = 3(mod9)
When 176 is divided by 9, the remainder is 5.
ie. 176 = 5(mod9)

Hence,
(246 X 176) = (3 X 5)mod9

= 15(mod9)
= 6(mod9)

Problem 4.23.2. Find the remainder when (349 X 74 X 36) is divided by 3  (VTU Model 2022)

Solution: 349 = 1(mod3) (1)
74 = 2(mod3) (2)
36 = 0(mod3) (3)

From (1), (2) and (3)
349 X 74 X 36 = 1 X 2 X 0 = 0(mod3) Hence the remainder is 0.
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Problem 4.23.3. Find the last digit of 710°

Solution: Last digit of 71%° is the remainder when 705 is divided by 10.
7105 can be written as [(74)2%6 X 7]
so we can say that units place of 7*05 is the units place of [(74)?6 X 7]
Now we know that 74 = 2401
i.e. units place 1,
ie. 7* = 1(mod10)
so units place of (74)%26 == 12¢(mod10)
(7)1%* == 1(mod10) (1)
7 = 7(mod10) (2)
From (1) and (2),
(7)1 x 7 =1 x 7(mod10)
ie. 719 = 7(mod10)

Therefore Units place of 719 is 7.

Problem 4.23.4. Find the remainder when 175 X 113 X 53 is divided by 11 (VTU Model 2022)

Solution: 175 = 10(mod11)
113 x 53 = 3(mod11)
53 = 9(mod11)
175 X 113 X 53 =10 X 3 X 9 = 270(mod11)
= 6(mod11)

Hence the remainder is 6

Problem 4.23.5. Find the remainder when the number 21990 is divided by 13  (VTU Model 2022)

Solution: By inspection
2=2; 22=4: 2°=8, 2* =16 = 3(mod13)

2° =32 ,2%=64 = —1(mod13)
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(2%)'% = (—1)'**(mod13)
29961 (mod13) (1)

2% = 16 = 3(mod13) (2)
From (1) and (2)

2996 » 24 = 1 x 3(mod13)
21000 = 3(mod13)

Hence the remainder is 3

Problem 4.23.6. Find the value of 11*°3(mod12)

Solution:a mod n is the smallest nonnegative integer.b such that a = b(modn).

Using division algorithm, we have

153 =2 xXx754+3
11153 — 171(2x75+43)

)75

= (11%)7 x 11*(mod12) = (11)*F'(mod12)

= 11(mod12) (- 11*> = 1(mod12)
Hence 11**3(mod12) = 11

Problem 4.23.7. Find the last digit of 1337 (VTU Model 2022)

Solution:
13 = 3(mod10)

132 = 3%(mod10)
13?2 = 9(mod10)
= —1(mod10)
13* = (—1)*(mod10)
13* = 1(mod10)
(13*)® = 1(mod10)
(13)%¢ = 1(mod10) (1)

12 = 13 = 13(mod10) (3)
From (1) and (2)

(13)% x 13 = 13(mod10)
(13)3" = 13(mod10) = 3(mod10)
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Problem 4.23.8. Find 1410 mod 27.

Solution: 14190 = 1464 . 1432 . 144,
Compute 142 mod 27 = 7.
14* mod 27 = 72 mod 49 = 22
14® mod 27 = 222 mod 27 = (—5)? mod 27 = 25
14'% mod 27 = 252 mod 27 = (—2)? mod 27 = 4
1432 mod 27 = 42 mod 27 = 16
14% mod 27 = 162 mod 27 = 13
S0 14'%%m,0d27 = 22 X 16 X 13(mod27) = 13

Problem 4.23.9. Find the last digit of 319¢3

Solution:Finding the last digit of a number is.the same as finding the remainder when this number
is divided by 10
Finding the last digit of 31963 is equivalent to finding x so that 3'963 = z(mod10)
We have 32 = (—1)(mod10)
But 1963 = 196 x 10 + 3
Hence

31963 — g196x10+3 — (_1)196x10+3(1)4410)
= (—1)3(mod10)
= (—1)(mod10)

= 9(mod10)

Last digit=9

Problem 4.23.10. Find the last digit of 72013 (VTU Model 2022)

Solution :

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 )

Page 126

72 = 9(mod10)

74 = 81 = 1(mod10)

(71)*% = 1(mod10)

72012 = 1(mod10) — (1)
7 = 7(mod10) — (2)
From (1) and (2)

72012 7 =1 x 7(mod10)

- 7?91 = 7(mod10)

.. last digitis 7

Problem 4.23.11. Find the last digit in 78

Solution :
7?2 = 9(mod10)
74 = 81 = 1(mod10)
(71)* = 1(mod10)
7% = 1(mod10) — (1)

72 = 49 = 9(mod10) — (2)
From (1) and (2)

7116 x 72 =1 X 9(mod10)
7118 = 9(mod10)
Hence the remainder is 9

i.e. 9 is the last digit in 7118

Problem 4.23.12. Find the remainder when 312 4 512 is divided by 13.

Solution : Here, 3'2 = (34)® = (81)*
33 = 1(mod13
(33)* = 1*(mod13)
i..3'2 = 1(mod13) (1)
Similarly
52 = —1(mod13)
(52)% = (—=1)%(mod13)

(VTU Model 2022)
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ie. 52 = 1(mod13) (2)
From (1) and (2)
32 + 52 =1+ 1(mod13) = 2(mod13)

Problem 4.23.13. Find the remainder divided 5439 by 6

Solution :By inspection, We can write

25 = 1(mod6)

52 = 1(mod6)
= (52)219 = 1*'?(mod6); (.- We have2(219) = 438, is nearest to 439)
= 5%% = 1(mod6) .- (1)
5 = 5(mod6); -+ (2)

= 5% .5 =1.5(mod6) From (1).and (2)
= 5438+ = 5(mod6)
= 5% = 5(mod6)
Hence Remainder is Remainder = 5. (Recall : a = b(modn) = b is the remainder when a

is divided ny n)

Problem 4.23.14. Find the least positive value of @ such that 5 + 3 = 7(mod8).

Solution:
5¢ + 3 = 7(mod8)

=5x+3—-7T=8k, kecZ
=b5r—4=8k, kcZ

=br=8k+4, ke
8k + 4

= =
By inspection, we can check that least value of k to get integer value of x is k = 2

8x2+4 __ 4

Hence x = 5

Problem 4.23.15. show that 41 divides 22° — 1.

Solution : By inspection, we have 2° = 50 = —9(mod41),
(25)* = (—9)*(mod41)
In other words, 22° = 81 - 81(mod41).
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But 81 = —1(mod41),

and so 81 - 81 = 1(mod41).

220 = 1(mod41) <o (1)

and 1 = 1(mod41) -+ (2)

From (1) and (2), 22° — 1 = 1 — 1(mod41)
220 — 1 = 0(mod41)

=> Remainder =0

Thus, 41 | 220 — 1

Problem 4.23.16. What is the remainder of 15 X 17 X 19 when divided by 7 ?

Solution : 15 = 1(mod?7)
17 = 3(mod7)
19 = 5(mod7)
From these, we get 15 X 17 X 19 mod 7 = 1 X;5 =, 15(mod7) = 1(mod7) Hence the

remainder is 1.

Problem 4.23.17. Find the remainder when 281 is divided by 17.

Solution : We shall find = such that
28! = z(mod17)
we know 2% = 8(mod17)
(2°)° = 83(mod17)
= 2° = 512(mod17)
= 2° = 2(mod17)
= (29)° = 2°(mod17)
= 2% = 512(mod17)
= 2% = 2(mod17)
So when 28! is divided by 17 , then the remainder is 2.

Problem 4.23.18. What is the remainder when 72! is divided by 127

Solution : 72 = 49 = 1(mod12
(72)60 = 1%9(mod 12
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7120 = 1(mod12) (1)
7 = 7(mod12) (2)
From (1) and (2)

7120 x 7 =1 x 7(mod12)
ie. 712! = 7(mod12)

Thus remainder is 7

4.24 LINEAR CONGRUENCES :

An equation of the form axz = b(modn) where a,b € Z,n € Z+ and x € Z is unknown,
is called a linear congruence in one variable. By a solution of such an equation we mean an integer
@ for which axy = b(modn).

This form of a linear congruence has at most 7 solutions.

Theorem: The linear congruence ax = b(modn) has a solution if and only if d | b, where
d = gcd(a,n). If d | b, then it has d mutually incongruent solutions modulo 7.

Corollary: If gcd(a,n) = 1, then the linéar congruence ax = b(modn) has a unique solution

modulo n.

Problem 4.24.1. Find the least positive values of X such that 71 = xz(mod8) (VTU Model 2022)

Solution:
71 = x(mod8)

is equivalent to
x = 7T1(mod8)
x = (71 — 8 X 8)(mod8)
x = (71 — 64)(mod38)
x = 7(mod8)
yielding & = 7 the least positive value of x.

Problem 4.24.2. Find the least positive values of x such that 78 + x = (mod5) (VTU Model
2022)

Solution: 78 + x = 3(mod5)
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78 + x — 3 = 5n for some integer n

75 +x = 5n

75 4 x is a multiple of 5

Hence the least positive value of  must be 5, since so is the nearest value multiple of 5 more than

75 .

Problem 4.24.3. Find the least positive values of x such that 89 = (x + 3)(mod4) (VTU Model
2022)

Solution: 89 = (x + 3)(mod4)
i.e. 89 — (z 4+ 3) = 4n for some integer n
86 — x = 4n
86 — x is a multiple of 4
Therefore the least positive value of  must be 2 .

Since 86 — 2 = 84 is the nearest multiple of 4 less than 86 .

Problem 4.24.4. Find the least positive values of x such that 96 = Z(mod5)

Solution: 96 = Z(mod5)
96 — £ = 5n for some integer n
75 +x = 5n
96 — 2 is a multiple of 5

Therefore the least positive value of & must be 7 .

Since 96 — ; = 96 — 1 = 95 is the nearest multiple of 5 less than 96 .

Problem 4.24.5. Find the least positive values of x such that 52 = 4(mod6)

Solution:5x = 4(mod6)
5x — 4 = 6n for some integer n

5x — 4 is a multiple of 6 .

6n+4
5

When we putn = 1,6,11,16. .. then 6n + 4 is divisible by 5 .

X =

Whenn =1,z = &CH =2

Therefore the least positive value of x is 2 .

Problem 4.24.6. Find the least positive value of  such that 8z — 7 = 5(mod20).
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Solution: 8x — 7 = 5(mod20)
=8 —T7T—-5=20k keZ
8xr — 12 = 20k
8 = 20k + 12
20k+12

8

€r =

By inspection, we can check that least value of k to get integer valueof xis k = 1

20412 — 4

r = )

Problem 4.24.7. Find all the solutions of the congruence 3z = 12(mod6).

Solution : Herea = 3,b = 12,n = 6
d = gcd(a,n) = ged(3,6) = 3
Now check whether d | b
Clearly 3 | 12.
Thus there are d = 3 incongruent solutions modulo 6.
3z = 12(mod6)
= 3x — 12 = 6k

6k+412

= T = 3

By inspection, the least value of k to get integer value of x isk = 1

Hence x = = 6 is one of the solutions.

%
i.e. o = 6
Other solutions are given by

x = xo + 5t, wheret =1,2,--- ,d—1

x =6+ 2 =8(mod6) = 2(mod6) (Whent = 1)

andx = 6 + 5(2) = 10 = 4(mod6) (Whent = 2)

Problem 4.24.8. Solve 9= = 21(mod30).

Solution :Here @ = 9,b = 21,n = 30 Since d = gcd(a,n) = gecd(9,30) = 3and 3 | 21

(i.e. d | b), there are be d = 3 incongruent solutions.
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9z = 21(mod30)

9 — 21 = 30k

9x = 30k + 21

30k + 21

r= — —
9

By inspection, K = 2 gives the integer value of x = 9
Thus xg = 9

Other solutions are given by

r=mxo+ 2t =9+ 2t, wheret =1,2,---,d—1
=9+ 10t

Taking t = 0, 1, 2, in the formula we get

r=9,19,29

ie. = 9(mod30), =z = 19(mod30) and x = 29(mod30) are the required three solu-

tions of 9 = 21(mod 30).

Problem 4.24.9. solve the linear congruence 2 = 3(mod7)

Solution : Herea = 2,b = 3,n =7
d=gcd(2,7) =1,
Hence it has unique congruent solution and then,

20 — 3 = Tk where k € Z

_ T7k43
-2

By inspection, fork =1, = 5

Hence the z = 5(mod7)

Problem 4.24.10. Solve 5z = 6(mod9)

Solution: Herea = 5,b =6,n =9

d = ged(a,n) = ged(5,9) =1,
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Hence it has unique congruent solution and solution is given by

xr — 6 =9k
9k + 6
r =
5
x=3

ie. x = 3(mod9)

Problem 4.24.11. solve 4z = 2(mod6)

Solution : Herea = 4,b=2,n =6
d = gcd(4,6) = 2 and d | b, hence it has two solutions.
4x = 2(mod6) = 4x — 2 = 6k
= 4x = 6k + 2
:>:13=6’f#:>:1:0:2(fork=1)
another solution is given by
x=xzo+4%t, t=0,1,--- ,d—1
x =242t x=2+3(1)@sinced-1=1)

x =5orx = 5(mod6
Problem 4.24.12. Solve 3z = 1(mod6)
Solution: Herea = 3,b = 1,n = 6

d=gcd(3,6) =3and 311

Hence there is no solution.

Problem 4.24.13. Solve 18z = 30(mod42)

Solution : Here d = gcd(18,42) = 6 and 6 surely divides 30,

Hence there are exactly d = 6 solutions, which are in-congruent modulo 42.

18z = 30(mod42) = 18z — 30 = 42k
__ 42k+30
T= T

Other solutions are

x=xzo+5t, t=0,1,--- ,d—1

By inspection, one solution is found to be x = 4.
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x =4+ (42/6)t = 4 + 7t(mod42) t=0,1,...,5
Fort =0,1,2,3,4,5 we get
x =4,11,18,25,32,39(mod42)

Problem 4.24.14. Find all non-congruence solutions modulo 15 for 27z = 3(mod15) .

Solution : Here a = 27,b = 3,n = 15
Clearly d = gcd(a,n) = ged(27,15) = 3
d|b
27x = 3(mod15) = 27x — 3 = 15k

15k4-3

= T = 27

Clearly, = 4 satisfies the congruence.
Hence the solutions are given by
n
zc:a:o—l—gt, where0 <t < d—1

(15)¢
T=4+ =445t 0<t<2

1 =4+5(0)=4 fort =0
s =4+5(1)=44+5=9 fort =1

T3 =A=+5(2) =4+ 10 = 14 fort = 2
Problem 4.24.15. Solve 5 = 4(mod6)

Solution: 5z = 4(mod6)
5x — 4 = 6n for some integer n

5x — 4 is a multiple of 6

6n+4
5

When we putn = 1,6,11,16. .. then 6m + 4 is divisible by 5

€xr =

Ifnzl,then:cz%zZ

Ifn:6,thenw:%:8

Therefore the solutions are 2, 8,14, 20...

Problem 4.24.16. Solve 3x — 2 = 0(mod11)

Solution:3x — 2 = 0(mod11)
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3z — 2 = 11n for some integer n

3x — 2 is a multiple of 11

11n+2

r = 3

When we put n = 2,5, 8...is divisible by 3
Ifn=2,x= % =8

Ifn=5z=13+2 =19

Therefore the solutions are 8,19, 30.. ..

Problem 4.24.17. Find the solutions of the linear congruence 11z = 4(mod25).  (VTU Model
2022)

Solution: Given 11z = 4(mod25)
a=11, b=4, n=25
d=GCD(a,n) =GCD(11,25) =1

d|b
Hence unique solution exists.

11z = 4(mod25) = 11z — 4 = 25k

1lx = 25k + 4
. 25k + 4

1
By inspection, for k = 6 we get integer value of @

25x8+4 — 14

ST = T

4.25 The Chinese Remainder Theorem :

Let nq, na, . .., N, be positive integers such that gcd (n;, ;) = 1for4 # j. Then the system

of linear congruences
x = a; (modn,)

T = a3 (modny)

z = a, (modn,.)
has a simultaneous solution @ € Z, which is unique modulo N = nins - - - n,. and the solution is

given by

T = N1a1y1 + Naazys + - -+ Nya,y,
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where Ny = X Ny =&, ...N, =N
ni’ ng’? Ny

Y1, Y2, * * * Y are inverses of Ny, Na, - - « N, respectively satisfying N;y; = 1(modn;), ¢ =
1’ 2, cee LT

Problem 4.25.1. Solve the system
x =1 (mod2)
x =2 (mod3)
x =3 (modb5).

Solution : Here a; = 1,a2; = 2,a3 = 3,n, = 2,n =3,n3 =5
Clearly, gcd (n;, n;) = ged(2,3) = ged(3,5) = ged(2,5) =1
Wehave N = ny X ng Xng=2-3-5=30.

_ N _ 30 _
AlSONl = 'fl_l - 95 — 157
N, = % = 2 =10,
_ N _ 30 _
and N3 = =% = 6
So we have to solve now 15y; = 1(mod2)— a solutionis y; = 1(mod?2).
In the same way, we find that y; = 1(mod3) andy3 =1(mod5).

Therefore N1a1y1 + Na2azyz + Niasys

x=1-15-14+2-10-143:6-1=53 =23 (mod30).

Problem 4.25.2. Solve the system of three congruences

« = 2(mod3)
x = 3(mod5)
x = 2(mod7)

Solution : Here a12,a; = 3,a3 = 2,n; = 3,n; =5,n3 =7

wehave N =3 :5.7 = 105 and

n
N1:§:35 N2: =21 N3 :15

w3
Il
|3

Now the linear congruences
35y; = 1(mod3) 21y, = 1(mod5) 15y3 = 1(mod7)

are satisfied by y; = 2,y = 1, y3 = 1, respectively.
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Thus, a solution of the system is given by
w=N1a1y1+N2a2y2+N3a3y3=2-35-2—|—3-21-1—|—2-15-1=233

Modulo 105, we get the unique solution z = 233 = 23(mod105).

Problem 4.25.3. Use the Chinese Remainder Theorem to find solutions of the system

x = 3 mod 4
r =2 mod 3
r = 4 mod 5.

Solution : Here, a; = 3,a3 = 2,a3 = 4, m; = 4,n, = 3,n3 = 5,
and N =4-3-5=60. Now N; = N/n; =60/4 =15
Similarly, Ny = 20, and N3 = 12.
Let us solve NV;y; = 1 mod n;,t = 1,2, 3.
In this problem, we need to solve
15y; =1 mod 4
20y, = 1 mod 3

12y3 = 1 mod 5.

By inspection, we find that y; = 3, y» = 2, and y3 = 3.

r = a1y1N1 + a2y2N2 + a3y3N3(m0d60)
=3-3-154+2-2-204+4-3-12
= 359

Hence the solution is ¢ = 59(mod60).

Problem 4.25.4. Find the least positive integer such that:

x = 1(mod3)
x = 2(mod4)
x = 3(mod5)

Solution : Here, a; = 1,a, = 2,a3 = 3,n; = 3,ny, = 4,n3 = 5,

and N =3-3-5 = 60.
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Now N; = N/n; = 60/3 = 20
Similarly, Ny = 15, and N3 = 12.
Let us solve N;y; = 1 mod n;,t = 1,2, 3.
In this problem, we need to solve
20y; = 1(mod3),

15y, = 1(mod4),

12y3 = 1(mod5)
Y1 =2,9Y2 =3,y3 =3
x = a1y1. N1 + a2y2N2 + a3ysN3(mod60)
(1 x20x2)4(2x15x 3)
4+(3 X 12 X 3)(mod60)
= 238(1mod60)

= 58(mod60)

Problem 4.25.5. Solve the system of congruences

x = 1(mod5>)
x. = 4(mod7)
x = 2(mod9)

Solution: a; = 1,a; = 4,a3 = 2,ny =5,N = 7,Nn3 =9
N =5XT7Tx9=2315
Let us solve NV;y; = 1 mod n;,t = 1,2, 3.
In this problem, we need to solve
7-9-y; =1(mod5) = y; = 2
5:9-y, =1(mod7) = y>=5

5.7-y3 = 1(mod9) = y; =8
Sox = a1y N1 + azy2 N2 + azysNs(mod V)

x=1-63-2+4-45-54+2.35-8(mod315)
x == 126 + 900 + 560 = 1586(mod315) == 11(mod315) is the solution.
Problem 4.25.6. Solve the system below using the Chinese remainder theorem:

x = 3(mod5)

x = 5(mod7)
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Solution: Given data,
x = 3(mod5)
x = 5(mod7)
By the Chinese Remainder Theorem, We have

N =5x7=35
35_

N]_: —7
5
35
NZZ—:E)
7

Now using relation,
N;y; = 1 (modn;)
Ty, = 1(mod5)
= 2y; = 1(mod5)

6y; = 3(mod5)

Y1 =3
Similarly,
5y, = 1(mod?7)
15y = 3(mod7)
Y2 =3
Finally,

N = Niyia1 + Nayza2
TX3X3+5Xx5x3=138
= 138(mod35)

= 33(mod35)

Problem 4.25.7. Solve the system below using the Chinese remainder theorem:

r = 1(mod3)
x = 2(mod5)
x = 3(mod7)

Solution: we have N =3 -5-7 = 105, N; = 105/3 = 35, N, = 105/5 = 21,

and N3 = 105/7 = 15.
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To determine y;, we solve 35y; = 1(mod3), or equivalently, This yields y; = 2(mod3).
We find y» by solving 21y, = 1(mod5); this immediately gives y, = 1(mod5).
Finally, we find y3 by solving 15y3 = 1(mod7). This gives y3 = 1(mod7).
Hence,
xr=[1:35-242-21-1+3-15-1] (mod105)
= 157(mod105)

= 52(mod105)

4.26 System of linear congruence’s in two variables :

Theorem : The system of linear congruences
azx + by = r(modn)
cx + dy = s(modn)

has a unique solution modulo n whenever gcd(ad — be, n) = 1.

Problem 4.26.1. Find the solutions of the following systems of congruences:
5 4 3y = 1(mod7)
3z + 2y = 4(mod7)

Solution :
5z 43y = 1(mod7) -+ (1)
3x + 2y = 4(mod7). -+ (2)
Herea =5,b=3,r=1,n=7,c=3,d=2,s =14
ad—bc=10—-9=1
ged(ad — be,n) = ged(1,7) =1
so the solution exists
Let us eliminate y from (1) and (2).
Multiplying (1) by 2 and (2) by 3 we get
10x + 6y = 2(mod7) -+ (3)
9z 4 6y = 12(mod7). --+(4)
(3)-(4) gives
x=—-10(mod7) =2 +10=7k = o =7k — 10

By inspection © = 4 under modulo 7
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ie.x = —3 = 4(mod?7)
now Let us eliminate & from (1) and (2).
Multiplying (1) by 3 and (2) by 5 we get
15z + 9y = 3(mod7) --+(5)
15 + 10y = 20(mod7). --+(6)
(6)-(5) givesy = 17(mod7) = y—17=Tk = y = Tk + 17
By inspection, y = 24 = 3(mod7)

Hence solution is £ = 4(mod7) and y = 3(mod?7)

Problem 4.26.2. Find the solutions of the following systems of congruences: 7x + 3y = 6(mod

11), 4x + 2y = 9(mod11).

Solution : Given
Txr + 3y = 6(mod11) -+ (1)
4x + 2y = 9(mod11) --:1(2)
.Herea =7,b=3,r=6,n=11,c=4,d=2,8 =9
ad —bc=14—-12 =2
ged(ad — be,n) = ged(2,11) =1
so the solution exists
Let us eliminate y from (1) and (2).
Multiplying (1) by 2 and (2) by 3 we get
l4x + 6y = 12(mod11) -++(3)
12 + 6y = 27(mod11) .-+ (4)
(3)-(4) gives

11k — 15

2¢ = —15(mod1l) = 2x 4+ 15 =11k = x = 5

By inspection, we get x = —2 = 9(mod11)

Similarly, by eliminating « from (1) and (2), we can find y = 3(mod11) (try this !)

4.27 Linear Diophantine Equation

An algebraic equation in one or more unknowns whose constants and variables are all integers is

called a Diophantine equation.
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The linear Diophantine equation in two unknowns is of the form
ar + by =c

where a, b, c are given integers and a, b are not both zero.
A given linear Diophantine equation can have a number of solutions, as is the case with 3z 4 6y =
18, where
3:44+6-1=18
3(—6) +6-6 =18
3-10+6(—2) =18
Some Diophantine equations are not solvable. for example, there is no solution to the equation

2z + 10y = 17.

The condition for solvability is given in the following theorem.

Theorem (condition for solvability of linear Diophantine equation):

The linear Diophantine equation a® 4+ by = ¢ has a solution if and only if d | ¢, where

d = gcd(a, b). If xo, yo is any particular solution of this equation, then all other solutions are given

b a
T = xo + a t y=yo— 1 t, tecZ

where £ is an arbitrary integer.

by

Example 1: Consider the equation 3x + 4y = 7.

Here,a =3, b=4,¢=7

Since d = ged(a, b) = ged(3,4) = 1 | 7 there are infinitely many solutions;
By inspection, we can see that 0 = y0 = 1 is a particular solution.

Then all other solutions are given by

b a
$=$0+<E>t yzyo—(a)t

where t is an arbitrary integer.
i.e. all the solutions are of the foomax =1+ 4t,y =1 — 3t,t € Z.

Example 2 : Consider the equation 12x + 18y = 50.
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Herea = 12,b = 18,¢c = 50
Since d = ged(12,18) = 6 t 50 there are no solutions

Problem 4.27.1. Solve the Diophantine equation 56x + 72y = 40.

Solution: First, let us find d = ged(56, 72) by division algorithm.

a=>56,b="T2
72=1%x56+16  ---(1)
56 =3 X 16 +8 /e (2)

16 =2x8+4+0
d= (56,72) =8
Check whether d divides c.
Clearly 8 | 40
Hence there exists a solution.

Now using reverse substitution method, from (2)
8 =56 —3 X 16
=56 —3 X (72 — 56)
=56 +3 X56—3XxT72
=4 X 56 —3 X 72
4(56) — 3(72) = 8
56 x 4+ 72 x (—=3) =8
This is in the form 56x + 72y = d = 8

In the given equation, Constant term ¢ = 40

Hence multiply the above equation by 5, we get

56(20) + 72(—15) = 40, This is in the form
56x + 72y = 40

= x9 = 20 and yo = —15

is a solution for the given equation.
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Then all other solutions are given by

!
|

where t is an arbitrary integer.

72
:1:2204—(; t =20+ 9t

Hence the general solution is 56
y=—15— (;)t:—15—7t

where t € Z

Problem 4.27.2. Solve the Diophantine equation 172z + 20y = 1000

Solution: Consider the linear Diophantine equation
1722 + 20y =1000

Applying the Euclidean’s Algorithm to the evaluation of d = ged(172, 20), we find that
172 = 8- 204 12
20=1-12+8
12=1-8+4
8=2-4
hence d = ged(172,20) = 4.
Clearly d | n. i.e. 4 | 1000, Hence a solution to this equation exists.

To obtain the integer 4 as a linear combination of 172 and 20 , we work backward through the previous

calculations, as follows:
4=12-8
=12 — (20 — 12)
=2-12—-20
= 2(172 —8-20) — 20
=2-172 4 (—17)20
This is in the formd = 4 = 172x + 20y

To get the constant 1000, multiply this relation by 250 , we arrive at
250 -4 = 250[2 - 172 + (—17)20]

1000 = 500 - 172 + (—4250)20

so that x = 500 and y = —4250 provide one solution to the Diophantine equation in question. All
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other solutions are expressed by
x = 500 + (20/4)t = 500 + 5t
y = —4250 — (172/4)t = —4250 — 43t

for some integer t.

Problem 4.27.3. Solve 7x + 18y = 208

Solution: Here a = 7,b = 18, ¢ = 108 withd = ged(7,18) = 1andd | ¢
Hence there exists a solution.

By Euclidian algorithm we have

18=7T%x2+4

T=4X%x1+3
4=3Xx1+1
3=1Xx3+4+0

Hence d = ged(7,18) =1
To obtain the integer d = 1 as a linear combination of 7 and 18 , we work backward through the

previous calculations, as follows:
1=4-3X%X1

=4—(7—4) x1
=4-7X14+4x%x1
=4XxX2-T7Tx1
=(18—-7Tx2)x2-7Tx1
=18X2-7x4-Tx1
=18 X2—-7X5

=7X—-54+18 X 2
This is in the formd = 1 = 7Tx 4+ 18y
To get the constant 208, multiply this equation by 208,
208 =7 X —5 X 208 + 18 x 2 x 208
208 =7 x (—1040) + 18 x 416
Hence one solution is €y = —1040, vyo = 416 General solution is € = x¢ + (g) t y=
yo— (3)t
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ie.x = —1040 + (18/1)t and y = 416 + (7/1)t

Problem 4.27.4. Solve 56x + 72y = 40

Solution: Let us first find d = ged(56, 72)

By Euclidian algorithm,
72 =56 X 1416
56 = 16 4 8
16 =8x240
Hence d = ged(56,72) = 8
To obtain the integer d = 8 as a linear combination.of 56 and 72, we work backward through the

previous calculations, as follows:
8 =56 —16 X 3
=56 —(72—56 x1) X3
=56 —72 X 3 +56 X3
=56 X 4+ 72 X (—3)
multiply by 5
40 =56 X 20472 X —15
Hence one solution is * = 20 and y = —15
General solution is * = xq + (g) t y=1yo— (%) t

x =20+ (72/8)tandy = —15 + (56/8)t

4.28 Polynomial congruence :

Let m be a positive integer, and let
f(x) = ao + arx + azz® + - -+ + apz™

be any polynomial with integer coefficients. Then a high-order congruence or a polynomial congru-

ence is a congruence of the form

f(x) = 0(mod n)
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In order to find all the solutions of f(xz) = 0(mod n), it suffices to substitute in the polynomial
f(x) the values x = 0, £1, £2,43,.-- , =(n — 1) and check whether the integer so obtained is

congruent to 0 modulo 7 or not.

Problem 4.28.1. Solve the congruence ® + 2> — 1 = 0(mod5).

Solution : Here n = 5. In order to find all the solutions, it suffices to substitute in f(x) = x>+
222 — 1 the values * = 0,1, 2, 3,4 and check whether the integer so obtained is congruent to 0

modulo 5 or not. So we have
s loi] 2 | 3 | 4
f(x)

-112115=0(44=4195=0

and the values of « that are solutions of f(z) = 0(mod5).are x = 2 and x = 4.
Note : In the above problem, considering the computations involved, it is simpler to choose * =

0,1,2,—1, —2, ( Since value 3 is same as —2/and value 4 is same as —1 under modulo 5). Thus

we get
T 0 ‘ 1 ' 2 ‘—2 -1
f(a:)'-lJ215EO 1|0
. Thus, we find the solutions x = 2 and ¢ = —1 = 4(mod}5).

Problem 4.28.2. Find all the roots of the polynomial congruence

x? + 22 — 3 = 0(mod>5) — (1)

Solution :let f(x) = =2 + 2= — 3
f(x) = 0(mod5) if 5 divides f(x)
Note that 5 is a prime number .*. we need to test (1) for « in {0,1,2,3,4} orin {0, &1, +2, £3}
when = 0: f(x) = —3 not divisible by 5
x=1; f(x) =0 divisibleby5
x=2; f(x)=05 divisibleby5
x =3 (fx) = 12 notdivisible by 5
x =4: f(x) =21 notdivisible by 5
x = 1,2 are the roots

Similarly © = —4, —3 are the roots.
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Ingeneralx =1+ 5k, x = 2 4+ 5k, x = —3 + 5k, x = —4 + 5k are the roots.

Problem 4.28.3. Solve the congruence 3 + 2x? — 1 = 0(mod7).

Solution : Here n = 7, Let us compute f(x) = x> + 222 — 1 for the values * =

0,1,2,3,4,5,6,orx =0,1,2,3,—3, —2, —1, modulo 7 :

T 0|1 2 3 -3 21 -1
f()|-112]15=1|44=2|-10=4|-1|0
The congruence admits the unique solution x = —1, thatis, x = 6.
Lemma :

Letn = p{"p5? - - - pp* be the factorization of the positive integer n into distinct primes. Then

the polynomial congruence
f(x) =0 (modn)
is solvable if and only if each of the congruences f(z) = 0 (modp;*), is solvable, for i =
1,2,....k.
Problem 4.28.4. Solve the congruence

f(x) =2+ 3x42=0 (mod49).

Solution : Here n = 49, We need not compute f(x) forallx = 0,1, ..., 48, by noticing that
n = 49 = 72, where 7 is a prime number:
Hence a solution of f(x) =0 (mod49) is clearly also a solution of f(x) =0 (modT7)

Let us first solve
flz)=2*>+3x+2=0 (mod7).
Letus compute f(x) = x3+3x+2 for the valuesz = 0,1, 2,3,4,5,6,orz = 0,1,2,3, —3, —2, —1, mo«
s ot 2 | s | o | 2 | 4

f(x)|2]6/16=2|38=3|-34=1|—-12=2|—-2=5
There is no value of x satisfying f(z) =0 (mod7).

Hence there is no solutions for f(z) =0 (mod7)

and thus no solution for f(x) =0 (mod49)
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Problem 4.28.5. Solve the congruence * + = + 3 = 0(mod25).

Solution : Here n = 25. We need not compute f(x) forall x = 0,1, ..., 24, by noticing that
n = 25 = 52, where 5 is a prime number.
The solutions of z* + = + 3 = 0(mod25) must also be solutions of z*+ = + 3 = 0(mod5).
This congruence *4+x+3= 0(mod5) has the unique solution & = 1(check it !), which is not

a solution of z* 4+ = + 3 = 0(mod25).

Problem 4.28.6. Solve 3 + 5 + 1 = 0(mod 27)

Solution : Here n = 27 = 33 where 3 is a prime number.
The solutions of 3 + 5 + 1 = 0( mod 27) must also be solutions of * + 5z +1 = 0( mod 3).
We can check by inspection and no value of « in {0521, 2} satisty > + 52 + 1 = 0(mod3)

.. there is no solutions for 3 + 5 + 1 = 0(mod27)

Problem 4.28.7. Solve the congruence x> +/3% + 17 = 0(mod9)

Solution : Here n = 9. clearly 9 =, 32 and 3'is a prime number.
So let us first find the solution of * + 3z +.17 = 0(mod3)

By inspection, .". * = 1 and = 2 are the solutions.

4.29 EULER’S PHI-FUNCTION :

For n > 1, let ¢(n) denote the number of positive integers not exceeding n (i.e. < m) that
are relatively prime to . The function ¢ is usually called the Euler phi-function or Euler totient-
function or Euler indicator-function
Example 1 : Consider n = 30, then the positive integers that do not exceed 30, which are relatively
prime to 30 are specifically, 1,7,11,13,17,19, 23, 29
Hence ¢(30) = 8; Similarly, for the first few positive integers, we can verify that ¢(1) =
1,6(2) = 1,6(3) = 2, $(4) = 2,$(5) = 4,$(6) = 2,6(7) =6, ...

Note that ¢(1) = 1, because ged(l,1) = 1. In the event n > 1, then ged(n,n) = n # 1.
Example 2 : Since 1 and 3 are the only two integers that are relatively prime to 4 and less than 4 ,
then ¢(4) = 2.

Example 3 : Since 1, 2, 3, 4, 5, 6 are the integers that are relatively prime to 7 that are less than 7,
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thus ¢(7) = 6.

Example 4 : If n = 9, then the integers that are relatively prime to 9 that are less 9 are 1,2,4, 5, 7, 8.
Thus ¢(9) = 6.

Example 5 : If n = 12, then the integers that are relatively prime to 12 thatare less 12 are 1, 5, 7, 11.

Thus ¢(12) = 4.
Theorem : If p is a prime and k£ > 0, then
¢ (p*) =p* —p* ' =p* (1 — 1)
Note : If p is a prime, then ¢(p) = p — 1.

Example 1 : let p = 3 then
P(9) = $(3%) =3%—3=6

The six integers less than and relatively prime to 9 being 1, 2,4, 5, 7, 8.

Example 1 : let p = 2, Then
P(16) = p(2*) =21 —2°=16—-8=28
Lemma: Given integers a, b, e, gcd(a, be) = 1ifand only if gcd(a, b) = 1 and gcd(a, e) =

1.

Theorem : If the integer n > 1 has the prime factorization n = p'fl p’§2 oo p’;’”, then

¢(n) = (piv=pi ") (p5* —p5* ") -+ (P — P )
1 1 1
=+ () (73) ()
Da D2 Dr
n=20=2% x5!

20) =20 (1 1 1 1 = 20 1 4—8
o =0 (1 2) (1-2) a0t

Example 1 : If

Example 2: If
n="72=2%x3?
1 1 1 2
:>¢(72):72(1——) (1——) =T72X -X-=24
2 2 3
Example 3 : If

n=42=2x3x7

42—42111111—4212
= otz =42 (15 ) (1) (1-7) = g x

Dr. Shantha Kumari K AJIET, Mangaluru

=12

N o




Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 151

Example 4 : Let us calculate the value ¢(360). The prime-power decomposition of 360 is 23-32. 5,

and Theorem tells us that

$(360) = 360 <1 _ %) (1 _ %) <1 B %)

1 2 4
—360-— -~ - — =96
2 3 5

Problem 4.29.1. Find ¢(10)

Solution :

10=2X5=n=10,p1 = 2,p2 =5

They are 1,3,7,9 ( numbers which are relatively prime to 10.

Problem 4.29.2. Find ¢(20)

Solution :

$(20) = ¢(2° x'5) p1=2,p2 =5

G2 (-2)

1 1
RIS
2 5
1 4
=20-=.—
2 5
=8

Problem 4.29.3. Find ¢(540)

Solution : Solution: By factorizing using prime numbers, we can check that
540 = 22.3%.5
$(540) = ¢ (2*) ¢ (3%) #(5)
=22-1)3*3-1)(5—-1) =144
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4.30 FERMAT’S LITTLE THEOREM

Let p be a prime and suppose that p 1 a (i.e. gcd(a, p) = 1). Then

a’~! = 1(modp)

Corollary:

I fpisaprime,thena? = a(modp) foranyintegera.

Problem 4.30.1. Using Fermat’s Little Theorem, show that 83° — 1 is divisible by 31 (VTU Model

2022)

Solution :Here, p=31 is a prime number and @ = 8 and.p { a
From Fermat’s little theorem ,
a?~! = 1(mod p)
a®*~!' = 1(mod31) if (a,31) = 1
givena = 8
=(8,31) =1
=8%'"' =1 mod 31
8%° =1 mod 31

=8%° —1=(1-1) mod 31
830 — 1 = 0(mod31)
i.e. remainder is 0.

830 — 1 is divisible by 31

Problem 4.30.2. Find the remainder when 72191 is divided by 31 .

Solution: Let p = 31, which is a prime number
consider 72 = 10 (mod31)
= 721001 — 101001 (110d31) cee (1)
Take @ = 10 and gcd(a,p) = (10,31) =1,ie.pfa
From Fermat’s little theorem : a?~! = 1(modp)

1031 = 1(mod31)
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10%° = 1(mod31)

(10%°)** = 133(mod31)

1030%33 = 133(mod31)

109° = 1(mod31) e (2)
101090 — 10990 x 10® x 102 x 10
Consider 102 = 7(mod31)

(10%?)? = 7?(mod31)

10 = 49(mod31)

10* = —13(mod31)

(10%)% = (—13)2(mod31)

(10%) = 169(mod31)

(10%) = 14(mod31)

From (1)

721001 = 101001 (1164 31)

= 10999 x 10® x 102 x 10(mod31)
=1Xx14 X 7 x 10(mod31)
721001 = 14 x 70(mod31)

= 14 x 8(mod31)

= 112(mod31)

= 19(mod31)

Problem 4.30.3. What is the remainder when 25 is divided by 237

Solution : Let a = 2 and p = 23(prime number) and p { a
From Fermat’s little theorem ,
aP~! = 1(mod p)
223=1 = 1(mod 23)
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2?2 = 1(mod23)
(2%%)* = (1)%(mod23)
2% = 1(mod23) <o+ (1)
26 = 64 = 18(mod23) .- (2)
From (1) and (2)
26 x 2% =1 x 18(mod23)
2°% = 18(mod23)

Hence the remainder is 18.

Problem 4.30.4. Show that 53 = 4 mod 11

Here p = 11 is aprime and @ = 5 withp { a

From Fermat’s little theorem
a’~' =1 /(modp)
51 =1(mod11)
59 = 1 mod 11
(5'°)3 =1 mod 11
530 =1 mod 11 (1)
52 = 25 = 3(mod11)
(5%)*=.3* = 81(mod11)
5% = 4(mod11) (2)

From (1) and (2)
53 x 5% = 1 X 4(mod11)
5% =4 (mod11)

Hence remainder is 4
Problem 4.30.5. What is the remainder when 54° is divided by 117
Solution:Here a = 5, p = 11 is a prime and p 1 a,

From Fermat’s little theorem a?~! =1 (modp)

510 = 1(mod11)
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Therefore, 5*° = 1* = 1(mod11)

Then, the remainderis 1 .

Problem 4.30.6. What is the remainder of 3247 divided by 177

Solution: 3 and 17 are prime numbers. Hence by Fermat’s little theorem.

3'6 = 1(mod17)

—> (3'9)" = (1)**(mod17)
= 324 = 1(mod17)

—> 32" = 3" (mod17)

= 3%*" = 11(mod17)

Hence the required remainder is 11

Problem 4.30.7. Find the remainder when 241947 is divided by 17

Solution : Let p = 17, prime number and @ = 24
Clearly gcd(a,p) = ged(24,17) =1
By FLT, a?~! = 1(modp)
24'6 = 1(mod17)
(2419)121 = 1121(mod17) (.- 16 x 121 = 1936 is near to 1947)

(241936 = 1(mod17) (1)

Consider 24 = 7(mod17) (2)

(24)% = 49(mod17) = —2(mod17) (3)
((24)*)* = (—2)*(mod17)

248 = 16(mod17) = —1(mod17) (3)

Consider 1947 = 1936 + 8 + 2 + 1 From (1), (2), (3) and (4)
241936 % 248 x 242 x 24' =1 X —1 X —2 X 7(mod17)
241947 = 14(mod 17)

Hence the remainder is 14.

4.31 Euler’s Theorem

Ifn > 1and ged(a,n) = 1, then a®™ = 1(modn).

Example 1: Letn = 5anda = 3

Dr. Shantha Kumari K

AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 156

ged(a,n) = ged(3,5) = 1, and p(n) = ¢(5) =4
Then a®™ = 3¢6) = 34 = 81 = 1(mod5)
Example 2: Letn = 9,a = 2

gcd(a,n) = ged(2,9) =1

Then a®(™ = 2¢(9) = 64 = 1(mod9)

Problem 4.31.1. Use Euler’s theorem to find the unit digit in 319,

Solution : Letn = 10 anda = 3
¢(n) =¢d(2x5)=1x4=4
Since 3 is relatively prime to 10, by Eulers theorem, we have
a®™ = 1(modn)
3¢9 = 1(mod10)
3* = 1(mod10)
(3%)** = 1*%(mod10)
3'% = 1(mod10)

.. 1 is the unit digit.

4.32 Wilson’s Theorem :

I [f pis a prime, then

(p— 1)! = —1(modp)

Note : Wilson’s theorem and Fermat’s theorem can be utilized to decrease huge numbers concerning
a given modulus and to simplify the congruences.
Corollary : If p is a prime, then

(p — 2)! = 1(modp)

(p—3)! = g(modp)

Problem 4.32.1. Find the remainder when 14! is divided by 17 (VTU Model 2022)

Solution: Let p = 17, a prime number
By Wilson’s theorem

(p—1)! = —1(modp)
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(p — 2)! = 1(modp)
(p—3) = @(modp)

Using this, we can easily write

— 17—
(17 — 3)! = 172 (mod17)
ie. (14!) = 8(mod17)

Hence remainder is 8

Problem 4.32.2. Show that 10! 4 1 is divisible by 11

Solution : Let p = 11, prime number

By Wilsons theorem, we have

(p—1)! = —1(modp)
10! = —1(mod11) (1)
also 1 = 1(mod11) (2)

From (1) and (2)
10! +1=(—1) + 1(mod11) = 0(mod11)
i.e. remainder is O

Hence 10! + 1 is divisible by 11.

433 CRYPTOGRAPHY

cryptography (from the Greek kryptos meaning hidden and graphein meaning to write), is the
science of making communications unintelligible to all except authorized parties.
Cryptography is the only known practical means for protecting information transmitted through pub-
lic communications networks, such as those using telephone lines, microwaves, or satellites.
In the language of cryptography, where message in terms of codes is called cipher, the information to
be concealed is called plaintext(i.e. message in its actual original (and final) form is called the plain-
text). After transformation to a secret form, a message is called ciphertext. The process of converting
from plaintext to ciphertext is said to be encrypting (or enciphering), whereas the reverse process of
changing from ciphertext back to recover the plaintext is called decrypting (or deciphering).
Additional information (some of which is) used in encryption and (some of) which is necessary for
successful decryption is called a key.
Any plaintext is first expressed numerically by translating the characters of the text into digits by

means of some correspondence such as the following:
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A B C

0 1

N O P

13 14 15
RSA Algorithm

16

17

18

19

21

22

10

11

24

12

25

RSA algorithm is an asymmetric cryptography algorithm. Asymmetric actually means that it

works on two different keys i.e. Public Key and Private Key: As the name describes that the Public

Key is given to everyone and the Private key is kept private:

* RSA stands for Rivest Shamir Adleman.

* It can be described as an encryption algorithm, which is used to securely transfer the message

with the help of internet.

* RSA is a type of public-key cryptography. Public key cryptography requires two keys. One key

will be used to decrypt the message, and the second key will be used to encrypt the message.

This means that the one key will be made public key, and the second key will be secret from

everyone. The second key can also be called a private key.

* A client (for example browser) sends its public key to the server and requests some data.

* The server encrypts the data using the client’s public key and sends the encrypted data.

* The client receives this data and decrypts it.

Let us learn the mechanism behind the RSA algorithm :

* Given a plain text. choose two very large primes p and q.

* Their product n = pq is known as the corresponding RSA modulus.

» Compute ¢p(n) = (p — 1) X (g — 1), where ¢p(n) is the Euler Totient function.

e choose anumber e, 1 < e < ¢(n) such that gcd(e, ¢(n)) = 1. This number is called the

RSA exponent.
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» The RSA public [encryption] key consists of the pair (n, e);

* The RSA private [decryption] key consists of the pair (n, d), where

d = e '(mod¢(n)),

i.e.

* Encryption cipher is given by ¢ = ( message )¢ mod n

de = 1(mod¢(n))

¢ = M€ (modn). where M is the numeric form of the message.

* Decryption data is given by

Decryption data = ( cipher )¢

(modn) = ¢

d

(modn).

All together, the above is called the RSA cryptosystem.Example : If p = 3, ¢ = 11 and private

key d = 7, find the public key using RSA algorithmand hence encrypt the number 19.

Choose p =3 andq = 11

Computen = p*q =311 = 33

Compute ¢(n) = (p—1) *(q—1) =2%10 = 20

Choose e such that 1 < e < ¢(n) and e and ¢(n) are relatively prime.

Since d = 7 is the given private key, we can find the public key e using de = 1(mod ¢(n))

i.e. 7e = 1(mod20)

One solution is € = 3 since 21 = 1(mod@(n))

Public key is (e,n) = (3, 33)
Private key is (d,n) = (7, 33)

Encryption cipher is given by ¢ = ( message )¢ mod n

The numeric form of message is, 19 (given)

Convert numbers to letters where letters should take up single digits; Ais0,Bis 1, -+ Zis 25,
i.e. using

A B C D E F G H I J K L M

0 1 3 4 5 6 7 8 9 10 11 12

N 0 P Q R s T U V W X Y Z

13 14 15 16 17 18 19 20 21 22 23 24 25
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message=19=BJ
Encryption cipher is given by ¢ = ( message )¢ mod n

c =19 (mod33)

c=—2xX19(mod33) (.- 19° = —2(mod33))
c = —38(mod33)

== —5(mod33)

c = 28 mod 33

c = 28

Problem 4.33.1. Encrypt the message ‘HI” using RSA with key (3127, 3) using the prime numbers
53 and 59

Solution: Generating Public Key:
Denote the given the prime numbers by P =/53 and Q@ = 59.
Now First part of the Publickey : n = P X Q = 3127.
¢(n) = (P —1)(Q —1) = 3016
Second part of the Public key is e = 3 (given)
Clearly e satisfies the condition 1 < e < ¢(n) and gcd(e, p(n)) =1
The RSA private [decryption] key consists of the pair (2, d), where
d=e (modg(n)),
de = 1(mod¢(n))
d3 = 1(mod3016)
3d — 1 = 3016k
3d = 3016k + 1

__ 3016k+1
d= 3

For k = 2, value of d is 2011.

Private Key (n,d) = (3127,2011)

Now we will encrypt “HI” :

Convert letters to numbers where letters should take up single digits; Ais 0, Bis 1, - -« Zis 25,
Thus H=8 and =9

Hence message = HI = 89
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Encryption cipher is given by ¢ = ( message )¢ mod n

c = 893(mod3127).

Thus our Encrypted Data comes out to be ¢ = 1394

(check this by finding the remainder by dividing 893 by 3127)
Note :

Let us check the decrypted data of 1394,

Decrypted Data =( cipher )¢(modmn)

= c?(modn) = 1394?°'1(mod3127) = 89.

Thus our Decrypted Data comes out to be 89

But8 =H and 9=I. 1i.e. "HI".

Problem 4.33.2. Encrypt the message STOP using RSA with key (2537, 13) using the prime num-
bers 43 and 59

Here, n = 2537,e = 13, p = 43, and g = 59.

1. We have to first determine n with the following formula:

n=px*xq
n = 43 * 59 = 2537
d(n) = (p—1) x (g — 1) =2436

2. After that, we have to convert each letter into a number in [0, 25].
§=18,T=19,0 =14,P =15
3. Now, we have to write the numeric form of message. i.e.
STOP = 18191415

4. Now, we will encrypt each block with the help of formula: Encryption cipher ¢ = ( message )¢ mod n

5. Now, let us encrypt the first block 1819 like this:
c; = 1819'*(mod2537) = 2081
6. let us encrypt the second block 1415 like this:

c = 1415 (mod2537) = 2182
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So the Ciphertext ¢ = 20812182
and the encryption = ‘UHBVHC’
(Since 20=U, 8=H, 1=B, 21=V, 8=H, 2=C)

Problem 4.33.3. Encrypt the plaintext message GOLD MEDAL using the RSA algorithm with key

(2561; 3).

Ans : 13. 2014 1231 1263 0508 1106 1541 1331

Question Bank-Module 4

1. Find the least positive values of x such that 71 = x(mod38)

2. Find the least positive values of x such that 78 + x = (mod5)

3. Find the least positive values of x such that 89. = (x + 3)(mod4)
4. Find the least positive value of & such that 8z — 7 = 5(mod20).

5. Find the least positive values of x such that 5z = 4(mod6)

6. Find the least positive value of x such that 8z — 7 = 5(mod 20).
7. Find the remainder when (349 X 74 X 36) is divided by 3

8. Find the remainder when 25° is divided by 7 .

9. Find the remainder when 419 is divided by 7 .

10. Solve 2 + 6y = 1(mod7), 4= + 3y = 2(mod?7)
(VTU Model 2022)

(VTU Model 2022)

(VTU Model 2022)

(VTU Model 2022)

Ans : 2

Ans : 4

(VTU Model 2022)

Ans : 4

Ans: 6

Ans: x = 4(mod 7),y = 0(mod7)

11. Solve llx 4+ 5y = 7(mod20), 6x + 3y = 8(mod20)

Ans: z = 7(mod20), y = 2(mod20)
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12. Find the solutions of the system of congruences:
3x + 4y = 5(mod13)
2z + 5y = 7(mod13)
Ans:xz =7,y = 9(mod13)

13. Find the solutions of the system of congruences:
7x + 3y = 10(mod16)
2z 4+ 5y = 9(mod16)

Ans: z = 3,y = 7(mod16)
14. Find the solutions of the linear congruence 11z = 4(mod25). (VTU Model 2022)

15. Solve the following linear congruences:
(a) 25 = 15(mod29).
Ans: z = 18(mod29)
(b) 5z = 2(mod26)
Ans : = 16(mod26)
(c) 6 = 15(mod21)
Ans: x = 6,13, and20(mod21)
(d) 36 = 8(mod102)
Ans : No solutions
(e) 34x = 60(mod98)
Ans: x = 45, and94(mod98)

16. Find all the solutions of the congruence 3z = 12(mod6)

Ans: xz = 6,2,4(mod6)

17. Solve 9 = 21(mod30)
Ans: = 29(mod30)

18. Solve the Diophantine equation 56x 4 72y = 40.
Ans:x =204 9t,y = —15 — 7t

19. Solve the Diophantine equation 24x 4 138y = 18.
Ans:x = 18 4+ 23t, y = —3 — 4t.
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20

21

22.
23.
24.

25.

26.

27.

28.

29.

30. Solve the system below using the Chinese remainder theorem:

. Solve 3 4+ 5 + 1 = 0(mod 27)

. Find the last digit of 72013

Find the last digit of 1337

Find the last digit in 718

Find the remainder when the number 21990 is divided by 13

Find the remainder when 223 is divided by 47.

Find the remainder when 175 X 113 X 53 is divided by 11

Solve the system of linear congruence
x =3 (mod5)
x = 2/(mod6)
r =4 (mod7).

using Remainder Theorem.

Solve the system
=1 (mod2)
x =2 (mod3)
x =3 (mod5).

using Chinese Remainder theorem.

Solve the system of three congruences
x = 2(mod3)
x = 3(mod5)
x = 2(mod7)

using Chinese Remainder theorem.

x = 1(mod3)
r = 2(mod5)
x = 3(mod7)

using Chinese Remainder theorem.

(VTU Model 2022)
(VTU Model 2022)
(VTU Model 2022)
(VTU Model 2022)

(VTU Model 2022)

(VTU Model 2022)

Ans: 1

(VTU Model 2022)

(VTU Model 2022)

Ans: =23 (mod30)

Ans: z = 23(mod105)

Ans : x = 52(mod105)
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31. Calculate ¢»(1001) Ans : 720

32. Encrypt the message STOP using RSA with key (2537, 13) using the prime numbers 43 and
59 (VTU Model 2022)

33. In RSA algorithm, if p = 7, ¢ = 11 and e = 13,, then what will be the value of d? Ans :
d = 37(mod60)
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Module - 5 Linear Algebra

4.1 Elementary row transformation

An elementary row transformation is an operation of any one of the following types.

(1) Interchange of two rows i.e. R; <— R;

(i) The multiplication of the elements of rows by a non-zero number. R; — cR; for the multi-

plication of ith row by a non zero constant ¢:

(iii) The addition to the elements of a row, the corresponding elements of a row multiplied by any

number. R; — R; + cR; for the addition to the ith row to the products of the jth row by c.

Note : A row of only zero entries is called a zero row
4.1.1 The Row - Echelon Form

A rectangular matrix is in row echelon form if it has the following three properties:

(i) All zero rows are at the bottom of the matrix (i.e.If there is a row where every entry is zero, then

this row lies below any other row that contains a non zero entry.)
(i1) In any non zero row the leading entry (i.e. first non-zero entry) is 1

(i11) The leading entry of each nonzero row after the first row occurs to the right of the leading entry

of the previous row

Problem 4.1.1. The following matrix is in row echelon form: A = | 1 3 5

167
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Note :

In echelon form the leftmost non zero entry of a non zero row is a leading 1. A column containing a
leading 1 will be called a pivot column.

Minor : Let A be a matrix of order m X n. Let B be a submatrix of A of order r obtained by deleting
few rows and columns from A. Then the determinant of this matrix B is called a minor of A of order

I.

4.1.2 Rank of a Matrix:

Definition: A matrix is said to be of rank 7 if

(1) It has at least one non-zero minor of order r’and

(i) Every minor of order higher than r vanishes:

Briefly, the rank of a matrix is the largest order of any non-vanishing minor of the matrix. The rank
of matrix A is denoted by p(A).

Note : Using row-operations if we can reduce a matrix to echelon-form, then rank of the matrix is
given by

Rank = Number of non-zero rows in echelon form.

4 0 2 1
Problem 4.1.2. Find the rank of the matrix A = |2 1 3 4

2347
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Solution :

4 0 21
A= 121 3 4
2 347

using row operationf?; <— R,

R2-)R2-2R1,R3—)R3—R1

2 1 3 4
A~ |0 -2 —4 <7
0 2 1.3

Rs — R3 + R,

2 1/ 3 4
A~ 0 £2 =4 —7
0 0 -3 4

This matrix is in Echelon form and number of non-zero rows =3

Hencep(A) = 3

Problem 4.1.3. Find the rank of

2 3 -1 -1
1 -1 —2 —4

(VTU Jan 2017, Jun 2012)
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Sol :

Using R,

R

Using R

R4

Using Ry

S.p(A) =3

3 0 -7
— R, — 2R,
— R3 =3R;
— R, —6R,
| 1 -1 -2
_ 0.5 3
> 0 4 9
0 9 12
— 5Rs — 4R,
— 5R4s — IR,
[ 1 -1 -2
_ 0 5 3
a 0 0 33
0O 0 33
— R, — R3
[ 1 -1 -2
|10 5 3
- 0O 0 33
0 O 0
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Problem 4.1.4. Find the rank of

2013)
1 2 -2 3
2 5 —4 6
SOI: Given A =
-1 -3 2 =2
2 4 -1 6
1 2. -2
0 1 0
A~
0.—1. 0
LO 0 3
R3—>R3—|—R2
(a2 o
R21R2—2R1 01 0
R3: R3 + R, 00 0
R,:Ry—2R, |00 3
Rs < R4
1 2 -2
010
0 0 3
0 0O
1
R3—)§R3
1 2 —2 3
01 0 O
A~
00 1 O
00 0 1

~ (Echelom form) p(A) = Number of non — zero rows = 4

(VTU Jan 2019, June 2019, Jan 2015, Jan
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1 2 3 2
Problem 4.1.5. Find therankof (2 3 5 1 (VTU Jan 2020, Jun 2014)

1 3 45

1 2 3 2
Sol:Given A= |2 3 5 1

1 3 4 5
Applylng, Rz — R2 — 2R1, R3 — R3 — R1

1 2 3 2
A~10 -1 -1 -3

=)
[t
[t
w

Applying, Rs — R3 4+ R,

—
(V)
w
N

A~10 ~1 —1 -3
0 0 0. 0

Clearly number of non-zero rows=2, then'p(A) = 2

Augmented Matrix : Suppose we have a system of m equations in n variables, with coefficient
matrix A and constants B. Then the augmented matrix of the system of equations is the m X (n + 1)
matrix whose first nn columns are the columns-of A and whose last column ( i.e. (n+1)th column) is
the column matrix B. This matrix will. be written as [A|B]

Row-Equivalent Matrices Two matrices; A and B, are row-equivalent if one can be obtained from

the other by a sequence of row operations.

4.2 Solution of system of linear equations - Consistency and Gauss-Elimination

method

Gauss Elimination method applied to three linear equations : First we explain this method

applied to a particular systems of order three given by
a11T1 + a12T2 + a13T3 = by
211 + Q222 + az3x3 = b

az1T1 + asz2x2 + agsrs = bs

Dr. Shantha Kumari K AJIET, Mangaluru



Mathematics-I for CSE Stream (Subject Code - BMATS101 ) Page 173

This system of linear equations can be written as AX = B where A is the coefficient matrix
aix Q12 Qi3

givenby A = |ay; a9 ass| X isacolumn vector(column-matrix) containing the variables, i.e.

agz; asz2 0ass

Irq bl

X = |z, | and B is the matrix of right hand side constants. i.e. B = |p, | The co-efficient matrix
T3 bs

A written along with a constant matrix B is called an Augmented matrix and is denoted by [A:B].

ay; aiz2 Qs

The augmented matrix of the above system is [A|B] = |ag; @22 aos

azy Q32 ass
Following Steps are used to solve the above system of equations by using Gauss-Elimintion Method :

Step 1: Use the element a;; # 0 to make the remaining elements as; = O0andasz; = 0 by ele-
mentary row transformation operation.
i — 221 _ @31
1.e. Ry — Rs a1l Rl, R3 — R3 a1t R,
a;; a2 ag +by

Then[A:B]N 0 a,'22 a,'23 . b

0 agz ag3 : b

Step 2: Use the element a;, 7# 0 to-make the remaining elements a;, = 0 by elementary row

transformation operation.

i.e.R3 — R3 — 2%2 R
22
a1 a2 aiz :b
Then[A: Bl ~ | 0 a}, a,, :V, *)

” N/
0 0 aj, .b3

There are 3 possibilities:

(i) If Rank of A = Rank of the Augmented Matrix [A:B] = no.of unknowns, then the

system is consistent and has a unique solution.

(ii) If Rank of A = Rank of the Augmented Matrix [A:B] ; no.of unknowns, then the

system is consistent and has infinite number of solutions.

(ii1) If Rank of A # Rank of the Augmented Matrix [A:B], then there is no solution. i.e.

the system is inconsistent.
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If the system is consistent, then (*) can be written as,
a11Ty + a12x2 + a13x3 = by

Qo2 + anzx3 = b,

az,xs = by

By back substitution we get the values of 1, T2, 3

Problem 4.2.1. Test for consistency and solve the following system of equation by using Gauss-
elimination method.

20 +y+4z =124+ 11y — z = 33;8x — 3y + 2z = 20

Solution : The Augmented matrix is given by,

2 1 4:12
[A:B]= |4 11 —1:33
8 —3 /2:20

R2 — R2 ~ 2R1,R3 — R3 — 4R1

2.1 4:12
~ 10 9 —9:9
0 -7 —14: —-28

Rz—)Rz%g,R3—)R3+—7

21 .4:12
~10 1 —-1:1
01 2:4

R3—>R3—R2

2 1 4:12
~l01 —-1:1
0 0 3:3
We can observe that Rank of A = Rank of the Augmented Matrix [A : B] = no.of unknowns, and
hence the system is consistent and has a unique solution.
.". the system of equation reduces to 2x + y + 4z = 12;y — 2z = 1;3z = 3

By using back substitution we get z =1,y =2,z = 3
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Problem 4.2.2. Solve by using Gauss Elimination method, * + vy + 2z = 9,2 +y — 2

0,2 + 5y + 7z = 52

(VTU Jan 2019)

Sol :
11 1 : 9
(A,B)=|21 -1 :0

2 5 7 :52
Ry : Ry — 2Ry
Rs: Rs — 2R,

_1 1 : 9
~10 —1 —3 :—18

0O 0 ~—4 :-20
Rs: R34+ 3R,

-1 11 :9
~ 101 3 :18

0 01 :5

-.p(A) = p(A,B) =3 Number of unknown

Hence system is consistent and unique solution exists.

From 3rd row, z = 5 From 2nd row,y + 32 =18 =y +3(5) =3 =y =3

from firstrow,x +3+5=9=>x=9—-8=x =1

SLre=1ly=3,z2=5

Problem 4.2.3. Find the values of A and p so that the equations 2x+3y+5z = 9, Tx+3y—2z =

8, 2x + 3y + Az = p have (i) no solution (ii) a unique solution (iii) an infinite number of solutions.

(VTU July 2021)
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Sol : The augmented matrix [A, B] is

23 5 9
[A,B]=|7 3 —5 8
23 A u

R, — 2R, — TR,
Rs — R; — Ry
2 3 5 9
[A,B]~ | 0 —15 —45 —47
0 0 A—5 p—29

The above matrix is in echelon form (i) When A = 5, u #£ 9,

p(A) = 2,p(A, B) = 3 (ie) p(A;B) # p(A)
The system is inconsistent and it has no solution. (ii) When A # 5, 4 € R,
p(A, B) = p(A) = 3 = number of unknowns
The system is consistent with a unique solution.
(iii)) When A = 5, 4 = 9, then p(A, B)'= p(A) = 2 < number of unknowns

The system is consistent with infinite number of solutions.

Problem 4.2.4. Find the values of XA and g so that the equations x + y + z = 6, + 2y + 3z =
10, x 4+ 2y + Az = p have (i) no solution (ii) a unique solution (iii) an infinite number of solutions.

(VTU Jan 2021)

Solution : The given system of linear equations can be written as

1 11 T 6
1 2 3 y | = | 10
1 2 A z u
The Augmented matrix is :
111 6
[A,B]=]1 2 3 10
1 2 XA p
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Applying elementary row transformations R, — Ry — R, and R — R3 — R; we get

11 1 6
[A,B]~ |01 2 4

Using Rz — Rz — R,

[A,B]~ |01 2 4 ,

This is in echelon form.

(i) For no solution, we must have p(A) # p(A, B)
ieA—3=0orA=3andp — 10 #0 = p # 10

(ii) for unique solution, we must have p(A) = p(A,B) = 3
e A—3#0=>X#3

and g — 10 # 0 = p # 10

(iii) for infinite solutions, we must have p(A) = p(A,B) < 3
ieeA—3=0=>A=3andu —10=0= pu= 10

4.3 Gauss-Jordan method

This method aims in reducing the coefficient matrix A to a diagonal matrix by using only row-

operations.

Problem 4.3.1. Solve the following system of equation by using Gauss- Jordan method

2c +y+4z =124 + 11y — 2z = 33; 8 — 3y + 2z = 20
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Solution : The Augmented matrix is given by,

2 1 4:12
[A:B]= (4 11 —1:33
8 —3 2:20

Ry — Ry — 2R1,R3 — R3 — 4R,

2 1 4:12
~ (0 9 —-9:9
0 —7 —14:-28

Rz—)Rz%g,R3—)R3+—7

21 4:12
~01 —1:1
01 2:4

R1—>R1—R2;R3—>R3—R2

2 0 5 :11
~101 =1 :1
00 3 :3

R3—>R3+3

2 0 5 :11
~J0 1 -1 :1

o000 1 :1

R1 —)R1—5R3;R2—>R2—|—R3

2 0 0 :6
~ 101 0 :2

0 01 :1
.". the system of equation reduces to 2z = 6;y = 2;z =1

By solving ,we getx = 3,y = 2,z = 1.

Problem 4.3.2. Solve by using Gauss Jordan, t+y+2z = 9,2x+y—2 = 0,2x+5y+ 7z = 52

(VTU June 2019)
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1 1
[A7 B] =121 -1
2 5 7
Rz H R2 — 2R1
Rs — 2R,
. 1 1 : 9
Solution :
[A,B]~ |0 —1 -3
0 3
R1 —)R1+R2:R3+3R2
1 0 -2
[A, B] ~10 —1 -3
0O 0 —4
Ry : (1) R
3 - 4 3
1 0 —2 -9
~ 10 —1 -3 —18
0O O 1
R1 . R1 + 2R3
R2 . R2 —|— 3R3
1 0 0 :1
~(0 —1 0 :-3
O 0 1 :5

Rewriting the equations, we get

r=1, —y=-3=y=3andz=25

Problem 4.3.3. Apply Gauss - Jordan method to solve the system of equations, 2z + y + 2

10,3z + 2y + 32 =18,z + 4y + 92 = 16

Solution : The Augmented matrix of the system is

2 11 10
[A|B]=1|3 2 3 18
1 4 9 16
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Applying Ry — Ry — gRl and R3 — R3 — %Rl, we get
2 1 1 10

[A|B]l~ |0 1/2 3/2 3

0 7/2 17/2 11

Applying R3 — R3 — TR;, we get

2 1 1 10

[A|B]l~ |0 1/2 3/2 3

O 0 -2 -—-10

Applying Ry — Ry + 1Rs, Ry — Ry + 2Ry and Ry — Ry — 2R, we get
2 0 0 14

[A]|B]~ |0 1/2 0 -9/2

0O 0 -2 -10
We see that A is reduced to diagonal form.

From this, we get 2 = 14 = ¢ = T;
y=53=>y=-9
—2z2=—-10=2=35

Thus x = 7,y = —9, z = 5 is the solution.

Problem 4.3.4. Solve by Gauss Jordan method : x +y+ 2 = 9,22 — 3y +42z = 13, 3x + 4y +
5z = 40
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1 1 1 : 9
[A:B]=|2 -3 4 : 13
3 4 5 : 40
R, — R, — 2R; and
Rs; — Rs; — 3R,
1 1 19 9
[A:B]~ |0 -5 2 : —5
o 1 2 : 13
R; — 5R; + R, and

R; — 5R3; + R,
Sol : -

5 0 7 : 40
[A:B]~ |0 -5 2 : —5
0 0 12 : 60

Ry = 8
12 )
5 0 7 40
[A:B]~ |0 -5 2 : —5
0O 0 1 5
5 0 0: 5
R = Ry —2RzandR; = R; —7TR3[A:B] ~ |0 -5 0 : —15
0O 0 1 : 5

br=5=>x=1
—by=—-15=>y=3

z=25

4.4 Gauss-Seidel Iteration Method:

Iterative methods provide an alternative approach. An iterative method starts with an approximate
solution, and uses it by means of a recurrence formula to provide another approximate solution; by

repeatedly applying the formula, a sequence of solutions is obtained which converges to the exact
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solution.

First we explain this method applied to a particular systems of order three given by
a11%1 + @122 + a13rs = by
211 + Q222 + az3T3 = b

a31T1 + az2xz + azzrs = b
To begin, solve the 1st equation for x;, the 2nd equation for x5 and third equation for &3 and obtain

the rewritten equations :

1
1 = —[b1 — a12T2 — a1373]
aii
1
Ty = —[by — a21T1 — azzws)
a22
1
x3 = —[bz — az1xTi + azas]
ass
Then make an initial guess of the solution zcgo) = yio) = zio) = 0'Substitute these values into the

right hand side the of the rewritten equations to obtain.the first approximations as

1

wgl) = —[bl — 0,12ng) — a13w:(30)]
aiy
1

a:gl) = —[b2 = a21w§1) - a23w§0)]
Q22
1

113:(;1) =, —[bs; — 03158&1) + CLszflfgl)]
ass

In each iteration we use the new values(i.e.latest values) as soon as they are known. i.e. we calculate
azgl) from the first equation, its value.is then used in the second equation to obtain the new X él),
and these new values of X fl) and Xél) are then used in the third equation to obtain the new X él).

To find the second approximations we use the above set of equations by replacing :1:50), yio), zio) by

azgl) R ygl), zgl) . We continue like this by obtaining each successive approximation, using a previous
approximation until the values of 1, 2 and x3 obtained in two successive approximations are equal.
Note : The following condition is essential to use Gauss-Seidel Iteration Method.

e The Coefficient matrix of given system of equations must be diagonally dominant.

( A matrix is said to be diagonally dominant if for every row of the matrix, the magnitude of the

diagonal entry in a row is larger than or equal to the sum of the magnitudes of all the other (non-

diagonal) entries in that row.

Problem 4.4.1. Solve the following system of equation by using Gauss- Seidel method. © + y +
54z = 110;27x + 6y — z = 85;6x + 15y + 2z = 72
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Solution : The system of equation is not in diagonal form by interchanging the rows.
27Tx 4+ 6y — z = 85;6x + 15y + 2z = 72;x + y + 54z = 110

We can observe ,

27| > +| — 1[;[15] > [6] + [2[; [54] > [1] + [1]

.". the system of equation is diagonally dominant.
1
From(1)x = —[85 — 6y + 2]
27
1
From(2)y = B[72 — 6x — 2z]

1
From(3)z = —([110 — x —
(8)z = I vl
First Iteration :

w1 85
x® = —_[85 - 04 0] = — = 3.1481
27 27
1 1
y® = 1—5[72 —6zW — 22] = 1—5[72 £ 6(3.1481) — 0] = 3.5481

1
zM = 110 — 2™ — yM] = 1.913
54
Second Iteration :

1

@ = —[85 — 6yH + 2M] = 2.432
27
1

y® = 1—5[72 — 6z —2z20] = 3.572

1
2® = —[110 — 2@ =g®] = 1.925
54

Third Iteration :
1
z® = —_[85 — 6y®@ + 2] = 2.4256
27
1
y® = w2 - 6z® — 223] = 3.5730
1
2® = —[110 — 2® — y®] = 1.925
54
Third Iteration :

1
z® = —[85 — 6y® + 2] = 2.425
27
1
y® = —[72 — 62 — 2] = 3.573
15
1
2™ = —[110 — z® — y®] = 1.925
54
Since £® ~ x® = 2.425, y® ~ y® = 3.573, 2® ~ 2z = 1.925, the solution is

x = 2.425,y = 3.573, z = 1.925

Problem 4.4.2. Solve the following system of equations by Gauss-Seidal iteration method, 20x +
y—2z2=17,3x + 20y — z = —18,2x — 3y + 20z = 25 (VTU Jan 2020, June 2019, Jan
2018, July 2017, Jan 2017, Model 2015)
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Given, 2z +y — 2z =17 — (1)
3z 4+ 20y — z = —18 — (2)
2¢ — 3y + 2z =25 — (3)
.. The equation are diagonally dominant.

1
1 = —[17 — 2
1) == 20[ y + 22]
1
2) :>y=2—0[—18—3a;+z]
1
3 — —[25—2x 43
3) = =2 20[ x + 3y

Letx =0,y =0,2=0
First Iteraltion :
1 — _
'\ = —[17 -0+ 0] = 0.85
20[ ]

@m_ 1
y® = oo[—18 = 2.55 + 0] = —1.0275

1
2 = %[20 — 1.7 — 3(0.825)] = 1.0109
Second iteration :
x® = %[17 +1.025 — 12(1.0109)] = 1.0025

1
y® = %[—18 — 3(1.0025) + 1.0109)' = —0.999

1
23 = %[25 — 2(1.0025) + 3(—0.9998)] = 0.9998
Third iteriltion :
z® = %[17 +0.9998 + 2(0.9998)] =1

1

y® = %[—18 —3(1) + 0.9998) = —1
1

z 20[ (1) +3(-1)]

Le=1l,y=—-1,z=1

Problem 4.4.3. Solve the system of equations 12x +y + 2z = 31,2x+ 8y — z = 24,3z + 4y +
10z = 58 using Gauss Seidal method. (VTU Jan 2019)

Sol : = Given equation are diagonally dorninant.
81—y~
r=—31—-y—=z
12 Y
1
y:§[24—2a3—|—z]

1[58 3z — 4y
z=— — 3z —
10 Y
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1 31

M — —[31 —0—0] = — = 2.583
12 12
1

y® = g[24 — 2(2.583) + 0] = 2.354

1
PARES 1—0[58 — 3(2.583) — 4(2.354)] = 4.0835

1

x® = E[?’l — (2.354) — (4.0835)] = 2.04.6
1

y? = §[24 — 2(2.046) + 4.0835] = 2.99 = 3

1
23 = E[58 — 3(2.046) — 4(3)] = 3.98 =4

1
2® = —[31 - (3) — (4)
1
y(3):§[24_2(2)+4]:3 Lr=2y=3,2=4

3) 1 —
2® = 1—0[58—3(2) —4(3)] =4

Problem 4.4.4. Solve the system of equations 83 + 11y — 4z = 95,7x + 52y + 13z =
104, 3x + 8y + 29z = 71 using Gauss Seidal method. (VTU Model 2018)

Sol:

The given equation can be written in the iteration form as
1
r=—(95—11y 4+ 4=
33 Yy )
1
= —(104 — 7Tz — 13z
y= 5 )
! (71— 3 8y)
z=— — 3z —
29 Y
Taking first x() = 0,y = 0, 2()) = 0 and put these values in (7), we get
1
(2 — 1) (1)
¥ =—(95—-11 — 4z
83 ( Y )
= 1(95 11><0—|-4><0)—95—114
- 83 83
x® =1.14,y® = 0, 2™ = 0, in (i), we get

1 1
y® = — (104 — 72 _ 13z(1)) = —(104 — 7 x 1.14 — 13 X 0)
52 52
96.02
= — =1.85
52
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Put x(® = 1.14,y® = 1.85,2(") = 01in (iii ), we get

1

(@) — (2) (2)
23 = — (71 — 32® — 8
59 ( y™®)
1 52.78
= —(71-3x114—8x1.85) = —— = 1.82

29 29

Now put £ = 1.14, y® = 1.85,2(3) = 1.82in (i), we get

1
z® = — (95 — 11y® + 423)]

83
@ _ 1
@@ = (05 — 11 X 1.85 + 4 x 1.82]
81.93
=% _ 0.99
3

z® = 0.99,y? = 1.85, 2 = 1.82in (i1), we get

1 1
y® = = (104 — 72® — 132)] = 51047 x 0.99 — 13 x 1.82]

Put 3 = 0.99, y® = 1.41, 2(® = 1.82 in (iii-), we get

23 = ! (71 —3x® 8y(3))

29
1
= 5571~ 3 X 0.99./8 x 1.41)
56.75
— 1~ —1.95
29

Now put 23 = 0.99, y® = 1.41, 23 =1.95 in (), we get

1
) = =3 (95 — 11y® + 42®)

1

= (95 — 11 x 1.41 4+ 4 X 1.95)
83
1

— —(87.29) = 1.05
83

= 1(95—11 x 1.41 4+ 4 x 1.94.59) = 1.05 = L(87.29) 2™ = 1.05,y®) = 1.41,2® =
1.95 in (1), we get y*) = % (104 — 72® — 132®) put

1
= 5(104 — 7% 1.05 —13 x 1.95)

= " —1.37
52
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Put z® = 1.05,y™® = 1.37, 2(® = 1.95 in (iii), we get

2@ = L (71 _ gp@ _ gy@)

29
1
= —(71—-3x1.05 -8 x 1.37)
29
56.89
= — =1.96
29

1
(4) _ (4) (4)
z\Y = 71 — 32\ — 8

1
= (71— 3 x 1.05 — 8 x 1.37)
29 Here The values are sufficiently close to (3, y®3), 2(3)

56.89
=" —1.96
29
@ =1.05,y® = 1.37, 2% = 1.96

respectively. Hence the solution is

z = 1.05,y = 1.37, z = 1.96.

4.5 Eigen values and Eigen Vectors :

Let A be an n X m matrix. Then a real humber X is called an eigenvalue of the matrix A, if and

only if, there is a n-dimensional nonzero vector, X for which

AX =AX  ---(1)

Any such vector, X is called an eigenveetor of the matrix A, associated with the eigenvalue \.

Procedure for calculating eigenvalues and eigenvectors :

If A is any square matrix of size n X m and A is an associated eigenvalue, rewrite equation (1) as
AX =AIX
where I is the identity matrix of size n X n The above equation reduces to
(A-A)X =0

which is a homogenous system of ‘n’ equations in ‘n’ variables and has a nonzero solution if and
only if its coefficient matrix satisfies the equation, |A — AI| = 0. The equation |[A — AI| = 0

is called the characteristic equation of matrix A. The solutions A of the characteristic equation are
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called eigen values or characteristic roots. FOr each value of A, solve the system of equations

(A—ADX =0

to find the corresponding eigen vector.

Problem 4.5.1. Find the Eigen values and Eigen Vectors for

Solution : Let

5 4
A=

_1 2_

10
I =

041

A
Al =

[0 A

Characteristic equation is
|A — AI|

Cle=a 4
1 2-n

(5=A)(2—X) —4

=0

=0

=0

AN —7TA+6=0

By solving A = 1, 6 we get the eigen valuesas A = 1,6
The system of equation can be written as ,
G—-—Nzx+4y=0

z+(2—-Ny=0

case 1: put A = 1 then

dr +4y =0
x+y=20
r=—y
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—1
S Xy = is the eigen vector corresponding to eigen value A = 1. case 2: put A = 6 then
1

—x+4y =0
r—4y =0

r =4y

4
X = is the eigen vector corresponding to eigenvalue A = 6.

1

Problem 4.5.2. Find the Eigen values of the matrix

6 —2 2
A=| -2 3 ./.-1
2 <1 3

SOl : The characteristic equation is |A — AI| = 0

66— -2 2

= -2 33— -1 =0

2 -1 3—-A
= (6=N[B=A2—1]+2[-2B—-A)+2]+2[2—2(3-A)]=0
= 6-N[B-A-1)B-A+1)]+4[-3+A+1+41—-3+A] =0
= 6-=N[2=-ANA=N]F4N_2+4r—2] =0
= A—2)[—(6—-A)(4—A)+4+4 =0

—(A=2)[A>—10x+16] =0
—A=2)A=2)(A—8)=0
A=8,2,2

4.6 Rayleigh’s power method

To find largest eigen value and corresponding eigen vector of a given square matrix A, we use the

following steps.

Stepl. To find the largest eigen value and corresponding eigen vector of a given square matrix *A’ of

order 3 ,we initially assume the eigen vector in the form X(0) =[1 0 0]T = [1 0 0}
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orX©® =10 0 1]T= [o 0 1}
orX©® =0 1 0"=o 1 o

Step2. Evaluate the matrix product A X (®) which is a column matrix of order 3.
Step3. Take out the numerically largest value and write it in the form A X (1)

Step4. Compute AX ™) and re-write it in the form A(? X (?)

Step5. Similarly Compute AX () = A®) X ®) and so on.
Continue this iterative process until we get two consecutive values of XA and X with desired

accuracy.

The values so obtained are largest eigen value and corresponding eigen vectors respectively for the

given square matrix A .

Problem 4.6.1. Use power method to find the largest eigen value and the corresponding eigen vectors

2 01
of the matrix A by using power method. Take [1 0 0]’ as the initial eigen vector. A = [0 2 0
1 0 2
(Apply 4 iterations) (VTU Jan 2020, June 2019, June 2018, Jan 2017, Jan 2016)
SOl : Given,
2 01 1
A=102 0 X© =19
1 0 2 0
2 01 1 2 1
Az®@ =10 20 ||o|=]0|=2|0 | =AWz
1 0 2 0 1 0.5
2 01 1 2.5 1
AXD =190 2 0 0 =1o =25 0 | =A®z®
1 0 2 0.5 2 0.8
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2 01 1 2.8 1
Az® =10 2 0 o |=|0|=28| o = A®z®

1 0 2 0.8 2.6 0.9286

2 01 1 2.9286 1
Az® =0 2 0 0 = 0 — 2.9286 0 =A@ ()@

1 0 2 0.9228 2.8572 0.9756

2 01 1 2.9756 1
Az® =0 2 0 0 = 0 — 2.9756 0

1 0 2 0.9756 2.9512 0.9918

2 01 1 2.9918 1
Az® = |0 2 0 0 = 0 = 2.9918 0

1 0 2 0.9918 2.9836 0.9973

. The large Given value A = 2.9918 ~ 3 and A(®) z(®)

1 1
it’s eigen value 0 ~ 10
0.9973 1

Problem 4.6.2. Find the Dominant eigen value and the corresponding eigen vectors of the matrix

6 —2 2
A= |—-2 3 —1| bypower method taking the initial eigen vector as (1 1 1)’ (VTU Jan
2 -1 3

2018, July 2017, Jun 2015)

Sol : Given,
6 —2 2 1
A=| -2 3 —1|,29=1|1
2 1 3 1
6 —2 2| |1 6 1
Az@ =] 2 3 —1||1|=|0]|=6| 0o |[APz®
2 -1 3|1 4 0.67
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6 —2 2| |1 7.34 1
AXW=1_2 3 —1]|o0 = | —2.67 | =7.34| —0.36 | = A2
2 —1 3| | 0.67 4.01 0.55
6 —2 2| |1 (7.82) 1
AX® =| 2 3 1 —0.36 | = | —3.63 | =7.82| —0.46 | = A3X3
2 -1 3| o055 4.01 0.51
6 —2 2|1 7.94 1
AX® =1 9 3 —1|| —046|=| —3.80 | =7.94| —0.49 | = AsXy4
2 -1 3| o051 3.99 0.5
6 —2 2||1
AX® =1 _2 3 _1 —0.49
2 -1 3|05

= 1| —3.97 | =798 | —0.5 | = Asx5

3.99 0.5
8 1
—4 | =8| —0.5 | = XeTs
4 0.5

1
.. The large Given value of A = 7.9970 ~ 8 and it’s eigen value is | —(0.4994

0.5002

Problem 4.6.3. Determine the largest eigen value and the corresponding eigen vector of A =

2 -1 0
—1 2 —1/| using Rayleigh’s power method. (VTU Model 2014)
0O —1 2
Sol :
2 -1 0 1 2 1
AX°=|_-1 2 —1||o|=|-1]|=2| —05|=A0WXxW
0o —1 2 0 0 0
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2 -1 0 1 2.5 1
AXW =] _1 2 —1||-05|=|-2|=25|—-08|=2xO
0 -1 2 0 0.5 0.2

Repeating the above process, we get

1
AX® =28 1 | =AOXx®);
0.43
0.87
AX® =343 _1 | =2@x®
0.54
0-80
AX® =341| ~1 | =2Ox6),
0.61
0:76
AX® =341 | _—1 | =2O@Ox06);
0.65
0.74
AX® =341| 1| =20x®
0.67

Clearly A(®) = A\(M and X (® = X (7) approximately.

Hence the largest eigen value is 3.41 and the corresponding eigen vector is [0.74, —1, 0.67]".

Problem 4.6.4. Find the largest eigen value and the corresponding eigen vector of the matrix A =
25 1 2
1 3 0 | byusing Power method.

2 0 —4
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25 1 2 1
Solution:Let A= |1 3 0 |,andX©® = |g

2 0 —4 0

1%t iteration :

25 1 2 1
AXO©O =171 3 ¢ 0

2 0 —4| |0

25

1
=25 10.04
0.08

— A x®

27d jteration :

AXD ="173.3 7 0.04

=25.2 | 0.04
0.0666

— 2@ x®
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374 jteration:

25 1 2 1
AX@P =11 3 o0 0.04
2 0 —4 0.0666

= 25.173 |0.0444
0.0689

— A® x®

4th jteration :

25 1 2 1
AX® = | 1730 0.0444
2. 0 —4| 10.0689

25.1822
= | 1.1332

1.7244

1
= 25.1822 (0.045

0.069

— A\ x®
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5th jteration:

25 1 2 1
AX® =11 3 o 0.045
2 0 —4| |0.069

25.183
= | 1.135
1.724

1
= 25.183 10.0450
0.0685

— A®) x©6)

6" jteration :

25 1 2 1
AX® = | 1730 0.045
2. 0 —4| 10.0685

25.182
= | 1.135

1.726

1
= 25.182 10.0450
0.0685

— (6 x(6)

1
Here A®) = X)) = 25,183 and X®) = X©® = [0.0450

0.0685

Hence largest eigen value is A = 25.183 and largest eigen vector is X =

1
0.0450
0.0689
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4.7

Question Bank- Module 5

Rank of a matrix-echelon form.

1. Find the rank of

. Find the rank of

. Find the rank of

. Find the rank of

Find the rank of

Ans: 2

. Find the rank of

—1

(V] N 00 &~ N BOW =N

N o

-3

(VTU Model CS 2022)

(VTU Model E 2022)

(VTU Jun 2013, Jun 2011)

(VTU Jan 2016) Ans : 3

(VTUModel E 2022, June 2018, Jun 2014, Dec 2011)

(VTU June 2018, Jan 2016) Ans: 3
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10.

11.

12.

13.

. Find the rank of

Find the rank of

. Find the rank of

Find the rank of

Find the rank of

Find the rank of

Find the rank of

93
94
95
96

12
13
14
15

—_ N e
W W N
= ot W

N N
N

93
94
95
96
97

13
14
15
16

1 20

3 41

-2 3 2

94 95

95 96
96 97
97 98

98 99

-1
2
5

(VTU Model CS 2022, Jan 2017, Jun 2012)

(VTU July 2014)

(VTU Model E 2022)

(VTU Jan 2019, June 2019, Jan 2015, Jan 2013)

(VTU Jan 2018, Jan 2015)

(VTU Jan 2020, Jun 2014)

(VTU Jan 2014)
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4 0 2 1
) 21 3 4
14. Find the rank of (VTU June 2018, Jan 2018)
2 347
2 31 4
21 —1 3
1 2 4 3
15. Find the rank of (VTU Model E 2022)
3 6 12 9
33 3 6
1 3 4 3
16. | 3 9 12 3 Ans: 2
13 4 1

Consistency and Gauss-Elimination method

1. Find the values of A and p so that the equations 2 +y + z = 6, + 2y + 3z = 10, x +
2y + Az = p have (i) no solution (ii) a unique solution (iii) an infinite number of solutions.

(VTU Model 2022, Jan 2021)

2. Test for consistency and hence solve 5x+3y+7z = 4, 3x+26y+2z = 9, Tx+2y+10z =
5 (VTU ModelE 2022)

3. Test for consistency and hence solve
4 — 2y + 6z =8, r+y — 3z = —1,15x3y + 9z = 21 Ans :
r=1,y=3k—2,z=k

4. Solvex + 3y —2z2=0,2x —y+ 42 =0, — 11y + 142 =0 Ans :

r="ky=3k,z=k

5.Solve: x+3y+22=0,2c —y+32=0,3x —5y+4z =0,z + 17y + 4z = 0 Ans
;e =11k, y =k, z = =Tk

6. Find the values of k for which the equations x +y + z = 1,2 + y + 4z = k and
4x + y + 10z = k2 has a solution and solve them in each case. Ans :

k=1,z=-3n,y=2n+1,z=mandwhenk =2,z =1 —3m,y =2m,z =m
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7.

10.

11.

12.

13.

14.

15.

Find the values of A for which the system

r+y+z=1,2+ 2y + 4z = A,z + 4y + 10z = A2 has a solution. Solve it in each
case. Ans:when A = 1,x = 2k; + 1,y = —3k;, 2 = k; and when
A=2,x =2ky,y=1—3ks,z = ks

. Find the values of A and p so that the equations

2+ 3y + 5z =9,7x + 3y — 2z = 8,2x + 3y + Az = p have (i) no solution (ii) a
unique solution (iii) an infinite number of solutions.  Ans: (i) A = 5, u # 9, (i) XA # 5 (iii)

A=5bandu =9

Solve by using Gauss Elimination method,
c+y+z=9x—2y+3z2=8,2x+y — z=3.
(VTU Model CS 2022)

Solve by using Gauss Elimination method,
r+2y+2=3,22z+ 3y + 2z = 5,3 — 5y 4+ 5z = 2.
(VTU July 2017)

Solve by using Gauss Elimination method,
3 —y+2z2=12,z+ 2y +3z=11,22x — 2y — z = 2
(VTU Jan 2015)

Solve by using Gauss Elimination method; 51 + 2 + 3 + T4 =
4,1 + Tx2 + T3 + x4 = 12,271 + T2 + 623 + 4 = —5, 21 + T2 + T3 + 44 = —6
(VTU Jun 2015)

Solve by using Gauss Elimination method,
r+2y+2=3,2x+3y+ 32 =10,3xc —y + 3z = 13
(VTU Model 2015)

Solve by using Gauss Elimination method,
Ty +x2 + 23 =4,2x1 + X2 —x3 = 1,1 — X2 + 223 = 2

(VTU Jan 2014)

Solve by using Gauss Elimination method,
21y —x2+3x3 =1, —3x1 + 42 — b3 = 0,1 + 32 — 623 = 0 (VTU jun 2014, Jun
2012)
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16.

17.

18.

19.

20.

21.

22.

23.

Solve by using Gauss Elimination method,
r+4y —z=—-95,z+y—6z=—-12,3x —y—2=14
(VTU Model 2014)

Solve by using Gauss Elimination method,
24+ 3y —z=5,4c+ 4y — 3z = 3,2x — 3y + 2z = 2
(VTU Jan 2015, July 2014)

Solve by using Gauss Elimination method,
2¢ —3y+ 4z ="7,5x — 2y + 22 =7,6 — 3y + 10z = 23
(VTU July 2017)

Solve by using Gauss Elimination method,
20 +y+4z =124 + 11y — z = 33,8 — 3y + 2z = 20 (VTU Model 2022, June
2018)

Test the consistency and solve,
r+2y+2z=12x+y+z2z=2,3x+2y+2z2=3,r+2=0 Ans:

r=1y=—-k,z=k

Solve by using Gauss Elimination method,

r+y+z=92x+y—2=0,2x+5y + 7z =52 (VTU Jan 2019)

Solve by using Gauss Elimination method;x — 2y + 3z = 2,32z — y + 4z = 4,
20 +y —22=5 (VTU Model 2022, Jan 2020)

Solve by using Gauss Elimination method, 3¢ + y + 2z = 3,2z — 3y — z = —3,
r+2y+z=4 (VTU Model E 2022 )

Gauss-Jordan method

1.

2.

3.

Apply Gauss - Jordan method to solve the system of equations, x+y+2z = 10,2x —y+3z =
19,z 4+ 2y + 3z = 22 (VTU Model CS 2022)

Apply Gauss - Jordan method to solve the system of equations, t+y+2z = 11,3z —y+2z =
12,2z +y—2z=3 (VTU Model E 2022)

Apply Gauss - Jordan method to solve the system of equations, 2x 4+ y 4+ z = 10, 3z 4 2y +
3z =18,z + 4y + 9z = 16 (VTU Jan 2015)
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4 ce+y+z=9xx—2y+3z2=82xr+y—2=3 (VTU Jan 2018, July 2017)

. Solve by using Gauss Jordan method, 2z+y+2 = 10, 3z+2y+3z = 18, x+4y+9z = 16
(VTU Jan 2017, Jan 2015)

. Solve by using Gauss Jordan method, 2 +5y+ 7z = 52,2z 4+y—2 =0, z+y+2 =9
(VTU Model 2022, June 2019, Jan 2016, June 2014)

. Solve by using Gauss Jordan method, x+2y+2z = 3,2x+3y+3z = 10,3x—y+3z = 13
(VTU Jan 2018)

. Solve by using Gauss Jordan method,

2xy + 2 + 3x3 = 1,4x1 + 45 + Tx3 = 1,221 + 55 + 93 = 3 (VTU Jan 2020)

Gauss-Seidel Iteration Method:

1. Solve the following system of equations by Gauss-Seidal method. 10z + 2y 4+ 2z = 9, +

10y — z = —22, —2x + 3y + 10z'= 22 (VTU July 2017) (Ans: x = 0.997 = 1,
y=—1.99= 2, 2z =2.99 = 3)

. Solve the following system of equations by Gauss-Seidal iteration method, 20x + y — 2z =
17,3 + 20y — z = —18,2x — 3y + 20z = 25 (VTU Model 2022, July 2021, Jan 2020,
June 2019, July 2012, Jan 2018, July 2017, Jan 2017, Model 2015)

. Solve the following system of equation by using Gauss- Seidel method. * + y + 54z =
110;27x 4+ 6y — z = 85;6x + 15y + 2z = 72 (VTU Model M 2022)

. Solve the system of equations
83x + 11y — 4z = 95,7z + 52y + 13z = 104, 3= + 8y + 29z = 71 using Gauss
Seidal method. (VTU ModelE 2022, Jan 2021, Model 2018)

. Solve the system of equations
122 +y+ 2z =31,2x 4+ 8y — z = 24, 3= + 4y + 10z = 58 using Gauss Seidal method.
(VTU Jan 2019)

6. Solve the following system of equations by Gauss-Seidal method.

10z+2y+2=9, 2+ 10y — z = —22, —2x + 3y + 10z = 22 (VTU July 2017)
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7. Solve the system of equations 10x +y + 2z =12,z 4+ 10y + 2z =12,z +y + 10z = 12
using Gauss Seidal method. (VTU Model 2022)

Ans: z=1,y=1,z=1

8. 5x+2y+ 2z =12, + 4y + 2z = 15, ¢ + 2y + 5z = 20 (Carry out 3 iterations taking
initial approximation as (1,0,3). Ans: x = 0.9987,y = 2.0131, z = 2.995

9. Use Gauss-Seidel iteration method to solve the system.
10z +y+ 2z =12
22 + 10y + z =13

2z + 2y + 102 = 14

Eigen values and Eigen Vectors - Rayleigh’s power method

1. Use power method to find the largest eigen value and the corresponding eigen vectors of the

1 2
matrix taking [0 1]’ as the initial eigen vector. (VTU Model 2015)
3 4
6 —2 2
2. Find the Dominant eigen value and the corresponding eigen vectors of the matrix A = | -2 3 —1
2 -1 3

by power method taking the initial'eigen vector as (1 1 1) (VTUModel 2022, Jan 2018, July
2017, Jun 2015)

-2 0 -1
3. Find the Dominant eigen value and the corresponding eigen vectors of thematrix A = | 1 —1 1
2 2 0
by power method taking the initial eigen vector as (1 1 1)’ (VTUModelE 2022)
1 3 —1

4. Determine the largest eigen value and the corresponding eigen vectors of the matrix | 3 2 4

-1 4 10
taking [0 O 1]’ as the initial eigen vector. Perform 5 iterations. (VTU Jan 2015)

5. Use power method to find the largest eigen value and the corresponding eigen vectors of the
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10.

2 01

matrix A by using power method. Take [1 O 0]’ as the initial eigen vector. A = |0 2 0

1 0 2
(Apply 4 iterations) (VTU Model 2022, Jan 2020, June 2019, June 2018, Jan 2017, Jan 2016)

2 -1 0
. Determine the largest eigen value and the corresponding eigen vectorof A = | -1 2 —1
o —1 2
using Rayleigh’s power method. (VTU June 2018, Model 2014) Ans: 3.41 and

[0.74,—1,0.67]T

. Determine the largest eigen value and the corresponding eigen vector by Rayleigh’s power

161
method, performing five iterations, with (® ={1, 1, 1]Tfor A = [1 2 0
0 0 3
Find the Dominant eigen value and the corresponding eigen vectors of the matrix
1 -3 2
A= |4 4 —1| byRayleigh’s power method taking the initial eigen vector as (1 0 0)™

6 3 5)
(VTU Model 2018)

. Find the largest eigen value and the corresponding eigen vector of the matrix

25 1 2
A= 1|1 3 0 | byusing Power method.

2 0 —4

Use power method to find the largest eigen value and the corresponding eigen vectors of the

4 1 -1
matrix A by using power method. Given A = | 2 3 —1| Take [1 0 0]’ as the initial
-2 1 5
eigen vector. (VTU Model E 2022)

Ans : 5.994, [1,0.999, —0, 999]’
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