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MODULE 4
Centroid of Plane areas: Introduction, Locating the centroid of rectangle, triangle, circle,
semicircle, quadrant and sector of a circle using method of integration, centroid of composite
areas and simple built-up sections, Numerical examples.
Moment of inertia of plane areas: Introduction, Rectangular moment of inertia, polar moment
of inertia, product of inertia, radius of gyration, parallel axes theorem, perpendicular axis
theorem, moment of inertia of rectangular, triangular and circular areas from the method of
integration, moment of inertia of composite areas and simple built-up sections, Numerical
examples.

Centre of gravity:
It is the point where the whole weight of the body is supposed to be concentrated.
It is denoted by ‘C.G.” or ‘G’
Centroid: (C.G) or (G)
It is the point where the whole area of the plane figure is supposed to be concentrated.

Calculation of centroid means determination of xand y
b

]

=

0 X

Determination of centroid by the method of Moments

s
Let us consider a plane figure of total area A. The centroid of whole figure is located at a

distance ofx fromy axis and y from x axis.

Let us divide the whole figure in to a number of elemental strips of areas ai, az, as, a..........
Whose centroid is located at a distance of X1, X2, X3 ........ from oy axis and yi, Y2, Y3, Y4
...... from ox axis

Apply the theorem of moments about oy axis

Ax=aixi+axXo+asXst .........
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x= (arx1+agXo+asXst.....)/A
= ZZZX i= [
Apply theorem of moments about x axis
Ay =aryit+azyotasyst ......

y = (ary1tagyztasyst ....)/A

_ a

y = L‘ Y

>a

v = ﬂ

y=| A
Axis of reference:
It is the axis with respect to which the centroid of given figure is determined.

s

Ml

|

[ =T

Generally the left line and bottom line is considered as reference axis w.r.t which the
centroid of given figure is measured
Centroidal axis:
The axis which passes through the centroid of given figures is known as Centroidal axis.
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Symmetrical axis:
It is the axis, which divides the whole figure in to equal parts
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a) Symmetrical about both the axis:
x=0, y=0

¥

b) Symmetrical about y-axis, therefore x=0
7

X-mm——— - o %

L
!
¥

The area in the left portion and the right portion of the y axis are equal.

c) Symmetrical about x-axis, therefore y =0

d) No axis of symmetry. Calculate both x and y
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Centroid of some important geometrical figures:

Shape Area | ! Y Figure

Rectangle: jhi_'i ,,,,,, -
(Same for square) bd b/2 a2 l 1
i ' X
¥ iY
Triangle: 1/2bd | bi2 1/3..d i o i
X1/ _'i’_'f ______
r
L
- ‘ P
s
¥'e

Right angled | 1/2bd | 1/3xb | 1/3.d
triangle:

= y =r
Circle: TTr? = Y
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N Aar
Semicircle: d/2 3.
¥
.
__4" . ! r; x
dr2 3z g, i——i ———————— 5
zr? -
- kg 1
2 'Y
2 e ™ 'y
3z : J
R doo-flooox
Y __i_h!‘f
—4r :
3z d/2
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xre | ar ar N
2 |37 |3
Quiarter circle:
Reference Table:
Centroidal Centroidal
distance distance
Component from the | from Area (a) ax Ay
reference y- | reference x-
axis(x) axis (y)
Xax Xay

Derivation of Centroid of Some important Geometrical Figures:

Rectangle:

2ax=aiXi+axXz+asxs+t

Xay=aryi1tazyotasyst ...

Ya=ajt+ar+azt

dy

b

Let us consider a rectangular lamina of area b x d as shown in figure. Now consider a horizontal
elemental strip of area bx dy. which is at a distance of y from the reference axis AB.
Moment of area of elemental strip about AB

=bxdyxy
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Sum of moments of such elemental strips @ AB is given by
d
bedyxy =bf0ddyxy
0
d
= bj y.dy
0

d

—bxy—2 az _

= 2 bx;—bdxy
0

bd*

2

Moment of total area about AB=bd x y
Apply the principle of moments about AB,
bd? -
——=hd x
> y

y=3
2

By considering the vertical strip, similarly we can prove that

- b
X==
2
Triangle:
c
iy
d TE ST ST E T TR TN
-y hl L F_
A1 .
1]

Consider a triangular lamina of area %2 x b x d as shown in figure
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Now consider an elemental strip of area bix dy which is at a distance of y from reference axis
AB.
Using similar triangle property

b _d-y
b d
_(d-yp
h =
Area of the elemental strips =b, x dy
_(d—y)pdy
d
Moment of area of strip about AB
=areaxy
_(d—y)pdyy
d
_ bhdy.dy by®.dy
d d
2
_ bydy- by“.dy

d

Sum of moments of such elemental strips is given by
d

i by.dy — j bgz dy
0

0

]
2] d| 3]

_bd® bd’
2 3d
bd? bd?
_2 3
bd?

Moment of total area @ AB = %bd Xy

Applying the principle of moments,

bd®> 1 _
T—;de)(y
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773
Semicircle:
Rdf
dg
X X
2/3Rcoz0 B
Y
AR
¥
zr?
Consider a semicircular lamina of —-—as shown in figure. Now consider a triangular

2
elemental strip of area %x RxRxd@, This strip makes an angle of 6 with the x-axis, whose

center of gravity is at a distance of %R from 0 and its projection along x-axis = 2/3Rcos&

Moment of area of elemental strip about Y-axis

= - %x R?.d@x2/3Rcosé

R®.cos@.dé

3
Sum of moments of such elemental strips about y axis

2 o3
:_[R—cose.de

-3

2

R . 7
- [sing]?
3 [sin ]2,

2
R[ . n .«
=—[SIN —+SIn —
3 2 2

2R
3

Moment of total Area about y axis
2

=—X)_(
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Using principle of moments
2R aR?* -
—="—XX

w

3 2R3 %2
3Rz

x|

Quarter circle:

T
2 E .d0
A,
f
0 X
23Rco:0

2

Consider a quarter circular lamina of area Tas shown in the figure. Consider a triangular

elemental strip of area %x RxRxdg atan angle of 6 from the x-axis, whose center of gravity

is at a distance of %R from 0 and its projection of x-axis = % Rcosé

Moment of area of elemental strip about Y-axis

2 3
=IR—cose.d9
5 3
:R_3|:S|n£:| 1)(deg
3 2 -2
_R* 2 Rcoso
3 3
R3.cos@.dg

3
Sum of moments of such elemental strips about y axis
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Moment of total Area about y axis
rR? -
= X X
4

Using principle of moments

R®* 7R* -
—=——xX
3 4
- 4R®x2
X =
3R’z
- 4R
X=—
3
Similarly, we can prove that yzgi‘
7T
PROBLEMS:
1. Find centroid of the following figure.
LY
|
Vi g0 g
‘ | 1
I
l : =
e | s I
2 0
R - .
= : X
% Rz
H 3
i o
I gil |
0 * X'
'Y

&1 ditnensions in mim
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E
¥ [
L |
},’;1————1——————:5—1———,———--_|-§———X1
40 |
2=80/2
1 ‘.[rl F1=5+4D+24=ﬁg
h 1 Xr
¥
= 10 -
|
.
“49 087 ¥ e
il |
: 20424 =¥, xg—————%_;'r-[—ﬁ——z_ﬂ-xg
:Yz N 5 2452 | ¥ e
. e 2042 !
2012 ' T
Component | Area a Centroidal Centroidal ax ay
distance distance
from x axis | from y axis
() (x)
Rectangle-1 | 10x80=800 | 5+40+24=69 | 40 32000 55200
Rectangle -2 | 10x40=400 | 20+24=44 40 16000 17600
Recangle-3 | 25%24=600 | 12mm 40 24000 7200
>a=1800 Yax=72000 | Xay=80000
n 2.8 _ 72000 _ 40mm
>'a 1800
- a
y:Z Y 80000 _ ., »umm
>a 1800

2. Determine the centroid of the figure shown below.
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' Y
! &
|
:
— 1
X I
IG =
M S v 2
|
20 ! ¥
I
5 i B
! X
A1l dirmensions are in mm
Component Area X y ax Ay
Rectangle-1 | 100x20=2000 | 100/2+25=75 | 20+100+10=130 | 150000 260000
Rectangle-2 | 100x20=2000 | 75 70 150000 140000
Rectangle-3 | 150x20=3000 | 75 10 225000 30000
>a=7000 Yax=525000 | ay=430000
- 23X _ 525000 _ 25 mm
>a 7000
. 2. _ 430000 _ 1 400 mm
>a 7000
3. Determine centroid of the figure shown below
‘_[rl
[
X
X e
l
X
IC
» a0

Al ditmensions i tm
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Component | Area X y ax Ay
Triangle 1/2x80x80 2/3%80 1/3x80 170665.6 85334.4

=3200 =53.333 =26.667
Quarter circle | 80?2 33.953+80 | 4x80 572790.224 170666.384

=113.953 3x7
4 =33.953
=5026.548
>a=8226.548 Yax=743455.824 Yay=256000.784

D ax 743455824
>a 8226548

D ay  256000.784
da 8226548

x|
Il

=90.373mMm

=31.119mm

<
Il

4. Calculate the centroid of the figure shown

¥
1 i
: &11 ditnensions in
|
|
|
—
--—-:-G
e et Sl LR x
|
k |
|
: '
0 i s
L I w3
Component | Area X y AX Ay
Rectangle 6x4.5=27 3 2.25 81 60.75
Triangle 1/2x3%4.5=6.75 1/3x3+6=7 1/3x4.5=1.5 47.25 10.125
Semicircle 7% (2.25)° —4x2.95 2.25 -7.594 17.892
—F =795 | —/——=
2 3x71
-0.955
>a=41.702 Yax=120.65 | Xay=88.767
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D.ax  120.656
>a 41702

Day 88.767
>a 41702

=2.893mMm

x|
Il

=2.129mm

<
I

5. Determine the centroid for the figure shown.

g Tl %
l L
- 150 | 50 |
Al dimensions in mm
Component Area X y ax ay
Rectangle 200x200 100 100 4000000 4000000
=40000
Quarter circle | - (150)2 4x150 63.662 1125000.423 | 1125000.423
SV 3xw
4 =63.662
=17671.459

Triangle 1687500 1687500

%x150x150 §x150+50 50+§><150
=11250 =150 =150
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aixi—azxxz2—asxs _ 1187499.577

X = = =107.189mMm
ar—az2—as 11078.541
)—/ _ 1187499.577 —107.189mm
11078.541

6. Locate the center of shaded area shown:

100mm

g

F=—~a00mm —oI——4IIIIIImm -

¥
Component | Area(mm?) X(mm) y(mm) | ax Ay
Rectangle 800000 400 500 320000000 400000000
Triangle % « 400 x 1000 800 + % < 400 % 1000 | 186666666.667 133333333.33
=200000 =
=933.333 666.667
Semicircle 2 400 4r -100530964.8 -42666518.1
ar - =
-E - 25132741 5 —169(765
4
Ya=748672.58 Yax=406135701.8 | Zay=490666735.2
“N\ > ax _ 4061357018 _ L) 100 mm
Z a 748672.588
- 2.3 _ 4906667352 _ o aoomm

> a  748672.588
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7. Determine the centroid of the figure shown below

iy

'y
|
|
; i 5 ; 2E|IEI
: f
1 1
7777 ___':'___ N
! 500
1 it L
= : L "XI
Iy : : ;
400___| &1 dimensions in
Component | Area X y ax Ay
Rectangle-1 | 200000 200 250 40000000 50000000
Semicircle-2 | 7 (200)’ 200 | 500 + 4x 200.2566370.6 36749282.68
T 3z
2
=62831.853 =84.883
Circle-3 X (25)2 175 | 200 -343611.696 -392699
=--1963.495
¥a=260868.358 Xax=52222758.9 Yay=86356583.68

_ D.ax  52222758.9
>'a  260868.358

D.ay  86356583.68
D> a  260868.358

=200.188 Units

X1

= 331.035 Units

<
Il

8. Locate the centroid of the area shown in figure. All dimensions are in mm.
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Component Area X y ax ay
_ 4.5
Rectangle-1 10x9=90 5 450 405
Triangle-2 3x6x1/2=39 ﬂﬂ’ 3= 3+ 2/3 x6=7 99 63
semicircle-3 7r><(2)2 6083 412 =2 9-4x2 .o 12,566 51213
2 3z
2 10—-4x3
. =8.727 | 4x3 -61. -8.
Quarter circle-4 @ =7.068 3z 3:” =1.273 61.682 8.998
Tay
407.789
— zax
Ya = 85.649 474,752
X = Zax =5.543mMm

>a

y =2 _4761mm

Da
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MOMENT OF INERTIA
¥

0 X
Let us consider an irregular plane lamina of area A, whose center of gravity is at distance of X
from the reference Y axis and Y from reference X axis.

Moment of area @ Y axis = (first moment of area). If the first moment of area is multiplied
by perpendicular distance X, it gives aX? known as second moment of area or moment of inertia.
Moment of inertia about Y-axis , lyy = AX?

Moment of inertia about Y-axis , Ixx = AY?
Least and greatest M.

Ixx and lyy are the moment of inertia of a plane figure about X axis and Y axis. If Ixx is
greater than lyy then Ixx is known as greatest moment of inertia and lyy is called least moment of
inertia.

Unit of moment of inertia — mm* or cm*

Radius of gyration (K):

1

It is the distance from the given axis where the whole area of plane figures are assumed to be
concentrated so as not to alter the moment of inertia about the given axis.

Moment of inertia about axis-11
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| = AK?
I
K=~
A
K = Ii
XX A
|
K = |20
Y A

Parallel Axis Theorem:

P
=

g

¥

1 1
This theorem states that the moment of Inertia of plane figure about an axis parallel to the
centroidal axis l1-1 is equal to sum of moment of inertia about Centroidal axis ie. Ix and the
product of area of the plane figure and square of the distance between the two axes.
Proof: Let us consider a plane figure of total area A as shown in figure. Let Ixx is the moment of
inertia about x axis and l1-1 is the moment of inertia about 1-1 axis.
Let us choose an elemental strip of area da at a distance of y from the centroid axis.
Moment of inertia of the strip about X axis
Moment of inertia of strip @ strip x-x axis = da. y?

Moment of inertia of total area @ xx-axis = Ixx = Z da.y?

Moment of inertia of the strip about 1-1 axis = da(y+§/)2
Moment of inertia of total area about 1-1-axis

|, = Zda(y2 +y2 4 2y3_/)
I, = day’ + 3 day? +2y(> day)
y=0.
Because the distance of C.G of whole area from the centroidal axis = 0.
—2
Il—l — Ixx + Ay
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> ¥
G
2"_’_‘_' X
y
Similarly

—2
I, =1, +AX
Perpendicular axis Theorem:

Z

i

This theorem states that moment of inertia of a plane figure about an axis which is
perpendicular to the plane of the figure is equal to sum of moment of inertia about two mutually
perpendicular axes
Proof: Let us consider an irregular figure of total area A as shown in figure. Let us choose an
elemental strip of area da at a distance of x from y axis, y from x- axis and r from z axis
respectively.
2= x2 +y2

Moment of inertia of strip about x axis = daxy’
Moment of inertia of whole area @ x axis= 1, = Zda.y2
Similarly, moment of inertia of strip about y axis = dax x?

Moment of inertia of whole area @ y axis = 1,, = »_da.x’
Moment of inertia of strip about z-axis = daxr?

Moment of inertia of whole area @ z axis = Y_da.r’

Department of Civil Engineering, AJIET Page 21




Jx7. AJ INSTITUTE OF ENGINEERING & TECHNOLOGY

A g o A Unit of Laxmi Memorial Education Trust
(Approved by AICTE, New Delhi, Affiliated to Visvesvaraya Technological University, Belgavi)

AJIET

ENGINEERING MECHANICS
Subject Code: BCIVC203 Department: Civil Engineering

= Zda(x2 + y2)
=Y dax®+> day?

:Iyy+lXX
I =1

7z xx+|yy

Moment of inertia of important figures:

Rectangle:
3R
l I
|
|
|
.[l_r;;1 |||||:||||||
I y
§ b dencbo e | B
: d
|
|
|
|
— b |
ly

Let us consider a rectangular lamina of breadth b and depth d whose moment of inertia is
to be determined Now consider an elemental strip of area( b.dy) at a distance of y from

centroidal x- axis. The moment of inertia of strip @ xx-axis = b.dy x y2
d

2
Moment of inertia of whole figure @ x-x axis = _[b x dy.y*
d
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3 bxd?
Y.
. bd*®
Lel, =—
12
- db®
Similarly 1, =—
Y 12
Triangle:

Let us consider a triangular lamina of base b and depth d as shown in figure. Let us
consider an elemental strip of area bi1xdy which is at a distance of y from base AB.

C
d-v
(d-y) "
—] (T T
¥ bi
A B
b
Using similar triangle property
b _d-y
b d
d-—
b, _(d-yk

d
Avrea of the strip = @.dy

Moment of inertia of the strip about AB = (d —dy)b xd.dy x y?

_bdy*.dy by®.dy
d d
by .dy

=by?.dy g

Moment of inertia of the whole area about AB,
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M .1 .bout centroidal X axis,
IAB :Ixx +Ay2

Ixx :IAB_Ay

3 2 3

_hd 1bd(1dj _bd

12 2 (3) 36

2

3
M.l of thetriangleaboutcentroidalyaxis:%

Circle: Derive the expression of moment of inertia of a circle about diametrical axis
i

14
Let us consider a circular lamina of radius R as shown in figure.
Let us choose a circular elemental strip of thickness dx at a distance of x from the center.
Area of the strip =2 7T .dx
Moment of inertia @ zz axis=2 77 .dx .x?
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- - - - R
Moment of inertia @ zz axis for whole circle=lzz= Izﬂx3_dx
0

4 R
= 271{)(—:|
4 0

2
For the circular lamina, Ix=lyy,
.-. Using perpendicular axis theorem, we have

lz2=lxx+ |yy
|zz=2|xx

Ixx:|22/2
7Z_R4 4

=—="=]
2x2 4 4

IXX

Semicircle:

Let us consider a semicircular lamina of radius R as shown in the figure.
2\ . N . 1 R’
Moment of inertia of semicircle about the diametrical axis about AB = —X——

4

_ mR*

8
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lg=1_+Ay’
% (]
“ 2 \ 3«
_aR* aR*x16R’
8  2x972
_R* 8R!
8 9’
_aR* B8R’
8 or
|, =0.11R*
Moment of inertia about y axis,
R 1 R
= = —X—
Y8 2 4
Quarter Circle:
IXX:IW=O.055R4
¥

el

Reference Table:
Comp. | Area | X Y ay? Igx lgy

ax ay ax
Ya dax | Dlay | >ax? | dlay? | Dllgx | > lgy
Igx, Igy- Moment of inertia of the individual figures about centroidal x and y axis respectively.
- ax — a

2.8 2.8

—2
Il—l = Ixx + Ay

2
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I, =Y lgx+ > ay’
—2

I, —Ay =1

XX

PROBLEMS:
1. Determine the moment of inertia of unequal I-section shown in figure about its centroidal axis

200rmm |
=]

rl— .

|
|
| ¥
21
|
F, SR JO% 00 FOR I X
: 300mm
— 10— : =
| ¥
3 : 10mm
1
1 L Pl
__ 300mm L
Comp. Area Y ay ay? Igx
Rectangle- | 200x10 Y1=315mm | 6.3x10° 1.98x108 200x10°
1 SR Y
12
Rectangle- | 300x10 Y2=160mm | 4.8x10° 0.798x10°8 10 (300)°
2 =3000 12
12
=22.5x10°
Rectanle-3 | 300x10 Y3=5mm | 0.15x10° 75x103 300 (10)°
=3000
12
2.5x10"
3" a=8000 > ay=11.25x10° | Y ay’ =2.75x10° | Zlgx=2.254x10’
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- Yay 11.25x10°
Y= >a 8000
2

=140.625mm

l1-1=Ixx+ A)_/

lLa= Y Igx+ Y ay?

=2.975x10°8

2

Ixx=l1-1- Ay

=2.975x108-8000x(140.625)?

=1.393x108mm.

_dib’ .\ d,b,’ . d,b,’
12 12 12
_10x (200)° . 300x (10)° . 10 (300)°
12 12 12

=2.919%10" mm*

2. Find the least radius of the Gyration about X- axis and Y- axis of shaded area shown in figure.

2 17
1

1
! a0
1

. /4 ----- |

a0 *1

1
a0 :
'Y
All dirnensions are in form

Comp. Area X Y ax ay ax?
Rectangle-1 | 55x100=550 | 50 275 2.75x10° 1.513x10° 13.75x10°8
0
Triangle-2 | 1 20100 | 2x10d 55+10=65 1x10° 0.975x10° 6.667x10°
2 3
=1500 = 66.667
Semicircle- | _zx(25) 75 4x25 | -0.736x10° -0.104x10° -5.522x10°
3 2 3r
—-981.748 1061
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$a=6018.252 Yax=3.014x1 | ay=2.384x10 | Tax?=14.895x1
5

0° 0°

ay? lgx lgy

4.159x10° 3 3 3 3
blld21 _ 1001><2 55° _ | 3g6x10° dil _ 55x1;00
6.338x10° b,d,” 100x30° 0,075 110" da2b2® _ 30x100°

36 36 12
-0.111x10° -0.11(25)*=0.043x10° — z(25)"

= 4.583x10°

=0.833x10°

=-0.153x10°

>ay?=10.386x10° | =Igx=1.418x10° >1gy=5.263x10°

D.ax  3.014x10°
>a 6018252
=50.08mm

— Yay 2.384x10°

=S a " 018252
=39.613mm

|xx:|1-1-A§/2

I, = lgx+> ay?
=1.418x10° +10.386x10°
=11.804x10°

I, =D lgy+ Y ax’
=5.263x10° +14.895x10°
=20.158x10°
|xx=|1-1-A)_/2

=11.804><106-6018.252><(39.613)2
=2.36x105mm?*

X =
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—2
Ivy= loo - AX
=20.158x10° — 6018.252x(50.081)?
=5.064x108mm?*

6
K, = (2 23040019 803mm
A 6018.252
6
K, =W o POEAT o9 h0gmm
A 6018.252

3. Determine moment of inertia about PQ and AB

B
|
|
| A0
5 +——50——] 3 |
l=—1 (1001 i T
| === e
1 0 2 5035 50
|
: po
|
EIIZI
A p e _ } Q
&1l ditnensions are i min
Comp. Area X Y ax Ay ax?
Semicircle 7 x(25)° | 100+5- 25+50 | 112.301x10° | 73.631x1 | 12.846x10°
-1 ) 4r/311 =75 0d
=081.748
Rectangle- | 100x50 50+25 25450 875x10° 375x10% | 153.125x10°
2 =5000 +100 =75
Triangle-3 | 1 25+50 1 250x10° 145.834x | 50x10°
—x50x50 1254100 §x50+10) 103
-1250 =200
=116.66
Ta Tax Tay Tax?
=7231.748 =1237.3x10° | =594.465 | =215.971x10°
x103
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2

ay lgx lgy
5.522x10° 4 0.11(25)*=0.043x10°
") 153x10°
28.125x10° 3 3 3
bldl :100X50 :1042)(106 M:4167X106
12 12
17.014x10° 3 3 3
b,d, :50><50 _0474x10° 50x50 — 0.174x10°
36 36
Tay?=50.661x10% | Xlgx=1.369x10° >lgy=4.384x10°
lpo=2Igx + Zlgy?
=1.369x10° + 50.661x10°

=52.03x10°mm*
las=21gy + Zax?
= (4.384+215.971)x10°
=220.355x10%mm?*
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REVIEW QUESTIONS.
1. State and prove parallel axis theorem.

2. Derive an expression for moment of inertia of a triangle with respect to horizontal
centroidal axis.
Determine the centroid of semi-circular lamina of radius R by method of integration.

4. Derive an expression for the moment of inertia of a rectangle from first principles about
its vertical centroidal axis.

5. Derive an expression for the centroid of a quarter circle on its diametrical axis.

6. Find the moment of inertia of the section shown in figure at the centroidal axis xx

perpendicular to the web

10cm

== 2tm 10cm

16cm

7. Find the centroid of figure shown

200mim

T

200mm

400mm

8. Find the centroid of shaded area shown in the figure.
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¥

i

. 27mm | | 3amm

f
20mm
40
1:]mm
-
4Tmm 35mm

9. In the figure shown in below determine the coordinates of the center of 12mm diameter
circular hole cut in the plate, so that this point will be the centroid of the remaining
shaded area

24
All dimensions in mm
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